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Preface ix

Preface
These lecture notes are written with four principles in mind:

1. You learn by doing, not by watching. Because of this, most of the routine or
technical aspects of proofs and examples have been left as Practice Problems (which
have solutions at the back of the book) and as Exercises (which don’t). Most of these
really aren’t that hard; indeed, it often actually easier to figure them out yourself than
to pick through the details of someone else’s explanation. It is also more fun. And it is
definitely a better way to learn the material. I suggest you do as many of these exercises
as you can. Don’t cheat yourself.

2. Pictures often communicate better than words. Differential equations is a geo-
metrically and physically motivated subject. Algebraic formulae are just a language used
to communicate visual/physical ideas in lieu of pictures, and they generally make a poor
substitute. I've included as many pictures as possible, and I suggest that you look at the
pictures before trying to figure out the formulae; often, once you understand the picture,
the formula becomes transparent.

3. Learning proceeds from the concrete to the abstract. Thus, I begin each discus-
sion with a specific example or a low-dimensional formulation, and only later proceed
to a more general/abstract idea. This introduces a lot of “redundancy” into the text,
in the sense that later formulations subsume the earlier ones. So the exposition is not
as “efficient” as it could be. This is a good thing. Efficiency makes for good reference
books, but lousy texts.

4. Make it simple, but not stupid. Most mathematical ideas are really pretty intuitive,
if properly presented, but are incomprehensible if they are poorly explained. The clever
short cuts and high-density notation of professional mathematicians are quite confusing
to the novice, and can make simple and natural ideas seem complicated and technical.
Because of this, I've tried to explain things as clearly, completely, and simply as possible.
This adds some bulk to the text, but will save many hours of confusion for the reader.

However, I have avoided the pitfall of many applied mathematics texts, which equate
‘simple’ with ‘stupid’. These books suppress important ‘technical’ details (e.g. the dis-
tinction between different forms of convergence, or the reason why one can formally
differentiate an infinite series) because they are worried these things will ‘confuse’ stu-
dents. In fact, this kind of pedagogical dishonesty has the opposite effect. Students end
up more confused, because they know something is fishy, but they can’t tell quite what.
Smarter students know they are being misled, and quickly lose respect for the book, the
instructor, or even the whole subject.

Likewise, many books systematically avoid any ‘abstract’ perspective (e.g. eigenfunctions
of linear differential operators on an infinite-dimensional function space), and instead
present a smorgasbord of seemingly ad hoc solutions to special cases. This also cheats
the student. Abstractions aren’t there to make things esoteric and generate employment
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opportunities for pure mathematicians. The right abstractions provide simple yet pow-
erful tools which help students understand a myriad of seemingly disparate special casss
within a single unifying framework.

I have enough respect for the student to explicitly confront the technical issues and to
introduce relevant abstractions. The important thing is to always connect these abstrac-
tions and technicalities back to the physical intuititions which drive the subject. I've
also included “optional” sections (indicated with a “(x)”), which aren’t necessary to the
main flow of ideas, but which may be interesting to some more advanced readers.
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2 CHAPTER 1. BACKGROUND

(A) ©) R

o 1 2 3 4 5. T("l’&"é)

0 [0’00)

(0,00)

Figure 1.1: (A) R is a subset of S (B) Important Sets: N,Z,R,[0,00) and (0,00). (C)
R? is two-dimensional space. (D) R3 is three-dimensional space.

1 Background

1.1 Sets and Functions

Sets: A set is a collection of objects. If § is a set, then the objects in S are called elements
of S; if s is an element of S, we write “s € S. A subset of S is a smaller set R so that every
element of R is also an element of §. We indicate this by writing “R C S”.

Sometimes we can explicitly list the elements in a set; we write “S = {s1, s2,83,...}".

Example 1.1:

(a) In Figure [CT(A), S is the set of all cities in the world, so Peterborough € S. We
might write S = {Peterborough, Toronto, Beijing, Kuala Lampur, Nairobi, Santiago, Pisa,
Sidney, ...}. If R is the set of all cities in Canada, then R C S.

(b) In Figure [CT(B), the set of natural numbers is N = {0,1,2,3,4,...}. Thus, 5 € N,
but 7 ¢ N and —2 ¢ N.
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(¢) In Figure [CT(B), the set of integers is Z = {...,—3,—-2,-1,0,1,2,3,4,...}. Thus,
5€Z and —2 € Z, but 7 ¢ Z and % & 7. Observe that N C Z.

(d) In Figure [CI(B), the set of real numbers is denoted R. It is best visualised as an
infinite line. Thus, 5 € R, —2 € R, 7 € R and 1 € R. Observe that N C Z C R.

(e) In Figure [CTI(B), the set of nonnegative real numbers is denoted [0,00) It is best
visualised as a half-infinite line, including zero. Observe that [0,00) C R.

(f) In Figure[TIB), the set of positive real numbers is denoted (0, c0) It is best visualised
as a half-infinite line, excluding zero. Observe that (0,00) C [0,00) C R.

(g) Figure [CT(C) depicts two-dimensional space: the set of all coordinate pairs (z,y),
where z and y are real numbers. This set is denoted R?, and is best visualised as an
infinite plane.

(h) Figure[I(D) depicts three-dimensional space: the set of all coordinate triples (x1, z2, x3),
where 1, z2, and x5 are real numbers. This set is denoted R3, and is best visualised as
an infinite void.

(i) If D is any natural number, then D-dimensional space is the set of all coordinate
triples (x1,22,...,2p), where x1,...,2p are all real numbers. This set is denoted RP.
It is hard to visualize when D is bigger than 3. &

Cartesian Products: If S and 7 are two sets, then their Cartesian product is the set of
all pairs (s,t), where s is an element of S, and ¢ is an element of 7. We denote this set by
SxT.

Example 1.2:

(a) R x R is the set of all pairs (z,y), where z and y are real numbers. In other words,
R x R = R2.

(b) R? x R is the set of all pairs (w, z), where w € R? and z € R. But if w is an element of
R?, then w = (z,y) for some x € R and y € R. Thus, any element of R? x R is an object

((x, Y), z> By suppressing the inner pair of brackets, we can write this as (x,y, z). In

this way, we see that R? x R is the same as R>.

(c) In the same way, R? x R is the same as R*, once we write ((:c,y,z), t) as (z,y,z,t).

More generally, R? x R is mathematically the same as RP*!,

Often, we use the final coordinate to store a ‘time’ variable, so it is useful to distinguish
it, by writing ((x,y, z), t> as (x,y,z; t). &
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Figure 1.2: (A) f(C) is the first letter of city C.  (B) p(t) is the position of the fly at time
t.

Functions: If S and 7 are sets, then a function from S to 7 is a rule which assigns a
specific element of 7 to every element of S. We indicate this by writing “f : § — 77.

Example 1.3:

(a) In Figure [LA(A), S is the cities in the world, and 7 = {4, B,C,...,Z} is the letters
of the alphabet, and f is the function which is the first letter in the name of each city.
Thus f(Peterborough) = P, f(Santiago) = S, etc.

(b) if R is the set of real numbers, then sin : R — R is a function: sin(0) =0, sin(7/2) =1,

etc. &

Two important classes of functions are paths and fields.

Paths: Imagine a fly buzzing around a room. Suppose you try to represent its trajectory as
a curve through space. This defines a a function p from R into R?, where R represents time,
and R? represents the (three-dimensional) room, as shown in Figure [CA(B). If ¢ € R is some
moment in time, then p(¢) is the position of the fly at time ¢. Since this p describes the path
of the fly, we call p a path.

More generally, a path (or trajectory or curve) is a function p : R — R where D is
any natural number. It describes the motion of an object through D-dimensional space. Thus,
if t € R, then p(t) is the position of the object at time .

Scalar Fields: Imagine a three-dimensional topographic map of Antarctica. The rugged
surface of the map is obtained by assigning an altitude to every location on the continent. In
other words, the map implicitly defines a function h from R? (the Antarctic continent) to R
(the set of altitudes, in metres above sea level). If (z,y) € R? is a location in Antarctica, then
h(z,y) is the altitude at this location (and h(z,y) = 0 means (z,y) is at sea level).
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10

1
\\\\7{”///‘\\ A
‘\\\‘{{l |

(A) (B)
Figure 1.3: (A) A height function describes a landscape.  (B) A density distribution in R2.

This is an example of a scalar field. A scalar field is a function v : RP? — R; it assigns
a numerical quantity to every point in D-dimensional space.

Example 1.4:
(a) In Figure [[Z3(A), a landscape is represented by a height function h: R? — R.

(b) Figure [C3(B) depicts a concentration function on a two-dimensional plane (eg. the
concentration of bacteria on a petri dish). This is a function p : R? — [0,00) (where
p(x,y) = 0 indicates zero bacteria at (x,y)).

(c) The mass density of a three-dimensional object is a function p : R — [0, 00) (where
p(x1, 2, z3) = 0 indicates vacuum).

(d) The charge density is a function q : R® — R (where q(z1, 22, r3) = 0 indicates electric
neutrality)

(e) The electric potential (or voltage) is a function V : R? — R.

(f) The temperature distribution in space is a function u : R® — R (so u(w1,z2,x3) is
the “temperature at location (x1,z2,x3)”) &

A time-varying scalar field is a function u : RP? x R — R, assigning a quantity to
every point in space at each moment in time. Thus, for example, u(x;t) is the “temperature
at location x, at time t”

Vector Fields: A vector field is a function V : RP? — RP; it assigns a vector (ie. an
“arrow”) at every point in space.
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Example 1.5:
(a) The electric field generated by a charge distribution (denoted E)
(b) The flux of some material flowing through space (often denoted F). O

Thus, for example, ﬁ(x) is the “flux” of material at location x.

1.2 Derivatives —Notation

If f: R — R, then f’ is the first derivative of f; f” is the second derivative,... f( the
nth derivative, etc. If x : R — RP is a path, then the velocity of x at time ¢ is the vector

X(t) = [21(t), 25(1), ..., 2p(t)]
If u: RP — R is a scalar field, then the following notations will be used interchangeably:

ou
8du = 8—%

For example, if u : R? — R (ie. u(z,y) is a function of two variables), then we have

Multiple derivatives will be indicated by iterating this procedure. For example,

0 9%u
0302 = —— 5
Y Ox3 dy
Sometimes we will use multiexponents. If v, ...,7yp are positive integers, and v = (v1,...,vp),
then
e I

For example, if v = (3,4), and z = (x,y) then z7 = 23y,
This generalizes to multi-index notation for derivatives. If v = (y1,...,7p), then
Nu=0"0...00u

d 0%*u
For example, if v = (1,2), then 0"u = ——.
xamp Y ( ) Oz Oy2
Remark: Many authors use subscripts to indicate partial derivatives. For example, they
would write
Uy = Op U, Ugy = 6§ u, Ugpy = 0,0yu, etc.

This notation is very compact and intuitive, but it has two major disadvantages:
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1. When dealing with an N-dimensional function u(x1,x2,...,zN) (where N is either large
or indeterminate), you have only two options. You can either either use awkward ‘nested
subscript’ expressions like

2
Ugy = O3, Ugszs = O U, Ugozs = Oa03u, etc.,
. . . .
or you must adopt the ‘numerical subscript’ convention that
ug = 0Ozu, Uss = 852) u, Ugg = 003 u, etc.

But once ‘numerical’ subscripts are reserved to indicate derivatives in this fashion, they
can no longer be used for other purposes (e.g. indexing a sequence of functions, or index-
ing the coordinates of a vector-valued function). This can create further awkwardness.

2. We will often be considering functions of the form wu(z,y;t), where (z,y) are ‘space’
coordinates and t is a ‘time’ coordinate. In this situation, it is often convenient to fix a
value of ¢ and consider the two-dimensional scalar field w;(x,y) := u(z,y;t). Normally,
when we use t as a subscript, it will be indicate a ‘time-frozen’ scalar field of this kind.

Thus, in this book, we will never use subscripts to indicate partial derivatives. Partial deriva-
tives will always be indicated by the notation “0O,u” or “%” (almost always the first one).
However, when consulting other texts, you should be aware of the ‘subscript’ notation for

derivatives, because it is used quite frequently.

1.3 Complex Numbers

Complex numbers have the form z = x + yi, where i> = —1. We say that x is the real
part of z, and y is the imaginary part; we write: z = re [z] and y = im [z].

If we imagine (z,y) as two real coordinates, then the complex numbers form a two-
dimensional plane. Thus, we can also write a complex number in polar coordinates (see Figure
[C4) If » > 0 and 0 < 6 < 27, then we define

‘rcis@ = r-[cos(f) +isin(0)] ‘

Addition: If z; = x1 + y1i, 29 = a2 + y2i, are two complex numbers, then z; + z5 =
(x1 + x2) + (y1 + y2)i. (see Figure [LH)

Multiplication: If z1 = x1 + y1i, 20 = x2 + y2i, are two complex numbers, then z; - 20 =
(172 — Y1y2) + (T1Y2 + 2291) 1.

Multiplication has a nice formulation in polar coordinates; If z; = r{cisf; and 29 =
ro cis o, then 21 - z9 = (r1-7ry)cis (0 + 02). In other words, multiplication by the complex
number z = rcisf is equivalent to dilating the complex plane by a factor of r, and rotating
the plane by an angle of 0. (see Figure [[CQ)
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exp(z) =e'* cis

= e [cos(11/3) +i sin(

=e2[/312 + /2] )

The exponential of complex number z = x + yi.



1.4. VECTOR CALCULUS 9

Exponential: If z = x + yi, then exp(z) = e®cisy = e* - [cos(y) + isin(y)]. (see Figure
) In particular, if 2 € R, then

e exp(z) = €” is the standard real-valued exponential function.

e exp(yi) = cos(y) +sin(y)i is a periodic function; as y moves along the real line, exp(yi)
moves around the unit circle.

The complex exponential function shares two properties with the real exponential function:
o If 21,25 € C, then exp(z1 + 22) = exp(z1) - exp(z2).

e If w € C, and we define the function f : C — C by f(z) = exp(w - z), then f'(z) =
w - f(z).

Consequence: If wi,ws,...,wp € C, and we define f : CP — C by
f(z1,...,2p) = exp(wiz1 +waze + ... wpzp),
then 0,f(z) = wq - f(z). More generally,
071052 .. 0P f(z) = wi' -wy*-...wiP - f(z). (1.1)

For example, if f(z,y) = exp(3z + 5iy), then

feay(,y) = 070, f(z,y) = 45i-exp(3z + 5iy).
If w=(wy,...,wp) and z = (21,...,2p), then we will sometimes write:
exp(wizy + weze + ... wpzp) = exp(w,z).

Conjugation and Norm: If z = x + yi, then the complex conjugate of z is Z = = — yi.
In polar coordinates, if z = r cisf, then Z = r cis (—#0).

The norm of z is |z| = /22 4+ y?. We have the formula:

|22 = z-Z.
1.4 Vector Calculus

Prerequisites: {11 T2
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1.4(a) Gradient
....in two dimensions:

Suppose X C R? was a two-dimensional region. To define the topography of a “landscape” on
this region, it sufficed] to specify the height of the land at each point. Let u(z,y) be the height
of the land at the point (z,y) € X. (Technically, we say: “u : X — R is a two-dimensional
scalar field.”)

The gradient of the landscape measures the slope at each point in space. To be precise,
we want the gradient to be an arrow pointing in the direction of most rapid ascent. The
length of this arrow should then measure the rate of ascent. Mathematically, we define the
two-dimensional gradient of u by:

ou ou
VU(SC,y) = %(:Cay)’ @(:Cay)

The gradient arrow points in the direction where u is increasing the most rapidly. If u(zx,y)
was the height of a mountain at location (x,y), and you were trying to climb the mountain,
then your (naive) strategy would be to always walk in the direction Vu(z,y). Notice that, for
any (z,y) € X, the gradient Vu(z,y) is a two-dimensional vector —that is, Vu(x,y) € R2.
(Technically, we say “Vu : X — R? is a two-dimensional vector field’.)

....in many dimensions:

This idea generalizes to any dimension. If u : RP — R is a scalar field, then the gradient of
u is the associated vector field Vu : RP — RP . where, for any x € RP,

Vu(x) = [81u, du, ..., Opu| (x)

1.4(b) Divergence
....In one dimension:

Imagine a current of water flowing along the real line R. For each point x € R, let V() describe
the rate at which water is flowing past this point. Now, in places where the water slows down,
we expect the derivative V'(z) to be negative. We also expect the water to accumulate at such
locations (because water is entering the region more quickly than it leaves). In places where
the water speeds up, we expect the derivative V’(x) to be positive, and we expect the water to
be depleted at such locations (because water is leaving the region more quickly than it arrives).
Thus, if we define the divergence of the flow to be the rate at which water is being depleted,
then mathematically speaking,

divV(z) = V'(z)

! Assuming no overhangs!
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....in two dimensions:

Let X C R? be some planar region, and consider a fluid flowing through X. For each point
(z,y) € X, let V(z,y) be a two-dimensional vector describing the current at that point.
Think of this two-dimensional current as a superposition of a horizontal current and a
vertical current. For each of the two currents, we can reason as in the one-dimensional case.
If the horizontal current is accelerating, we expect it to deplete the fluid at this location. If
it is decelarating, we expect it to deposit fluid at this location. The divergence of the two-
dimensional current is thus just the sum of the divergences of its one-dimensional components:

divV(m,y) = 0 Vi(z,y) + OyVa(z,y)

Notice that, although V(x, y) was a vector, the divergence div V(x, y) is a scalarfl.

....in many dimensions:

We can generalize this idea to any number of dimensions. If V :RP — RP is a vector field,
then the divergence of V is the associated scalar field divV : R? — R, where, for any
x € RP,

divV(x) = OVi(x)+ &Va(x) + ... 4+ dpVp(x)

The divergence measures the rate at which V' is “diverging” or “converging” near x. For
example

e If F is the flux of some material, then div F (x) is the rate at which the material is
“expanding” at x.

e If E is the electric field, then div E(X) is the amount of electric field being “generated”
at x —that is, div E(x) = q(x) is the charge density at x.

1.5 Even and Odd Functions

Prerequisites: {1l

A function f: [-L,L] — R is even if f(—x) = f(z) for all € [0, L]. For example, the
following functions are even:

2Technically, we say “V : X — R? is a two-dimensional vector field’.
3Technically, we say “div V : X — R? is a two-dimensional scalar field



12 CHAPTER 1. BACKGROUND

o f(x) = cos(z).

A function f : [-L,L] — R is odd if f(—z) = —f(z) for all € [0, L]. For example, the
following functions are odd:

Every function can be ‘split’ into an ‘even part’ and an ‘odd part’.

Proposition 1.6: For any f : [-L, L] — R, there is a unique even function f and a unique
odd function f so that f = f + f. To be specific:

R BN (OO R ()

flay = 10 .

Proof: Exercise 1.1 Hint: Verify that f is even, f is odd, and that f = f + f. O

The equation f = f + f is called the even-odd decomposition of f.
Exercise 1.2 1. If f is even, show that f = f, and f = 0.

2. If f is odd, show that f =0, and f = f
If f:]0,L] — R, then we can “extend” f to a function on [—L, L] in two ways:
e The even extension of f is defined: f._ (z)= f(|z|) for all x € [-L, L].

even

flx) ifz>0
e The odd extension of f is defined: f, ,(z) = 0 ifx=0
—f(=z) ifz<0
Exercise 1.3 Verify:
1. f... is even, and f ,, is odd.
2. Forallz € [OaL]a feven(x) = f(:C) = fodd(:c)'
1.6 Coordinate Systems and Domains
Prerequisites: LTl
Boundary Value Problems are usually posed on some “domain” —some region of space.

To solve the problem, it helps to have a convenient way of mathematically representing these
domains, which can sometimes be simplified by adopting a suitable coordinate system.
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L,

. (A) Box (B) Ball

L

(E) Rectangular
Column

(C) Cube

Figure 1.8: Some domains in R3.

1.6(a) Rectangular Coordinates

Rectangular coordinates in R3 are normally denoted (z,y,z). Three common domains in
rectangular coordinates:

e The slab X = {(m,y, 2)ER3; 0< 2 < L}, where L is the thickness of the slab (see
Figure [C3D).

e The unit cube: X = {(z,7,2) €R%* 0<2 <1, 0<y<1, and0 <z <1} (see
Figure [CRC).

e The box: X = {(z,y,2) €R3; 0<x<L;, 0<y<Ly and0<z< L3}, where Ly,
Lo, and L3 are the sidelengths (see Figure [L8A).

e The rectangular column: X = {(x,y, 2)ER3; 0<z<Liand0<y< Lg} (see Fig-
ure [LIE).
1.6(b) Polar Coordinates on R?
Polar coordinates (r,0) on R? are defined by the transformation:
x=r-cos(f) and y =r-sin(f).

with reverse transformation:

r=+ax2+y? and 6 = arctan (%) )
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Figure 1.9: Polar coordinates

Here, the coordinate r ranges over [0,00), while the variable 6 ranges over [—m, 7). Three
common domains in polar coordinates are:

o D= {(r,0); r <R} is the disk of radius R (see Figure [LTOA).
e D = {(r,0) ; R <r} is the codisk of inner radius R.

o A={(r0); R, <r<R,_.}is the annulus, of inner radius R_, and outer radius

R_.. (see Figure [LTOB).

max

1.6(c) Cylindrical Coordinates on R?

Cylindrical coordinates (r,0,z) on R3, are defined by the transformation:
x=r-cos(d), y=r-sin(d) and z=z
with reverse transformation:

r=+/x2+y2, Gzarctan(g) and 2z = z.

Five common domains in cylindrical coordinates are:

e X={(r0,2); r <R} is the (infinite) cylinder of radius R (see Figure [LTOE).

X=A{(r0,2); R,,
radius R, (see Figure [CTUD).

max

<r<R_,.} is the (infinite) pipe of inner radius R_. and outer

in

o X={(r0,2); r > R} is the wellshaft of radius R.

X ={(r0,2); r<Rand 0 < z < L} is the finite cylinder of radius R and length L
(see Figure [LTOC).

In cylindrical coordinates on R3, we can write the slab as {(r,0,2); 0 < z < L}.
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Figure 1.10: Some domains in polar and cylindrical coordinates.

Figure 1.11: Spherical coordinates
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1.6(d) Spherical Coordinates on R?
Spherical coordinates (7,6, ¢) on R? are defined by the transformation:

x = r-sin(¢p)-cos(f), y=r-sin(¢)-sin(f)
and z = 7-cos(¢p).
arctan < >

R} is the ball of radius R (see Figure

with reverse transformation:

r = \a2+y?+ 22

0 =

2
and ¢ = arctan( +y° >
r <

In spherical coordinates, the set B = {(r, 0, ¢) ;
[CIB).

1.7 Differentiation of Function Series

Many of our methods for solving partial differential equations will involve expressing the so-
lution function as an infinite series of functions (like a Taylor series). To make sense of such
solutions, we must be able to differentiate them.

Proposition 1.7: Differentiation of Series

Let —oo < a < b < co. Suppose that, for alln € N, f, : (a,b) — R is a differentiable
function, and define F : (a,b) — R by

F(zx) = ifn(x), for all x € (a,b).
n=0
Suppose there is a sequence {B,,}5° | of positive real numbers such that
(a) i B, < oc.
n=1
(b) For all z € (a,b), and alln € N, |fu,(x)] < B, and |f](z)] < By,.

Then F is differentiable, and, for all z € (a,b), F'(z Z I (x O

n

Example 1.8: Let a =0 and b=1. For all n € N, let f,(x) = x_' Thus,
n!

F(z) = ) fale) = ZZ—T = exp(z),
n=0 n=0

(because this is the Taylor series for the exponential function). Now let By = 1 and let

B, = =Ty 1), for n > 1. Then
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o0 o0 1
n=1 n=1

(b) For all z € (0,1), and all n € N, [f,(z)] = Fa" < L < (nil)! = B, and
[fa@)] = Ja! = g™ < gy = B

Hence the conditions of Proposition [[7] are satisfied, so we conclude that

Fl(z) = Z_;f,;(x) = Z()%x"l Z_:n: = Z% = exp(),

where (c) is the change of variables m = n — 1. In this case, the conclusion is a well-known
fact. But the same technique can be applied to more mysterious functions. &

Remarks: (a) The series Z f1(x) is sometimes called the formal derivative of the series

o
Z fn(x). It is ‘formal’ because it is obtained through a purely symbolic operation; it is not

true in general that the ‘formal’ derivative is really the derivative of the series, or indeed, if
the formal derivative series even converges. Proposition [ essentially says that, under certain
conditions, the ‘formal’ derivative equals the true derivative of the series.

(b) Proposition [ is also true if the functions f, involve more than one variable and/or
more than one index. For example, if f, ,(z,y,2) is a function of three variables and two
indices, and

Flr,y,2) = Y. fam(wy,2),  forall (z,y,2) € (a,b)".

n=0m=0

o o
then under similar hypothesis, we can conclude that 0y, F(z,y,2) = Z Z Oy frnm(x,y, 2),
n=0m=0
for all (z,y, 2) € (a, b)3.
(c) For a proof of Proposition [, see for example [Fol84], Theorem 2.27(b), p.54.

1.8 Differentiation of Integrals

Recommended: L7
Many of our methods for solving partial differential equations will involve expressing the

solution function F'(x) as an integral of functions; ie. F(z / fy(z) dy, where, for each

y € R, fy(z)is a differentiable function of the variable z. This is a natural generalization of the
‘solution series’ spoken of in §L7 Instead of beginning with a discretely paramaterized family
of functions {f,}72,, we begin with a continuously paramaterized family, {f,},cr. Instead of
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o0
combining these functions through a summation to get F(x) = Z fn(x), we combine them
n=1

oo
through integration, to get F(x) = / fy(x) dy. However, to make sense of such integrals
—00

as the solutions of differential equations, we must be able to differentiate them.

Proposition 1.9: Differentiation of Integrals

Let —oo < a < b < oco. Suppose that, for all y € R, f, : (a,b) — R is a differentiable
function, and define F : (a,b) — R by

F(zx) = / fy(z) dy, for all x € (a,b).
Suppose there is a function 3 : R — [0, 00) such that
@ [ 6w dy <

(b) For all y € R and for all z € (a,b), |fy(z)| < B(y) and |fj(x)| < B(y).

oo
Then F is differentiable, and, for all x € (a,b), F'(z) = / fl(x) dy. O
—0o0
v+l
Example 1.10: Let a =0 and b= 1. For all y € Rand z € (0,1), let fy(z) = T Thus,
Y
(@ " h@) c e
F(x) = / fulx) dy = / — dy.
o’ oo Ly
1
Now, let B(y) = %’yyi Then
oo oo
1
(a) / Bly) dy = / + |y4| dy < oo (check this).
oo —oo 1ty
lyl+1 1 1+ |y
L Y
b) For all y € R and all x € (0,1 = < =
(b) Forall y e Randall 2 € (0.1, f,(@)] = {55 < 1321 < g = PO,

1) - 2l 1
(lyl+1) -2 - + |yl

and |f7’1(:c)| = 1+ 44 1+

= B(y).

Hence the conditions of Proposition are satisfied, so we conclude that

I B o
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Remarks: (a) Proposition is also true if the functions f, involve more than one variable.
For example, if f, ., (z,y,2) is a function of five variables, and

F(z,y,z) = / / Jup(z,y,2) du dv for all (z,y, z) € (a, b)g.
then under similar hypothesis, we can conclude that 8; F(z,y,z) = / / 85 fuw(z,y,2) dudv,

for all (z,y, 2) € (a, b)3.
(b) For a proof of Proposition [[Y, see for example [Fol84], Theorem 2.27(b), p.54.
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| u(x)

Landscape

Greyscal e

Figure 2.1: Fourier’s Law of Heat Flow in one dimension

2 Heat and Diffusion

2.1 Fourier’s Law

Prerequisites: §LT] Recommended: LA

2.1(a) ...in one dimension

Figure Z] depicts a material diffusing through a one-dimensional domain X (for example,
X =R or X =1[0,L]). Let u(z,t) be the density of the material at the point € X at time
t > 0. Intuitively, we expect the material to flow from regions of greater to lesser concentration.
In other words, we expect the flow of the material at any point in space to be proportional to
the slope of the curve u(x,t) at that point. Thus, if F(x,t) is the flow at the point = at time
t, then we expect:

F(z,t) = —k-0,u(x,t)
where £ > 0 is a constant measuring the rate of diffusion. This is an example of Fourier’s
Law.
2.1(b) ...in many dimensions

Prerequisites: LA

Figure depicts a material diffusing through a two-dimensional domain X C R? (eg. heat
spreading through a region, ink diffusing in a bucket of water, etc.). We could just as easily
suppose that X ¢ RP is a D-dimensional domain. If x € X is a point in space, and t > 0
is a moment in time, let u(x,t) denote the concentration at x at time ¢. (This determines a
function u : X x R — R, called a time-varying scalar field.)

Now let ﬁ(x, t) be a D-dimensional vector describing the flow of the material at the point
x € X. (This determines a time-varying vector field F:RP xR — RP.)
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Figure 2.2: Fourier’s Law of Heat Flow in two dimensions

) <

X X =

1 t=0 5| t=4

« — = o

Q n

" X =

: 1 oyt
X ~ X

) ©

N < _

;{ t: E/\ILG_/—¥

~ X ~ X

™ "

X - X -

< t=3 ‘ E/ﬂjﬁx
X X

Figure 2.3: The Heat Equation as “erosion”.

Again, we expect the material to flow from regions of high concentration to low concentra-
tion. In other words, material should flow down the concentration gradient. This is expressed
by Fourier’s Law of Heat Flow , which says:

F = —x-Vu

where k > 0 is is a constant measuring the rate of diffusion.

One can imagine u as describing a distribution of highly antisocial people; each person is
always fleeing everyone around them and moving in the direction with the fewest people. The
constant xk measures the average walking speed of these misanthropes.

2.2 The Heat Equation

Recommended: $Z71]
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Figure 2.4: Under the Heat equation, the exponential decay of a periodic function is propor-
tional to the square of its frequency.

2.2(a) ...in one dimension
Prerequisites: §2.1(a)

Consider a material diffusing through a one-dimensional domain X (for example, X = R or
X =10,L]). Let u(x,t) be the density of the material at the point z € X at time ¢ > 0, and
F(z,t) the flux. Consider the derivative 0, F'(z,t). If 0, F(x,t) > 0, this means that the flow
is accelerating at this point in space, so the material there is spreading farther apart. Hence,
we expect the concentration at this point to decrease. Conversely, if 9, F(z,t) < 0, then the
flow is decelerating at this point in space, so the material there is crowding closer together, and
we expect the concentration to increase. To be succinct: the concentration of material will
increase in regions where F' converges, and decrease in regions where F' diverges. The equation
describing this is:

Ou(x,t) = —0, F(x,t)

If we combine this with Fourier’s Law, however, we get:
Ou(z,t) = k-0,0,u(x,t)

which yields the one-dimensional Heat Equation:

dru(z,t) = k-02u(z,t)

Heuristically speaking, if we imagine u(z,t) as the height of some one-dimensional “land-
scape”, then the Heat Equation causes this landscape to be “eroded”, as if it were subjected
to thousands of years of wind and rain (see Figure 23).
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Figure 2.5: The Gauss-Weierstrass kernel under the Heat equation.

Example 2.1: For simplicity we suppose k = 1.

(a) Let u(z,t) = e -sin(3x). Thus, u describes a spatially sinusoidal function (with spatial
frequency 3) whose magnitude decays exponentially over time.

(b) The dissipating wave: More generally, let u(z,t) = e« . sin(w - 2). Then u is a

solution to the one-dimensional Heat Equation, and looks like a standing wave whose

amplitude decays exponentially over time (see Figure Z4l). Notice that the decay rate of

the function wu is proportional to the square of its frequency.

ex —_—
Vit P\ T

Then G is a solution to the one-dimensional Heat Equation, and looks like a “bell curve”,
which starts out tall and narrow, and over time becomes broader and flatter (Figure EZ0).

(c) The (one-dimensional) Gauss-Weierstrass Kernel: Let G(z;t) = 5

Exercise 2.1 Verify that the functions in Examples EZTa,b,c) all satisfy the Heat Equation.

¢

All three functions in Examples Bl starts out very tall, narrow, and pointy, and gradually
become shorter, broader, and flatter. This is generally what the Heat equation does; it tends
to flatten things out. If u describes a physical landscape, then the heat equation describes
“erosion”.

2.2(b) ...in many dimensions

Prerequisites: §2.1(b)

More generally, if u : R? x R — R is the time-varying density of some material, and
F :RP x R — R is the flux of this material, then we would expect the material to increase
in regions where F' converges, and to decrease in regions where F' diverges. In other words, we
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have:
ou = —divF

If w is the density of some diffusing material (or heat), then F is determined by Fourier’s
Law, so we get the Heat Equation

Ou = k-divVu = kA u

Here, A is the Laplacian operatmﬂ, defined:

Au = Fu+du+...05u

Exercise 2.2
e If D =1, verify that div Vu(z) = v"(x) = Au(x),
e If D =2, verify that div Vu(z) = 9Zu(z) + dju(x) = Au(z).
o Verify that div Vu(z) = Au(z) for any value of D.

By changing to the appropriate units, we can assume k = 1, so the Heat equation
becomes:
o= 5]
For example,
e If X C R, and z € X, then Au(z;t) = 02 u(z;t).
o If X CR? and (7,y) € X, then Au(z,y;t) = 02 u(x,y;t) + 85 u(zx,y;t).
Thus, as we've already seen, the one-dimensional Heat Equation is

du = 0u

and the the two dimensional Heat Equation is:

dpu(z,y;t) = OFulw,y;t) + 95 u(x,y;t)

Example 2.2:

(a) Let u(w,y;t) = e 2°%.sin(37)sin(4y). Then u is a solution to the two-dimensional
Heat Equation, and looks like a two-dimensional ‘grid’ of sinusoidal hills and valleys
with horizontal spacing 1/3 and vertical spacing 1/4 As shown in Figure Z8] these hills
rapidly subside into a gently undulating meadow, and then gradually sink into a perfectly
flat landscape.

!Sometimes the Laplacian is written as “V2”.
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Figure 2.6: Five snapshots of the function u(x,y;t) = e 2% sin(3z) sin(4y) from Example

1 2 2
(b) The (two-dimensional) Gauss-Weierstrass Kernel: Let G(x,y; t) = Tz P <4x m g >

Then G is a solution to the two-dimensional Heat Equation, and looks like a mountain,
which begins steep and pointy, and gradually “erodes” into a broad, flat, hill.

(c) The D-dimensional Gauss-Weierstrass Kernel is the function G : R” x(0,00) — R
defined

R AT
Cit) = Tmyprm P | g

Technically speaking, G(x;t) is a D-dimensional symmetric normal probability distribu-
tion with variance o = \/2t.

Exercise 2.3 Verify that the functions in ExamplesZ2(a,b,c) both satisfy the Heat Equation.

&

2.3 Laplace’s Equation

Prerequisites: §Z7

If the Heat Equation describes the erosion/diffusion of some system, then an equilibrium
or steady-state of the Heat Equation is a scalar field h : RP? — R satisfying Laplace’s
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Pierre-Simon Laplace
Born: 23 March 1749 in Beaumont-en-Auge, Normandy
Died: 5 March 1827 in Paris

Equation:

A scalar field satisfying the Laplace equation is called a harmonic function.

Example 2.3:

(a) If D = 1, then Ah(z) = 02 h(z) = h"(x); thus, the one-dimensional Laplace equa-
tion is just
R'(z) =0

Suppose h(z) = 3z + 4. Then h'(z) = 3, and A”(z) = 0, so h is harmonic. More
generally: the one-dimensional harmonic functions are just the linear functions of the
form: h(z) = ax + b for some constants a,b € R.

(b) If D = 2, then Ah(z,y) = 03 h(z,y) + 82 h(z,y), so the two-dimensional Laplace
equation reads:

BZh+02h = 0,

or, equivalently, 92 h = —85 h. For example:

e Figure Z7(B) shows the harmonic function h(z,y) = 22 — ¢
e Figure Z7(C) shows the harmonic function h(x,y) = sin(z) - sinh(y).

Exercise 2.4 Verify that these two functions are harmonic. &

The surfaces in Figure 27 have a “saddle” shape, and this is typical of harmonic functions;
in a sense, a harmonic function is one which is “saddle-shaped” at every point in space. In
particular, notice that h(z,y) has no maxima or minima anywhere; this is a universal property
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Figure 2.7: Three harmonic functions: (A) h(x,y) = log(z? + y?). (B) h(z,y) = 2? — 2.
(C) h(z,y) =sin(x) - sinh(y). In all cases, note the telltale “saddle” shape.

of harmonic functions (see Corollary on page B3)). The next example seems to contradict
this assertion, but in fact it doesn’t...

Example 2.4: Figure EZ7(A) shows the harmonic function h(z,y) = log(z? + y?) for all
(z,y) # (0,0). This function is well-defined everywhere except at (0,0); hence, contrary
to appearances, (0,0) is not an extremal point. [Verifying that h is harmonic is problem # Bl on

page BJ. &

When D > 3, harmonic functions no longer define nice saddle-shaped surfaces, but they
still have similar mathematical properties.

Example 2.5:
(a) If D =3, then Ah(z,y,2) = 02 h(z,y,2) + 85 h(z,y,z) + 0% h(z,y, 2).

Thus, the three-dimensional Laplace equation reads:

BZh+02h+02h = 0,

1 1
For example, let h(x,y,z) = = for all (z,y,2) # (0,0,0).

”.%',y,ZH \/$2+y2+22

Then h is harmonic everywhere except at (0,0,0). [Verifying this is problem # B on page BIl]

(b) For any D > 3, the D-dimensional Laplace equation reads:

Rh+...+05h = 0

1 1
For example, let h(x) = 5 = 5— for all x # 0. Then h is
[~ (224 +ad) T

harmonic everywhere everywhere in R” \ {0} (Exercise 2.5).

(Remark: If we metaphorically interpret “x37 to mean “— log(x)”, then we can inter-

pret Example 24 as a special case of Example 20) for D = 2.) O




28 CHAPTER 2. HEAT AND DIFFUSION

Harmonic functions have the convenient property that we can multiply together two lower-
dimensional harmonic functions to get a higher dimensional one. For example:

e h(x,y) =z -y is a two-dimensional harmonic function (Exercise 2.6).
o h(x,y,2) = - (y*> — 2%) is a three-dimensional harmonic function (Exercise 2.7).

In general, we have the following:

Proposition 2.6: Suppose u : R — R is harmonic and v : R™ — R is harmonic, and
define w : R"™™ — R by w(x,y) = u(x) - v(y) for x € R" and 'y € R™. Then w is also
harmonic

Proof: Exercise 2.8 Hint: First prove that w obeys a kind of Liebniz rule: Aw(x,y) =
v(y) - Au(x) + u(x) - Au(y). O

The function w(x,y) = u(x)-v(y) is called a separated solution, and this theorem illustrates
a technique called separation of variables (see Chapter [0 on page ETJ).

2.4 The Poisson Equation

Prerequisites: §3

Imagine p(x) is the concentration of a chemical at the point x in space. Suppose this
chemical is being generated (or depleted) at different rates at different regions in space. Thus,
in the absence of diffusion, we would have the generation equation

Oyp(x,t) = q(x),
where ¢(x) is the rate at which the chemical is being created/destroyed at x (we assume that
g is constant in time).
If we now included the effects of diffusion, we get the generation-diffusion equation:

op = KAp +q.

A steady state of this equation is a scalar field p satisfying Poisson’s Equation:
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Figure 2.8: Two one-dimensional potentials

Example 2.7: One-Dimensional Poisson Equation

If D =1, then Ap(z) = 02 p(x) = h”(z); thus, the one-dimensional Poisson equation
is just

h'(x) = Q(x)

We can solve this equation by twice-integrating the function Q(z). If p(z) = [ [ Q(z
some double-antiderivative of G, then p clearly satisfies the Poisson equatlon. For example.

1 if 0<ao<1;
(a) Suppose Q(x) = { 0 otherwise. . Then define

0 it x<0
/ / ydzdy = z2/2 if 0<z<1; (FigureZ3A)
x—% it 1<z
(b) If Q(x) = 1/22 (for x # 0), then p(x fo = —loglz| + ax + b (for x # 0),

where a,b € R are arbitrary constants. (see Flgure Z3B)

Exercise 2.9 Verify that the functions p(z) in Examples (a) and (b) are both solutions to their
respective Poisson equations. &

Example 2.8: Electrical/Gravitational Fields

Poisson’s equation also arises in classical field theoryE. Suppose, for any point x = (z1, 2, x3)

in three-dimensional space, that ¢(x) is charge density at x, and that p(x) is the the electric
potential field at x. Then we have:

kA p(x) = q(x) (k some constant) (2.1)

2For a quick yet lucid introduction to electrostatics, see [Ste95l, Chap.3].
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Figure 2.9: The two-dimensional potential field generated by a concentration of charge at the

origin.

If ¢(x) was the mass density at x, and p(x) was the gravitational potential energy, then we
would get the same equation. (See Figure for an example of such a potential in two
dimensions).

Because of this, solutions to Poisson’s Equation are sometimes called potentials. O

Example 2.9: The Coloumb Potential

1 1

o, y, 2l /22 + yZ + 22

that p(z,y, z) was harmonic everywhere except at (0,0,0), where it is not well-defined. For
physical reasons, it is ‘reasonable’ to write the equation:

AP(0,0,0) = 60’ (22)

. In Example (Zal), we asserted

Let D =3, and let p(x,y,z) =

where ¢ is the ‘Dirac delta function’ (representing an infinite concentration of charge at
zero)ﬁ. Then p(x,y, z) describes the electric potential generated by a point charge.

Exercise 2.10 Check that Vp(z,y,z) = % This is the electric field generated by a
x’ y) z
point charge, as given Coloumb’s Law from classical electrostatics. O

Notice that the electric/gravitational potential field is not uniquely defined by equation

E&T). If p(x) solves the Poisson equation (), then so does p(x) = p(x) + a for any constant
a € R. Thus, we say that the potential field is well-defined up to addition of a constant; this

is
to

similar to the way in which the antiderivative [ Q(z) of a function is only well-defined up
some constantHl This is an example of a more general phenomenon:

3Equation () seems mathematically nonsensical, but it can be made mathematically meaningful, using

distribution theory. However, this is far beyond the scope of these notes, so for our purposes, we will interpret
eqn. ([ZZ) as purely metaphorical.

4For the purposes of the physical theory, this constant does not matter, because the field p is physically

interpreted only by computing the potential difference between two points, and the constant a will always
cancel out in this computation. Thus, the two potential fields p(x) and p(x) = p(x) + a will generate identical
physical predictions. Physicists refer to this phenomenon as gauge invariance.
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Proposition 2.10: Let X C RP be some domain, and let p(x) and h(x) be two functions
defined for x € X. Let p(x) = p(x) + h(x). Suppose that h is harmonic —ie. Ah(x) = 0. Ifp
satisfies the Poisson Equation “Ap(x) = ¢(x)”, then p also satisfies this Poisson equation.

Proof: Exercise 2.11 Hint: Notice that Ap(x) = Ap(x) + Ah(x). O
For example, if Q(z) = 1/2%, as in Example EZ(b), then p(x) = —log(x) is a solution
to the Poisson equation “p”(z) = 1/2%”. If h(x) is a one-dimensional harmonic function,

then h(x) = ax + b for some constants a and b (see Example on page 26l). Thus p(z) =
—log(z) 4+ ax + b, and we’ve already seen that these are also valid solutions to this Poisson
equation.

Exercise 2.12 (a) Let p, v € R be constants, and let f(z,y) = e**-e*Y. Suppose f is harmonic;
what can you conclude about the relationship between p and v? (Justify your assertion).

(b) Suppose f(z,y) = X(z)-Y(y), where X : R — R and Y : R — R are two smooth functions.
Suppose f(z,y) is harmonic

X'x) _ =Y'(y)
1. Prove that = for all z,y € R.
X(x) Y(y)
X”(I’)

2. Conclude that the function e must equal a constant ¢ independent of z. Hence X (x) satisfies
x

the ordinary differential equation X" (z) = ¢- X(z).

Y"(y)

Y
differential equation Y (y) = —c- Y (y).

Likewise, the function must equal —c¢, independent of y. Hence Y (y) satisfies the ordinary

3. Using this information, deduce the general form for the functions X (z) and Y (y), and use this
to obtain a general form for f(z,y).

This argument is an example of separation of variables; see Chapter [[H on page

2.5 Practice Problems

1. Let f: R* — R be a differentiable scalar field. Show that div V f(z1,z2,23,24) =
Af(x1, 29,3, 4).

2. Let f(z,y;t) = exp(—34t)-sin(3z+5y). Show that f(z,y;t) satisfies the two-dimensional
Heat Equation: 0, f(z,y;t) = Af(x,y;t).

3. Let u(w,y) = log(z? + y?). Show that u(z,y) satisfies the (two-dimensional) Laplace
Equation, everywhere except at (z,y) = (0,0).
Remark: If (z,y) € R? recall that ||z,y|| = /22 +y2 Thus, log(z? + y?) =
2log ||z, y||. This function is sometimes called the logarithmic potential.

4. If (x,y,2) € R3, recall that ||z,vy, 2|| = /22 + y% + 22. Define

1 1

w(z,y,z) = —— = ——_—
) 2, y, 2| Va2 4y + 22
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Show that u satisfies the (three-dimensional) Laplace equation, everywhere except at
(x7 y’ z) = (07 07 0)'

Remark: Observe that Vu(z,y,2) = % What force field does this remind
x’ y’ z
you of? Hint: u(x,y,z) is sometimes called the Coulomb potential.
1 — 2 1 22
5. Let u(z,y;t) = Tog XD % = g &P (%) be the (two-dimensional)
Gauss-Weierstrass Kernel. Show that u satisfies the (two-dimensional) Heat equa-
tion, Oyu = Au.

6. Let a and [ be real numbers, and let h(z,y) = sinh(ax) - sin(fy).

(a) Compute A h(z,y).

(b) Suppose h is harmonic. Write an equation describing the relationship between «
and .

2.6 Properties of Harmonic Functions
Prerequisites: §31 63 Recommended: 3

Recall that a function h : R? — R is harmonic if Au = 0. Harmonic functions have
nice geometric properties, which can be loosely summarized as ‘smooth and gently curving’.
Proposition 2.11: Differentiability of Harmonic functions

If h : RP — R is a harmonic function, then h is infinitely differentiable.

Proof: Exercise 2.13 Hint: Let G;(x) be the Gauss-Weierstrass kernel. Recall that the harmonic
function A is a stationary solution to the Heat Equation, so use Theorem [[6.TH on page BIAl to argue
that Gt * h(x) = h(x) for all ¢ > 0. Verify that G; is infinitely differentiable. Now apply Part 6 of
Proposition [ETY on page

For a different proof, see Theorem 6 on p. 28 of [Eva0ll §2.2]. O

Actually, we can go even further than this

Proposition 2.12: Harmonic functions are analytic

Let X ¢ RP be an open set. If h : X — R is a harmonic function, then h is analytic.
That is, for every x € X, there is a Taylor series expansion for h around x with a nonzero
radius of convergence.

Proof: See Theorem 10 on p. 31 of [Exva91l §2.2]. O
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Theorem 2.13: Mean Value Theorem

Let f : RP — R be a scalar field. Then f is harmonic if and only if:
For any x € RP and any R >0, f(x) = / f(s) ds. (2.3)
S(x;R)
Here, S(x; R) = {s € R" ; ||s — x|| = R} is the sphere of radius R around x.
Proof: Exercise 2.14

1. First use the the Spherical Means formula for the Laplacian (Theorem Bl to show that f is
harmonic if statement (Z3) is true.

2. Now, define ¢ : [0,00) — R by: ¢(R) = / f(s) ds.
S(x;R)

Show that ¢'(R) = K 0, f(s) ds for some constant K > 0.
S(x;R)

3. Apply Gauss’s Divergence Theorem: if V : R? — RP is any vector field and v is the
outward normal vector field on the sphere, then

/ (V(s),v) ds = / divV(b) db
S(x;R) B(x;R)

where B (x; R) = {b € R” ; |[b — x|| < R} is the ball of radius R around x. Use this to show that:
or)= [ ppb) ab.
B(x;R)

4. Deduce that, if f is harmonic, then ¢ must be constant.

5. Use the Spherical Means formula for the Laplacian to show that this constant must be zero.
Conclude that, if f is harmonic, then statement ([Z33) must be true. O

A function F : RP — R is spherically symmetric if F'(x) depends only in the norm ||x||
(ie. F(x) = f(||x||) for some function f : [0,00) — R). For example, the Gauss-Weierstrass
kernel Gy is spherically symmetric.

Corollary 2.14: If h is harmonic and F' is spherically symmetric, then hx F' = h

Proof: Exercise 2.15 O

Corollary 2.15: Maximum Modulus Principle for Harmonic Functions

Let X C RP be a domain, and let v : X — R be a nonconstant harmonic function. Then
u has no maximal or minimal points anywhere in the interior of u.

Proof: Exercise 2.16 O
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Remark: Of course, a harmonic function can (and usually will) obtain a maximum some-
where on the boundary of the domain X.

2.7 (x) Transport and Diffusion
Prerequisites: 2 T

If u : RP — R is a “mountain”, then recall that Vu(x) points in the direction of most
rapid ascent at x. If 7 € RP is a vector, then (¥, Vu(x)) measures how rapidly you would be
ascending if you walked in direction 7.

Suppose u : RP? — R describes a pile of leafs, and there is a steady wind blowing in the
direction ¥ € RP. We would expect the pile to slowly move in the direction . Suppose you
were an observer fixed at location x. The pile is moving past you in direction ¢, which is
the same as you walking along the pile in direction —¢; thus, you would expect the height of
the pile at your location to increase/decrease at rate (—v, Vu(x)). The pile thus satisfies the
Transport Equation:

Oru = —(U,Vu)

Now, suppose that the wind does not blow in a constant direction, but instead has some complex
spatial pattern. The wind velocity is therefore determined by a wvector field V:RP — RP.
As the wind picks up leafs and carries them around, the flux of leafs at a point x € X is then
the vector F(x) = u(x)-V(x). But the rate at which leafs are piling up at each location is the
divergence of the flux. This results in Liouville’s Equation:

—

du = —divF = —div(u V) = —<‘7,Vu>—u-div‘7.

(Exercise 2.17 Verify that div (u-V) = — <‘7, Vu> — u-div V. Hint: This is sort of a multivariate
version of the Liebniz product rule.)

Liouville’s equation describes the rate at which u-material accumulates when it is being
pushed around by the V-vector field. Another example: V(x) describes the flow of water at
x, and u(x) is the buildup of some sediment at x.

Now suppose that, in addition to the deterministic force 1% acting on the leafs, there is also
a “random” component. In other words, while being blown around by the wind, the leafs are
also subject to some random diffusion. To describe this, we combine Liouville’s Equation with
the Heat Equation, to obtain the Fokker-Plank equation:

ohu = kKAu — <V,Vu> — u-divV.

2.8 (x) Reaction and Diffusion

Prerequisites: 2

Suppose A,B and C' are three chemicals, satisfying the chemical reaction:

2A+B — (C
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As this reaction proceeds, the A and B species are consumed, and C' is produced. Thus, if a,
b, ¢ are the concentrations of the three chemicals, we have:

1
atC = R(t) = —atb = —58,5 a,
where R(t) is the rate of the reaction at time ¢. The rate R(¢) is determined by the concen-
trations of A and B, and by a rate constant p. Each chemical reaction requires 2 molecules of

A and one of B; thus, the reaction rate is given by
R() = p-a(t)?-b(t)

Hence, we get three ordinary differential equations, called the reaction kinetic equations
of the system:

Ora(t) = —2p-a(t)?-b(t)

ab(t) = —p-a(t)?-b(t) (2.4)

Orc(t) = p-a(t)?-bt)
Now, suppose that the chemicals A, B and C are in solution, but are not uniformly mixed. At
any location x € X and time ¢ > 0, let a(x,t) be the concentration of chemical A at location
x at time ¢; likewise, let b(x,t) be the concentration of B and c(x,t) be the concentration of
C. (This determines three time-varying scalar fields, a,b,c : R3 x R — R.) As the chemicals
react, their concentrations at each point in space may change. Thus, the functions a, b, ¢ will
obey the equations () at each point in space. That is, for every x € R3 and ¢ € R, we have

dra(x;t) =~ —2p-a(x;t)? - b(x;t)

etc. However, the dissolved chemicals are also subject to diffusion forces. In other words, each
of the functions a,b and ¢ will also be obeying the Heat Equation. Thus, we get the system:
dra = kq-Da(x;t) — 2p-a(x;t)? - b(x;t)
Ob = Ky Ab(x;t) — p-a(x;t)? - b(x;t)
dre = ke Ac(x;t) + p-a(x;t)? - b(x;t)
where Kq, Kp, ke > 0 are three different diffusivity constants.
This is an example of a reaction-diffusion system. In general, in a reaction-diffusion
system involving N distinct chemicals, the concentrations of the different species is described

by a concentration vector field u: R? x R — R¥ and the chemical reaction is described
by a rate function F : RY — RN, For example, in the previous example, u(x,t) =

(a(x,t), b(x,t), c(x,t)), and
F(a,b,c) = [72pa2b, —pa?b, paQb] .
The reaction-diffusion equations for the system then take the form
Ouy, = kpDu, + Fy(u),

forn=1,...,.N
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Figure 2.11: The map f(z) = z? conformally identifies the quarter plane and the half-plane.

2.9 (x) Conformal Maps
Prerequisites: 2 60 L3

A linear map f : RP — RP is called conformal if it preserves the angles between vectors.
Thus, for example, rotations, reflections, and dilations are all conformal maps.

Let U,V ¢ RP be open subsets of RP. A differentiable map f : U — V is called
conformal if its derivative D f(x) is a conformal linear map, for every x € U.

One way to interpret this is depicted in Figure EXI0). Suppose two smooth paths 1 and
Yo cross at x, and their velocity vectors 41 and 5 form an angle 6 at x. Let a; = f oy, and
ag = f oy, and let y = f(x). Then ay and ay are smooth paths, and cross at y, forming an
angle ¢. The map f is conformal if, for every x, 1, and -2, the angles # and ¢ are equal.

Example 2.16: Complex Analytic Maps

Identify the set of complex numbers C with the plane R? in the obvious way. If U,V C C
are open subsets of the plane, then any complex-analytic map f : U — V is conformal.

Exercise 2.18 Prove this. Hint: Think of the derivative f’ as a linear map on R?, and use the
Cauchy-Riemann differential equations to show it is conformal. &

In particular, we can often identify different domains in the complex plane via a conformal
analytic map. For example:
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Figure 2.12: The map f(z) = exp(z) conformally projects a half-plane onto the complement
of the unit disk.

Figure 2.13: The map f(z) = exp(z) conformally identifies a half-infinite rectangle with the
upper half-plane.

e In Figure 211l U = {x + yi; x,y > 0} is the quarter plane, and V = {z +yi; y > 0}

is the half-plane, and f(z) = 22. Then f : U — V is a conformal isomorphism,
meaning that it is conformal, invertible, and has a conformal inverse.

In Figure ZI2), U={x 4+ yi; 2 > 1},and V = {x +yi; 2?2+ > 1} is the complement
of the unit disk, and f(z) = exp(z). Then f: U — V is a conformal covering map.
This means that f is locally one-to-one: for any point u € U, with v = f(u) € V, there
is a neighbourhood ¥V C V of v and a neighbourhood & C U of u so that fj: U — V is
one-to-one. Note that f is not globally one-to-one because it is periodic in the imaginary
coordinate.

In Figure 213, U = {z +yi; x > 0,0 < y < 7w} is a half-infinite rectangle, and V =
{x 4+ yi; x> 1} is the upper half plane, and f(z) = exp(z). Then f : U — Vis a
conformal isomorphism.

In Figure E14, U = {z+yi; x > 1,0 <y < w} is a half-infinite rectangle, and V =
{x +yi;x>1, 22 4+9y* > 1} is the “amphitheatre”, and f(z) = exp(z). Then f: U —
V is a conformal isomorphism.
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o1l 2 3 4 5 6

Figure 2.14: The map f(z) = exp(z) conformally identifies a half-infinite rectangle with the
“amphitheatre”

Exercise 2.19 Verify each of the previous examples.

Exercise 2.20 Show that any conformal map is locally invertible. Show that the (local) inverse

of a conformal map is also conformal.

Conformal maps are important in the theory of harmonic functions because of the following
result:

Proposition 2.17: Suppose that f : U — V is a conformal map. Let h: V — R be some
smooth function, and define H =ho f:U — R .

1. h is harmonic if and only if H is harmonic.
2. h satisfies homogeneous Dirichlet boundary conditiond] if and only if H does.

3. h satisfies homogeneous Neumann boundary conditiondd if and only if H does.

4. Let b: 0V — R be some function on the boundary of V. Then B =bof :0U — R isa
function on the boundary of U. Then h satisfies the nonhomogeneous Dirichlet boundary
condition “h(x) = b(x) for all x € OV” if and only if H satisfies the nonhomogeneous
Dirichlet boundary condition “H(x) = H(x) for all x € 9U”

Proof: Exercise 2.21 Hint: Use the chain rule. Remember that rotation doesn’t affect the value

of the Laplacian, and dilation multiplies it by a scalar. O

We can apply this as follows: given a boundary value problem on some “nasty” domain U,
try to find a “nice” domain V, and a conformal map f : U — V. Now, solve the boundary
value problem in V, to get a solution function h. Finally, “pull back” the this solution to get
a solution H = h o f to the original BVP on V.

5See §[6.5(a)] on page B3
5See § 6.5(b)] on page [H
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This may sound like an unlikely strategy. After all, how often are we going to find a “nice”
domain V which we can conformally identify with our nasty domain? In general, not often.
However, in two dimensions, we can search for conformal maps arising from complex analytic
mappings, as described above. There is a deep result which basically says that it is almost
always possible to find the conformal map we seek....

Theorem 2.18: Riemann Mapping Theorem

Let U,V C C be two open, simply connectedl regions of the complex plane. Then there is
always a complex-analytic bijection f : U — V. O

Corollary 2.19: Let D C R? be the unit disk. If U C R? is open and simply connected, then
there is a conformal isomorphism f : D — U.

Proof: Exercise 2.22 Derive this from the Riemann Mapping Theorem. O

Further Reading

An analogy of the Laplacian can be defined on any Riemannian manifold, where it is sometimes
called the Laplace-Beltrami operator. The study of harmonic functions on manifolds yields
important geometric insights [War83, [Cha93].

The reaction diffusion systems from §Z§ play an important role in modern mathematical
biology [Mur93].

The Heat Equation also arises frequently in the theory of Brownian motion and other
Gaussian stochastic processes on R” [Sfr93].

The discussion in §29 is just the beginning of the beautiful theory of the 2-dimensional
Laplace equation and the conformal properties of complex-analytic maps. An excellent intro-
duction can be found in Tristan Needham’s beautiful introduction to complex analysis [Nee97].
Other good introductions are §3.4 and Chapter 4 of [Fis99], or Chapter VIII of [Lan85].

“Given any two points z,y € U, if we take a string and pin one end at x and the other end at 7, then the
string determines a path from x to y. The term simply connected means this: if o and 3 are two such paths
connecting x to y, it is possible to continuously deform « into 3, meaning that we can push the “a string” into
the “0 string” without pulling out the pins at the endpoints.

Heuristically speaking, a subset U C R? is simply connected if it has no “holes” in it. For example, the disk is
simply connected, and so is the square. However, the annulus is not simply connected. Nor is the punctured
plane R?\ {(0,0)}.
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3 Waves and Signals

3.1 The Laplacian and Spherical Means

Prerequisites: {11 T2 Recommended: §Z2

Let u : RP — R be a function of D variables. Recall that the Laplacian of u is defined:

Au = Fu+diu+...0hu

In this section, we will show that Awu(x) measures the discrepancy between u(x) and the
‘average’ of u in a small neighbourhood around x.

Let S(€) be the “sphere” of radius € around 0. For example:

e If D =1, then S(e) is just a set with two points: S(e) = {—e¢, +e€}.

e If D =2, then S(e) is the circle of radius e: S(e) = {(z,y) € R?; 2? + y? = €2}
e If D =3, then S(¢) is the 3-dimensional spherical shell of radius e:

S(e) = {(z,y,2) € R*; & +y° + 27 = €}

e More generally, for any dimension D, S(e) = {(21,2,...,2p) € R ; af + 23 + ... + 2% = 2}
Let A. be the “surface area” of the sphere. For example:
e If D =1, then S(e) = {—e¢, +€} is a finite set, with two points, so we say A, = 2.

e If D =2, then S(e) is the circle of radius €; the perimeter of this circle is 2me, so we say
A, = 27e.

e If D =3, then S(e) is the sphere of radius €, which has surface area 4me>.

1
Let M, f(0) := A_/S( )f(s) ds; then M, f(0) is the average value of f(s) over all s on

the surface of the e-radius sphere around 0, which is called the spherical mean of f at 0.
The interpretation of the integral sign “[” depends on the dimension D of the space. For
example,“ [” represents a surface integral if D = 3, a line integral if D = 2, and simple
two-point sum if D = 1. Thus:

e If D =1, then S(e) = {—e¢, +€}, so that f(s) ds = f(e) + f(—e¢); thus,
S(e)

£+ f(=9)

M. f =
! 2
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f(x+ ¢€)

X+€

Figure 3.1: Local averages: f(z) vs. M, f(z) := w

e If D = 2, then any point on the circle has the form (e cos(0), esin(9)> for some angle

2
6 € [0,2m). Thus, f(s) ds = / f (e cos(0), esin(9)> edf, so that
0

S(e)
1 2 1 2
M.f = 3me Jo f (ecos(@), esin(@)) edd = o /. f (ecos(@), esin(@)) de,
1
Likewise, for any x € R we define M, f(x) := o f(x+s) ds to be the average value
€ JS(e)

of f over an e-radius sphere around x. Suppose f : RP? — R is a smooth scalar field, and
x € RP. One interpretation of the Laplacian is this: Af(x) measures the disparity between
f(x) and the average value of f in the immediate vicinity of x. This is the meaning of the
next theorem:

Theorem 3.1:
(a) If f : R — R is a smooth scalar field, then (as shown in Figure Bl), for any x € R,

Af(x) = lim%[MEf(x) - f(x)} = hm%[f(x—e)—;-f(x—i-e) —f(x)}

e—0 € e—0 €

(b) If f : RP? — R is a smooth scalar field, then for any x € RP,

C 1
T /S et ds f(X)]

Af(x) = nm—[Me f(x) — f(x)} ~ i &

e—0 €2 =0 ¢

(Here C' is a constant determined by the dimension D).
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Proof: (a) Using Taylor’s theorem (from first-year calculus), we have:

62
fate = [@)+ ef @)+ 5 f"(@)+ O()
2

and f(z—c) = f@2) = ef'@)+ (@) + O().

Here, f'(z) = 0, f(x) and f"(x) = 02 f(x). The expression “O(e)” means “some function
(we don’t care which one) such that lir% O(e) = 0”. Likewise, “O(€3)” means “some function
€e—

(@)
(we don’t care which one) such that lir% (;) = 0.” Summing these two equations, we get
€— €
fato+flz—e = 2f(x) + & f'(z) + O).

Thus,
[because O(€%) /€2 = O(€).] Now take the limit as € — 0, to get

r—¢€)—2f(x T+ e€ . I "
fz—¢) f€<2>+f< t) _ m @) +0@) = f'@) = Af@),

lim
e—0

as desired.

(b) Define the Hessian derivative matrix of f at x:

O2f  00of ... O\Opf

0% O f  O2f ... 90pf
X) = . . . .
Oporf Opdaf ... Of

Then, for any s € S(e), the Multivariate Taylor’s theorem (from vector calculus) says:

flets) = JOO+EVIE) 4 (s D))+ O,

D
Now, if s = (s1,s2,...,8p), then <s, D?f(x) - s> = Z Se 84+ 0c0q f(x). Thus,
c,d=1

S()f(x—f—s)als
= X S S X S 1 S 2 X)+S 63 S
= [ g [ v + G 6060 4 [ o

S(e) S(e)

_ 1 ST D-+2
= Af(x) + <Vf(X)7/S(€)S ds> + 3 /S(e) (Z 5¢84 + 0c0q f(X)) ds + O(e" )

c,d=1
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— x x 1 X) - ScSq as €D+2
- Af) + (Vf((*)), 0 + 2C§1<acadf<> (/S@“‘d» o)
= Af(x) + li 93 f(x) - / s ds + O(PT?)
€ 2d:1 d S(e) I
©)
= ASGO 4 LASE) P O

where K = s ds. Now, A = Ay - €P~1. Here, () is because / s ds = 0, because
S(e) S(e)
the centre-of-mass of a sphere is at its centre, namely 0.  (}) is because, if ¢,d € [1...D],

and ¢ # d, then / sesq ds = 0 (Exercise 3.1)[Hint: Use symmetry]. Thus,

S(e)
L fersas - g0 = SR8 g0 400
I — = e € ).
Ae S(e) 2141
. . . 2 . 2A1 ..
Divide both sides by ¢ and multiply by C = g and take the limit as € — 0. O

Exercise 3.2 Let f : R® — R be a smooth scalar field, such that M, f(x) = f(x) for all

x € RP. Show that f is harmonic.

3.2 The Wave Equation

Pr

3.

erequisites: $81]

2(a) ...in one dimension: the string

We want to mathematically describe vibrations propagating through a stretched elastic cord.
We will represent the cord with a one-dimensional domain X; either X = [0, L] or X = R. We

wi

1l make several simplifying assumptions:

(W1) The cord has uniform thickness and density. Thus, there is a constant linear density

p > 0, so that a cord-segment of length ¢ has mass p?.

(W2) The cord is perfectly elastic; meaning that it is infinitely flexible and does not resist

bending in any way. Likewise, there is no air friction to resist the motion of the cord.

(W3) The only force acting on the cord is tension, which is force of magnitude T pulling

the cord to the right, balanced by an equal but opposite force of magnitude —7 pulling
the cord to the left. These two forces are in balance, so the cord exhibits no horizontal



3.2. THE WAVE EQUATION 45

Fixed Fixed

endpomt’< .................................................... I ........................................................

-T cos(B) T cos()

Figure 3.2: A bead on a string

motion. The tension T" must be constant along the whole length of the cord. Thus, the
equilibrium state for the cord is to be perfectly straight. Vibrations are deviations from
this straight positionﬂ

(W4) The vibrational motion of the cord is entirely vertical; there is no horizontal component
to the vibration. Thus, we can describe the motion using a scalar-valued function u(x,t),
where u(x,t) is the vertical displacement of the cord (from its flat equilibrium) at point
x at time t. We assume that u(x,t) is relatively small relative to the length of the cord,
so that the cord is not significantly stretched by the vibrationJ

For simplicity, let’s first imagine a single bead of mass m suspended at the midpoint of a
(massless) elastic cord of length 2¢, stretched between two endpoints. Suppose we displace the
bead by a distance y from its equilibrium, as shown in Figure[32 The tension force T now pulls
the bead diagonally towards each endpoint with force T'. The horizontal components of the two
tension forces are equal and opposite, so they cancel, so the bead experiences no net horizontal
force. Suppose the cord makes an angle 6 with the horizontal; then the vertical component of
each tension force is T'sin(€), so the total vertical force acting on the bead is 2T sin(f). But

B . - Y
0 = arctan(e/y) by the geometry of the triangles in Figure B2 so sin(f) = 7\/212? Thus,

the vertical force acting on the bead is

F o= oTsin(d) = —21Y_ (3.1)

ViRt

Now we return to our original problem of the vibrating string. Imagine that we replace
the string with a ‘necklace’ made up of small beads of mass m separated by massless elastic

! 'We could also incorporate the force of gravity as a constant downward force. In this case, the equilibrium
position for the cord is to sag downwards in a ‘catenary’ curve. Vibrations are then deviations from this curve.
This doesn’t change the mathematics of this derivation, so we will assume for simplicity that gravity is absent
and the cord is straight.

2If u(z, t) was large, then the vibrations stretch the cord, and a restoring force acts against this stretching, as
described by Hooke’s Law. By assuming that the vibrations are small, we are assuming we can neglect Hooke’s
Law.



46 CHAPTER 3. WAVES AND SIGNALS

Figure 3.3: Each bead feels a negative force proportional to its deviation from the local average.

strings of length e. Each of these beads, in isolation, behaves like the ‘bead on a string’ in
Figure However, now, the vertical displacement of each bead is not computed relative
to the horizontal, but instead relative to the average height of the two neighbouring beads.
Thus, in eqn. (&), we set y := u(z) — M u(x), where u(zx) is the height of bead z, and where
M. u := $[u(z — €) +u(z +€)] is the average of its neighbours. Substituting this into eqn. (@),
we get
Fi(z) = 2T [u(x) — M, u(x)] (3.2)
Viu(@) = Meu(2)]? + ¢
(Here, the “€” subscript in “F.” is to remind us that this is just an e-bead approximation of
the real string). Each bead represents a length-e¢ segment of the original string, so if the string
has linear density p, then each bead must have mass m, := pe. Thus, by Newton’s law, the
vertical acceleration of bead x must be
a(z) = F(x) _ 2T [u(x) — M, u(x)]
Me per/[u(@) — Mcu(z)]? + €2
2T [u(x) — M, u(x)]

3.3
pe\/[u(z) — Mcu(z)]2/e2 + 1 (33)
Now, we take the limit as € — 0, to get the vertical acceleration of the string at x:
T 2 1
a(r) = limac(r) = — lim - {u(m) — M, u(x)] - lim
c—0 p 0 € e—0 \/[u(x) — M. u(x)]?/e2 +1
T 1 T
— —2u(z)- = —02u(x). (3.4)
“ p limeo /€2 - Ru(z)2+1 © p

2
Here, () is because Theorem BIl(a) on page B2 says that lir% — [u(z) = Meu(z)] = 0% u(x).
e—U €

Finally, () is because, for any value of v’ € R, we have lin% Ve +1 =1. We conclude that
€—

= Zzux = 202 u(x
a(r) = p&c()- A" 0z ufx),
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Figure 3.4: A one-dimensional standing wave.

where A := /T/p. Now, the position (and hence, velocity and acceleration) of the cord is
changing in time. Thus, a and u are functions of ¢ as well as . And of course, the acceleration
a(z,t) is nothing more than the second derivative of u with respect to t. Hence we have the
one-dimensional Wave Equation:

Ru(x,t) = I-0%u(x,t).

This equation describes the propagation of a transverse wave along an idealized string, or
electrical pulses propagating in a wire.

Example 3.2: Standing Waves

(a) Suppose A2 = 4, and let u(z;t) = sin(3z) - cos(6t). Then u satisfies the Wave Equation
and describes a standing wave with a temporal frequency of 6 and a wave number (or
spatial frequency) of 3. (See Figure B

(b) More generally, fix w > 0; if u(x;t) = sin(w - x) - cos(\ - w - t), Then u satisfies the Wave
Equation and describes a standing wave of temporal frequency X - w and wave number w.

Exercise 3.3 Verify examples (a) and (b). &

Example 3.3: Travelling Waves

(a) Suppose A\? = 4, and let u(z;t) = sin(3x — 6t). Then u satisfies the Wave Equation and
describes a sinusoidal travelling wave with temporal frequency 6 and wave number 3. The
wave crests move rightwards along the cord with velocity 2.

(Figure BHA).

(b) More generally, fix w € R and let u(z;t) = sin(w-x — A-w-t). Then u satisfies the Wave
Equation and describes a sinusoidal sinusoidal travelling wave of wave number w. The
wave crests move rightwards along the cord with velocity A.
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Figure 3.5: (A) A one-dimensional sinusoidal travelling wave. (B) A general one-dimensional
travelling wave.

(¢c) More generally, suppose that f is any function of one variable, and define u(z;t) =
f(xz—A-t). Then u satisfies the Wave Equation and describes a travelling wave, whose
shape is given by f, and which moves rightwards along the cord with velocity A (see
Figure B0B).

Exercise 3.4 Verify examples (a),(b), and (c). &

Exercise 3.5 According to Example B3|(c), you can turn any function into a travelling wave.
Can you turn any function into a standing wave? Why or why not?

3.2(b) ...in two dimensions: the drum

Now, suppose D = 2, and imagine a two-dimensional “rubber sheet”. Suppose u(zx,y;t) is the
the vertical displacement of the rubber sheet at the point (z,3) € R? at time t. To derive
the two-dimensional wave equation, we approximate this rubber sheet as a two-dimensional
‘mesh’ of tiny beads connected by massless, tense elastic strings of length e. Each bead (z,y)
feels a net vertical force F' = F, + F,, where F}, is the vertical force arising from the tension
in the x direction, and F), is the vertical force from the tension n the y direction. Both of
these are expressed by a formula similar to eqn.(B2). Thus, if bead (z,y) has mass me, then
it experiences acceleration a = F/m¢ = Fy/m¢ + Fy/me = ay + ay, where a, := F,/m. and
ay := F,/m., and each of these is expressed by a formula similar to eqn.(B3]). Taking the limit
as € — 0 as in eqn.(B4), we deduce that

a(wy) = limapc(ey) + limaye(r,y) = NOTury)+ M\ u(x,y),

where A is a constant determined by the density and tension of the rubber membrane. Again,
we recall that u and a are also functions of time, and that a(x,y;t) = 97 u(z,y;t). Thus, we
have the two-dimensional Wave Equation:

Fu(z,yit) = N-Oju(x,yt) + N0 u(z,y;t) (3.5)
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Figure 3.6: A two-dimensional travelling wave.

or, more abstractly:

Ru = A A

This equation describes the propagation of wave energy through any medium with a linear
restoring force. For example:

e Transverse waves on an idealized rubber sheet.
e Ripples on the surface of a pool of water.

e Acoustic vibrations on a drumskin.

Example 3.4: Two-dimensional Standing Waves

(a) Suppose A2 = 9, and let u(z,y;t) = sin(3z) - sin(4y) - cos(15¢t). This describes a two-
dimensional standing wave with temporal frequency 15.

(b) More generally, fix w = (w1,ws) € R? and let Q = ||w]|, = /w? + w3.
u(x;t) = sin(wiz) - sin (wey) - cos (A - Q)

satisfies the 2-dimensional Wave Equation and describes a standing wave with temporal
frequency X - €.

c¢) Even more generally, fix w = (w1, ws) € R? and let Q = ||lw||, = v/w? + w2, as before.
2 1 2

Let SCi(x) = either sin(x) or cos(z);
let SCy(y) = either sin(y) or cos(y);
and let SCy(t) = either sin(¢) or cos(t).

Then
u(x;t) = SCj(wiz) - SC (way) - SCy (A - Q)
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satisfies the 2-dimensional Wave Equation and describes a standing wave with temporal
frequency A - 2.

Exercise 3.6 Check examples (a), (b) and (c) &

Example 3.5: Two-dimensional Travelling Waves

(a) Suppose A2 = 9, and let u(x,y;t) = sin(3x + 4y + 15t). Then u satisfies the two-
dimensional Wave Equation, and describes a sinusoidal travelling wave with wave vector
w = (3,4) and temporal frequency 15. (see Figure B0l).

(b) More generally, fix w = (w1,ws) € R? and let Q = ||w]||, = /w? + w3. Then
u(x;t) = sin (wlx + w2y + A~ Qt) and  v(x;t) = cos (wlx +way + A Qt)

both satisfy the two-dimensional Wave Equation, and describe sinusoidal travelling waves
with wave vector w and temporal frequency A - 2.

Exercise 3.7 Check examples (a) and (b) &

3.2(c) ...in higher dimensions:

The same reasoning applies for D > 3. For example, the 3-dimensional wave equation describes
the propagation of (small amplitudeﬁ) sound-waves in air or water. In general, the Wave
Equation takes the form

Ru = N Au

where A is some constant (determined by the density, elasticity, pressure, etc. of the medium)
which describes the speed-of-propagation of the waves.

By a suitable choice of units, we can always assume that A\ = 1. Hence, from now on, we
will consider the simplest form of the Wave Equation:

RPu = Au
For example, fix w = (wy,...,wp) € RP and let Q = ||lw|jy = y/w?+ ... +w}. Then
u(x;t) = sin (wlxl 4+ woxg + ... +wpxp + Qt) = sin ( (w,x) + - Q- t)

satisfies the D-dimensional Wave Equation and describes a transverse wave of with wave
vector w propagating across D-dimensional space. Exercise 3.8 Check this!
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T=2

T=3

T=4 —

Figure 3.7: A solution to the Telegraph Equation propagates like a wave, but it also diffuses
over time due to noise, and decays exponentially in magnitude due to ‘leakage’.

3.3 The Telegraph Equation

Recommended:

Imagine a signal propagating through a medium with a linear restoring force (eg. an
electrical pulse in a wire, a vibration on a string). In an ideal universe, the signal obeys the
Wave Equation. However, in the real universe, damping effects interfere. First, energy might
“leak” out of the system. For example, if a wire is imperfectly insulated, then current can leak
out into surrounding space. Also, the signal may get blurred by noise or frictional effects. For
example, an electric wire will pick up radio waves (“crosstalk”) from other nearby wires, while
losing energy to electrical resistance. A guitar string will pick up vibrations from the air, while
losing energy to friction.

Thus, intuitively, we expect the signal to propagate like a wave, but to be gradually smeared
out and attenuated by noise and leakage (Figure B). The model for such a system is the
Telegraph Equation:

/ig@fu—i-m@tu—i-mou = ANAu

(where kg, K1, kg, A > 0 are constants).
Heuristically speaking, this equation is a “sum” of two equations. The first,

/-@28252 u = MAu
is a version of the Wave Equation, and describes the “ideal” signal, while the second,
K10t u = —kKou+ X Au

describes energy lost due to leakage and frictional forces.

3.4 Practice Problems

1. By explicitly computing derivatives, show that the following functions satisfy the (one-
dimensional) Wave Equation 62 u = 92 u.

3 At large amplitudes, nonlinear effects become important and invalidate the physical argument used here.
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(a)
(b)
()
(d)

)

e

x,t) = sin(7z) cos(7t).
,t) = sin(3x) cos(3t).
f

= Et)g (for x #t).

g
8

g
8

)2 —3(z—t)+2.

xX
xr—t
t)2.

d
(e

e

z,

(
t) = (
x,t) = (x

<

(
(
(
(
(

. Let f : R — R be any twice-differentiable function. Define v : R x R — R by

u(z,t) := f(x —t), for all (z,t) € R x R.

Does u satisfies the (one-dimensional) Wave Equation 92 u = Awu? Justify your answer.

. Let u(z,t) be as in 1(a) and let v(z,t) be as in 1(e), and suppose w(z,t) = 3u(x,t) —

2v(x,t). Conclude that w also satisfies the Wave Equation, without explicitly computing
any derivatives of w.

. Suppose u(x,t) and v(z,t) are both solutions to the Wave equation, and w(z,t) =

5u(z,t) + 2v(x,t). Conclude that w also satisfies the Wave Equation.

T+t

. Let u(x,t) = / cos(y) dy = sin(x +t) —sin(z — t). Show that u satisfies the

—t
(one-dimensional) Wave Equation 0?4 = Awu.

. By explicitly computing derivatives, show that the following functions satisfy the (two-

dimensional) Wave Equation 62 u = Auw.

(a) u(z,y;t) = sinh(3z) - cos(by) - cos(4t).
(b) u(z,y;t) = sin(z)cos(2y)sin(v/5t).
(¢) u(z,y;t) = sin(3z — 4y) cos(5t).



53

4 Quantum Mechanics

4.1 Basic Framework

Prerequisites: L3

Near the beginning of the twentieth century, physicists realized that electromagnetic waves
sometimes exhibited particle-like properties, as if light was composed of discrete ‘photons’.
In 1923, Louis de Broglie proposed that, conversely, particles of matter might have wave-like
properties. This was confirmed in 1927 by C.J. Davisson and L.H. Germer, and independently,
by G.P. Thompson, who showed that an electron beam exhibited an unmistakable diffraction
pattern when scattered off a metal plate, as if the beam was composed of ‘electron waves’.
Systems with many interacting particles exhibit even more curious phenomena. Quantum
mechanics is a theory which explains these phenomena.

We will not attempt here to provide a physical justification for quantum mechanics. His-
torically, quantum theory developed through a combination of vaguely implausible physical
analogies and wild guesses motivated by inexplicable empirical phenomena. By now, these
analogies and guesses have been overwhelmingly vindicated by experimental evidence. The
best justification for quantum mechanics is that it ‘works’, by which we mean that its theo-
retical predictions match all available empirical data with astonishing accuracy.

Unlike the Heat Equation in §2 and the Wave Equation in §82 we cannot derive quan-
tum theory from ‘first principles’, because the postulates of quantum mechanics are the first
principles. Instead, we will simply state the main assumptions of the theory, which are far from
self-evident, but which we hope you will accept because of the weight of empirical evidence in
their favour. Quantum theory describes any physical system via a probability distribution on a
certain statespace. This probability distribution evolves over time; the evolution is driven by a
potential energy function, as described by a partial differential equation called the Schridinger
equation. We will now examine each of these concepts in turn.

Statespace: A system of N interacting particles moving in 3 dimensional space can be
completely described using the 3N-dimensional state space X := R3. An element of X
consists of list of IV ordered triples:

. . 3N
X = (961179012790137 96217902279623,---$N1,$N273€N3) e R,

where (211, z12,213) is ths spatial position of particle #1, (21, 22, z23) is ths spatial position
of particle #2, and so on.

Example 4.1:

(a) Single electron A single electron is a one-particle system, so it would be represented using
a 3-dimensional statespace X = R3. If the electron was confined to a two-dimensional
space (eg. a conducting plate), we would use X = R2. If the electron was confined to a
one-dimensional space (eg. a conducting wire), we would use X = R.
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(b) Hydrogen Atom: The common isotope of hydrogen contains a single proton and a single
electron, so it is a two-particle system, and would be represented using a 6-dimensional

state space X = R6. An element of X has the form x = (a2}, 25, 2%; 29,25, 25), where
(2,2}, 2%) are the coordinates of the proton, and (x5, 25, x§) are those of the electron.

&

Readers familiar with classical mechanics may be wondering how momentum is represented in
this statespace. Why isn’t the statespace 6 N-dimensional, with 3 ‘position’ and 3 momentum
coordinates for each particle? The answer, as we will see later, is that the momentum of a
quantum system is implicitly encoded in the wavefunction which describes its position (see

L.

Potential Energy: We define a potential energy (or voltage) function V : X — R,
which describes which states are ‘prefered’ by the quantum system. Loosely speaking, the
system will ‘avoid’ states of high potential energy, and ‘seek’ states of low energy. The voltage
function is usually defined using reasoning familiar from ‘classical’ physics.

Example 4.2: Electron in ambient field

Imagine a single electron moving through an ambient electric field E. The statespace for
this system is X = R?, as in Example The potential function V is just the voltage of
the electric field; in other words, V' is any scalar function such that —¢. - E = VV, where
ge is the charge of the electron. For example:

(a) Null field: If E= 0, then V will be a constant, which we can assume is zero: V = 0.

(b) Constant field: If E= (E,0,0), for some constant E € R, then V(x,y,z2) = —q.Ex + ¢,
where c is an arbitrary constant, which we normally set to zero.

(¢c) Coulomb field: Suppose the electric field E is generated by a (stationary) point charge
Q@ at the origin. Let ¢y be the ‘permittivity of free space’. Then Coulomb’s law says that
the electric voltage is given by

V(x) := ﬂ, for all x € R3.
4meq - x|
In ST units, ¢. ~ 1.60 x 10719C, and ¢y ~ 8.85 x 10712¢/Nm2. However, for simplicity,
we will normally adopt ‘atomic units’ of charge and field strength, where g = 1 and
4meg = 1. Then the above expression becomes V(x) = Q/|x|.

(d) Potential well: Sometimes we confine the electron to some bounded region B C R3,
by setting the voltage equal to ‘positive infinity’ outside B. For example, a low-energy
electron in a cube made of conducting metal can move freely about the cube, but cannot
leaveﬂ the cube. If the subset B represents the cube, then we define V : X — [0, oo] by

0 if xebB;
Vix) = {—i—oo if x¢B.

L{Cannot leave’ of course really means ‘is very highly unlikely to leave’.
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(if ‘+o00’ makes you uncomfortable, then replace it with some ‘really big’ number).

Example 4.3: Hydrogen atom:

The system is an electron and a proton; the statespace of this system is X = RS as in
Example Assuming there is no external electric field, the voltage function is defined
2
V(xP,x°) = q—e, for all (x?,x°) € R.
drreg - |xP — x¢|
where xP is the position of the proton, x€ is the position of the electron, and g, is the charge
of the electron (which is also the charge of the proton, with reversed sign). If we adopt
‘atomic’ units where ¢, := 1 and 4meg = 1, then this expression simplifies to
1

V(xP,x°) = ] for all (xP,x¢) € RS, O

Probability and Wavefunctions: Our knowledge of the classical properties of a quantum
system is inherently incomplete. All we have is a time-varying probability distribution p :
X x R — [0,00) which describes where the particles are likely or unlikely to be at a given
moment in time.

As time passes, the probability distribution p evolves. However, p itself cannot exhibit
the ‘wavelike’ properties of a quantum system (eg. destructive interference), because p is
a nonnegative function (and we need to add negative to positive values to get destructive
interference). So, we introduce a complex-valued wavefunction w : X x R — C. The
wavefunction w determines p via the equation:

p(x) = | (x))?, for all x € X and ¢t € R.

Now, p; is supposed to be a probability density function, so w; must satisfy the condition

/X|wt(x)|2 dx = 1, for all t € R. (4.1)

It is acceptable (and convenient) to relax condition (B), and instead simply require
/X\wt(x)\Q dx = W < oo, for all t € R. (4.2)
where W is some finite constant. In this case, we define py(x) := ff|wi(x)|? for all x € X.

It follows that any physically meaningful solution to the Schrodinger equation must satisfy
condition (Z). This excludes, for example, solutions where the magnitude of the wavefunction
grows exponentially in the x or t variables.

Condition (E2)) is usually expressed by saying that w is square-integrable. Let L?(X) denote
the set of all square-integrable functions on X. If w € L?(X), then the L2-norm of w is defined

lolly = /X ()2 dx.

Thus, a key postulate of quantum theory is:
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Erwin Rudolf Josef Alexander Schrodinger
Born: August 12, 1887 in Erdberg, Austria
Died: January 4, 1961 in Vienna, Austria

Let w: X X R — C be a wavefunction. To be physically meaningful, we must
have w; € L2(X) for all t € R. Purthermore, |Jwi|, must be constant in time.

We refer the reader to § [ on page [[T3 for more information on L2-norms and L2-spaces.

4.2 The Schrodinger Equation

Prerequisites: $LT1 Recommended: $7

The wavefunction w evolves over time in response to the voltage field V. Let A be the
‘rationalized’ Planck constant

1
h — x6.6256 x 1073* Js ~ 1.0545 x 1073* Js.
2T 2

h =

Q

Then the wavefunction’s evolution is described by the Schrédinger Equation:
ihd,w = Huw, (4.3)

where H is a linear differential operator called the Hamiltonian operator. For wavefunctions
on the ‘position’ statespace X from §LI], with potential function V' : X — R, the operator H
is defined:

2

Huwi(x) = 5 Aw(x) + V(%) wi(x), for all x € X and t € R. (4.4)
Here, A w; is like the Laplacian of w;, except that the components for each particle are divided
by the rest mass of that particle. Substituting eqn.( ) into eqn.( 3]), we get

2

—h
iho,w = 5 Aw + V- -w, (4.5)
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In ‘atomic units’, & = 1, so the Schrédinger equation () becomes

10, w(x) = 5 Awi(x) + V(x)-wi(x), for all x € X and t € R.

Example 4.4:

(a) Free Electron: Let m, ~ 9.11 x 1073! kg be the rest mass of an electron. A solitary elec-
tron in a null electric field (as in Example EE2(a)) satisfies the free Schrédinger equation:
_h?

iho,wi(x) = S, A wi(x). (4.6)

(In this case A = mieA, and V' = 0 because the ambient field is null). In atomic units,
we set me := 1 and h:= 1, so eqn.([H]) becomes

0,0 - _71Aw _ _71(8%w+8§w+6§w). (4.7)

(b) Electron vs. point charge: Consider the Coulomb electric field, generated by a (sta-
tionary) point charge @ at the origin, as in Example EE2{(c). A solitary electron in this
electric field satisfies the Schrédinger equation

—hK2 .
iho,wi(x) = Awy(x) + —k @

2me dep - x| t

(x).

In atomic units, we have m, := 1, q. := 1, etc. Let @ = @/q. be the charge Q) converted
in units of electron charge. Then the previous expression simplifies to

i0,wi(x) = _71 A we(x) + th(x).

|

(¢) Hydrogen atom: (see Example EE3]) An interacting proton-electron pair (in the absence
of an ambient field) satisfies the two-particle Schrodinger equation
—h? —h? q? - wi(xP,x°)

ih0, wi(xP,x°) = 2mpprt(xp,xe)+ meAeUJt(Xp,Xe)er,

(4.8)

where A, w = aipw—l—@ipw —|—8§pw is the Laplacian in the ‘proton’ position coordinates,
1 2 3
and m, ~ 1.6727 x 10727 kg is the rest mass of a proton. Likewise, A w := 6%(0 +

azew—l—@gew is the Laplacian in the ‘electron’ position coordinates, and m, is the rest mass
of the electron. In atomic units, we have 4meg = 1, ¢. = 1, and m, = 1. If m,, ~ 1836 is
the ratio of proton mass to electron mass, then 2m, ~ 3672, and eqn.(J) becomes

—1 -1
i0,w(xP,x%) = Ay wi(xP,x%) + 7&@ we(xP,x°) +

wi(xP, x°)
3672

&

= x|
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4.3 Miscellaneous Remarks

Recommended: $2

Relativity: Readers familiar with special relativity will notice that the quantum mechanical
framework is incompatible with the relativistic framework, for (at least) two reasons:

e Space, Time, and simultaneity: In quantum mechanics (as in classical physics), there is a
clear distinction between space and time variables. The ‘statespace’ of a single quantum
particle is X = R3, and quantum ‘space-time’ is the 4-dimensional space R?® x R. The
axis of ‘time’ is the last coordinate of this space. In relativity, there is no clear distinction
between space and time. Relativistic ‘space-time’ is the 4-dimensional Lorenz space R,
in which the axis of ‘time’ depends upon the velocity of the observer.

More generally, by defining the statespace of an N-particle quantum system to be X :=
R3N | we are implicitly assuming that we can talk about the ‘simultaneous state’ of all
particles at a particular moment in time. In special relativity, this doesn’t make sense;
simultaneity again depends upon the velocity of the observer.

e Information propagation and particle velocity: By using a potential function and associ-
ated Schrodinger equation to evolve a quantum system, we are implicitly assuming that
particles instantaneously ‘know’ about one another’s positions, no matter how far apart
they are. In other words, in a quantum system, information propagates instaneously. In
special relativity, however, information propagates at the speed of light (or slower). A
particle cannot ‘know’ about anything happening outside of its light-cone.

In particular, we will see that, in quantum systems, particles can have arbitrarily large
‘velocities’, and thus, can ‘travel’ very large distances in very short timef. However, in
relativity, no particle can travel faster than the speed of light.

These difficulties are overcome using relativistic quantum field theory, but that is beyond the
scope of this book. See [Ste95, Chap.7].

Spin: Some readers might be wondering about quantum ‘spin’ (which, confusingly, is not
a kind of momentum). Spin is a quantum property with no classical analog, although it is
described by analogy to classical angular momentum. Spin is observable by the way charged
particles interact with magnetic fields. Each subatomic particle has a ‘spin axis’, which we can
represent with an element of the unit sphere S. Thus, if we wanted to include spin information
in an N-particle quantum model, we would use the statespace X := R3N x SV. However, to
keep things simple, we will not consider spin here. See [Boh79, Chap.17].

Quantum Indeterminacy: Quantum mechanics is notorious for ‘indeterminacy’, which
refers to our inherently ‘incomplete’ knowledge of quantum systems, and their inherently ‘ran-
dom’ evolution over time.

2T put the words ‘velocity’ and ‘travel’ in quotation marks because it is somewhat misleading to think of
quantum particles as being ‘located’ in a particular place, and then ‘traveling’ to another place.
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However, quantum systems are not random. The Schrédinger equation is completely deter-
ministic; a particular wavefunction wg at time zero completely determines the wavefunction w;
which will be present at time ¢. The only ‘random’ thing in quantum mechanics is the trans-
formation of a ‘quantum state’ (ie. a wavefunction) into a ‘classical state’ (ie. an observation
of a ‘classical’ quantity, such as position or momentum).

Traditionally, physicists regarded the wavefunction as giving incomplete (ie. probabilistic)
information about the ‘hidden’ or ‘undetermined’ classical state of a quantum system. An act
of ‘observation’ (eg. an experiment, a measurement), supposedly ‘collapsed’ this wavefunction,
forcing the ‘indeterminate’ quantum system to take on a ‘determined’ classical state. The out-
come of this observation was a random variable, whose probability distribution was described
by the wavefunction at the moment of collapse. This theory of the relationship between (de-
terministic) quantum systems and (apparently random) classical observables is called quantum
measurement theory; see [Boh79, Part IV].

Implicit in this description is the assumption that the ‘true’ state of a system is classical,
and can be described via classical quantities like position or momentum, having precise values.
The quantum wavefunction was merely an annoying mirage. Implicit also in this description
was the assumption that macroscopic entities (eg. human experimenters) were not themselves
quantum mechanical in nature; the Schrodinger equation didn’t apply to people.

However, many physicists now feel that the ‘true’ state of a quantum system is the wave-
function, not a set of classical variables like position and momentum. The classical variables
which we obtain through laboratory measurements are merely incomplete ‘snapshots’ of this
true quantum state.

To understand the so-called ‘collapse’ of the wavefunction, we must recall that human
experimenters themselves are also quantum systems. Suppose a human observes a quantum
system (say, an electron). We must consider the joint quantum system, which consists of the
human-plus-electron, and which possesses a joint wavefunction, describing the quantum state
of the human, the quantum state of the electron, and any relationship (ie. correlation) between
the two. An ‘experiment’ is just a (carefully controlled) interaction between the human and
electron. The apparent ‘collapse’ of the electron’s wavefunction is really just a very strong
correlation which occurs between the wavefunctions of the electron and the human, as a result
of this interaction. However, the wavefunction of the entire system (human-plus-electron)
never ‘collapses’ during the interaction; it just evolves continuously and deterministically, in
accord with the Schrodinger equation.

The experiment-induced correlation of the human wavefunction to the electron wavefunc-
tion is called ‘decoherence’. From the perspective of one component of the joint system (eg. the
human), decoherence looks like the apparent ‘collapse’ of wavefunction for the other component
(the electron). Sadly, a full discussion of decoherence is beyond the scope of this book.

The meaning of phase: At any point x in space and moment ¢ in time, the wavefunction
wi(x) can be described by its amplitude Ai(x) := |wi(x)| and its phase ¢y(x) 1= wi(x)/A(x).
We have already discussed the physical meaning of the amplitude: |A;(x)|? is the probability
that a classical measurement will produce the outcome x at time £. What is the meaning of
phase?
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The phase ¢;(x) is a complex number of modulus one —an element of the unit circle in
the complex plane (hence ¢;(x) is sometimes called the phase angle). The ‘oscillation’ of the
wavefunction w over time can be imagined in terms of the ‘rotation’ of ¢;(x) around the circle.
The ‘wavelike’ properties of quantum systems (eg. interference patterns) are because wave-
functions with different phases will partially cancel one another when they are superposed. In
other words, it is because of phase that the Schrodinger Equation yields ‘wave-like’ phenomena,
instead of yielding ‘diffusive’ phenomena like the Heat Equation.

However, like potential energy, phase is not directly physically observable. We can observe
the phase difference between wavefunction a and wavefunction [ (by observing cancelation
between « and [3), just as we can observe the potential energy difference between point A and
point B (by measuring the energy released by a particle moving from point A to point B).
However, it is not physically meaningful to speak of the ‘absolute phase’ of wavefunction «,
just as it is not physically meaningful to speak of the ‘absolute potential energy’ of point A.

Indeed, inspection of the Schrédinger equation (D) on page Bfl will reveal that the speed of
phase rotation of a wavefunction w at point x is determined by the magnitude of the potential
function V' at x. But we can arbitrarily increase V' by a constant, without changing its physical
meaning. Thus, we can arbitrarily ‘accelerate’ the phase rotation of the wavefunction without
changing the physical meaning of the solution.

4.4 Some solutions to the Schrodinger Equation

Prerequisites: $2

The major mathematical problems of quantum mechanics come down to finding solutions
to the Schrodinger equations for various physical systems. In general it is very difficult to solve
the Schrodinger equation for most ‘realistic’ potential functions. We will confine ourselves to
a few ‘toy models’ to illustrate the essential ideas.

Example 4.5: Free Electron with Known Velocity (Null Field)

Consider a single electron in the absence of an ambient magnetic field. Suppose an experi-
ment has precisely measured the ‘classical’ velocity of the electron, and determined it to be
v = (v1,0,0). Then the wavefunction of the electron is give

—i mev?

w(x) = exp(f .

t> - exp <% mevy - x1> . (see Figure ET)) (4.9)

This w satisfies the free Schrédinger equation (EH). [See practice problem # [l on page
of §&1]

. 27h h
Exercise 4.1 (a) Check that the spatial wavelength A of the function w is given A = UL

p1 mev

This is the so-called de Broglie wavelength of an electron with velocity v.

3We will not attempt here to justify why this is the correct wavefunction for a particle with this velocity. It
is not obvious.
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Figure 4.1: Four successive ‘snapshots’ of the wavefunction of a single electron in a zero potential, with a
precisely known velocity. Only one spatial dimension is shown. Colour indicates complex phase.

Time: t=3T/4

2h

(b) Check that the temporal period of w is T := 5
MeV

(c) Conclude the phase velocity of w (ie. the speed at which the wavefronts propagate through space)
is equal to v.

More generally, suppose the electron has a precisely known velocity v = (v1, ve,v3), with
corresponding momentum vector p := m, v. Then the wavefunction of the electron is given

wi(x) = exp <%1 E, t) - exp <% P ox) ,

where Ej, := %me|v|2 is kinetic energy, and pe v := pivy + pavo + pavs. If we convert to
atomic units, then Ej, = %|v|2 and p = v, and this function takes the simpler form

—ilv|®t

w(x) = exp( ;

)-exp(ivox).

This w satisfies the free Schrodinger equation (1) [See practice problem # B on page [[4 of

$L7]

Let p(x;t) = |w¢(x)|? be the probability distribution defined by this wavefunction. It is easy
to see that p(x;t) =1 for all x and ¢. Thus, this wavefunction represents a state of maximal
uncertainty about the position of the electron; the electron literally ‘could be anywhere’.
This is manifestation of the infamous Heisenberg Uncertainty Principle; by assuming that
the electron’s wvelocity was ‘precisely determined’, we have forced it’s position to be entirely
undetermined.
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Indeed, the astute reader will notice that, strictly speaking, p is not a probability distribution,
because [p3 p(x) dx = oo. In other words, wy is not square-integrable. This means that our
starting assumption —an electron with a precisely known velocity —leads to a contradiction.
One interpretation: a quantum particle can never have a precisely known classical velocity.
Any physically meaningful wavefunction must contain a ‘mixture’ of several velocities. <

Time: t=0- »>

Time: t=1- / /
. .
[ [ [ [

Time: t=2 —_

SN N N
Voo )
J J

\

Time: t=3< / > )\_"
A NARANS WANA
/‘ /N \/ \/ \/ \/ \/

~ — v v~ v "~ v "~

Figure 4.2: Five successive ‘snapshots’ of the wavefunction of an electron accelerating from initial zero velocity
in a constant electric field. Only one spatial dimension is shown. Colour indicates complex phase. Notice how,
as the electron accelerates, its spatial wavelength becomes shorter.

Example 4.6: Electron accelerating in constant ambient field

Consider a single electron in a constant electric field E = (—E,0,0). Recall from Example G0
on page B4l that the potential function in this case is V(z1,x9,23) = —¢q.Fx1, where ¢ is
the charge of the electron. The corresponding Schrédinger equation is

. —h?
iho,w(x) = ™ Awi(x) — geExy - wi(x). (4.10)

Assume that the electron is at rest at time zero (meaning that it’s classical velocity is
precisely known to be (0,0,0) at time zero). Then the solution to eqn.( M) is given by:

—igq 2F2¢3 i .
we(x) = exp > ~exp | —qeEtzy ). (Figure E2) (4.11)
h 6me h
Exercise 4.2 Verify this by substituting eqn.(@IIl) into eqn.(EI0). O

Exercise 4.3 From classical electrodynamics, we expect the electron to experience a force
F = (¢.F, 0,0), causing an acceleration @ = (¢.E/m., 0,0), so that its velocity at time ¢ is v(t) =
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(geEt/me, 0,0). Example EEX says that an electron with velocity v = (v,0,0) has wavefunction

exp (%‘ mgvz ) - exp (% Mev1 -xl). Substituting v(t) := (¢ Et/me, 0,0), we get

—i m. ?E*? i q Bt —i @?E%t? i
wi(x) = exp EQimQt TeXp | 7 M p—~ T = exp| 4 o, - exp ﬁqutfcl .

e

Notice that this disagrees with the solution (EZTT), because one contains a factor of ‘6’ and the other
contains a factor of ‘2’ in the denominator. Ezplain this discrepancy. Note that it is not good enough to
simply assert that ‘classical physics is wrong’, because the Correspondence Principle says that quantum
mechanics must agree with the predictions of classical physics in the macroscopic limit.

| {

VoA

Figure 4.3: The real and imaginary parts of the ‘pseudo-gaussian’ solution to the free Schrédinger equation.
As z — 00, the wavelength of the coils becomes smaller and smaller. As ¢t — 0, the wavelength of the coils also
becomes tighter, and the amplitude grows to infinity like 1/v/.

Example 4.7: Pseudo-Gaussian solution

Recall that one important solution to the one-dimensional Heat Equation is the Gauss-
Weierstrass Kernel

1 —a?
G(x;t) = ex ( ) see Example c) on .
(@) = 3 N ( ple ZTY(c) on E3)
We want a similar solution to the one-dimensional Schrédinger equation for a free electron:
—h? 5
iho,w(x) = S, 05 wi(x). (4.12)

Claim 1: Let B € C be some constant, and define

1 B z?
w(x) = —exp|— ), for all x € R and t > 0.
Vit t
. . . ) Me i
Then w is a solution to eqn.(@I2) if and only if 8 = T
. 1 Ba?
Proof: Exercise 4.4 (a) Show that O,w = — % + )
6 521.2
(b) Show that 92w = 4 <2_t + 2 )@

(c) Conclude that w satisfies eqn.(ETD) if and only if 3 = . O taim 1
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Lemma [ yields the ‘pseudo-Gaussian’ solution to the free Schrodinger equation ([EI2):

1 Me 122 .
we(z) = 7i exp | | for all z € R and ¢ > 0. (see Figure E3)

This solution is somewhat problematical, because it is not square-integrable. Nevertheless,
w; plays an important role as the ‘fundamental solution’ for (IZ). But this is somewhat
complicated and beyond the scope of our discussion. &

Exercise 4.5 Fix ¢t > 0. Show that |w(x)| = % for all z € R. Conclude that w; ¢ L?(R).
Exercise 4.6 Generalize Lemmal[llto obtain a ‘pseudo-Gaussian’ solution to the three-dimensional
free Schrodinger equation.

4.5 The Stationary Schrodinger Equation and the Eigenfunc-
tions of the Hamiltonian

Prerequisites: $2 Recommended: $E71

A ‘stationary’ state of a quantum system is one where the probability density does not
change with time. This represents a physical system which is in some kind of long-term
equilibrium. Note that a stationary quantum state does not mean that the particles are ‘not
moving’ (whatever ‘moving’ means for quanta). It instead means that they are moving in
some kind of regular, confined pattern (ie. an ‘orbit’) which remains qualitatively the same
over time. For example, the orbital of an electron in a hydrogen atom should be a stationary
state, because (unless the atom received absorbs or emits energy) the orbital should stay the
same over time.

Mathematically speaking, a stationary wavefunction w yields a time-invariant probability
density function p : X — R so that, for any ¢t € R,

lwi(x)]? = p(x), for all x € X.
The simplest way to achieve this is to assume that w has the separated form
wx) = o) wolx), (4.13)

where wg : X — C and ¢ : R — C satisfy the conditions

lop(t)] = 1, forallteR, and  |wo(x)] = /p(x), forallteR. (4.14)

Lemma 4.8: Suppose wi(x) = ¢(t) - wo(x) is a separated solution to the Schrédinger
equation, as in eqn.[@I3) and equn.(I4)). Then there is some constant E € R so that

o ¢(t) = exp(—iEt/h), for all t € R.
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e Huwy = FE -wy; in other words wq is an eigenfunctiorﬂ of the Hamiltonian operator H,
with eigenvalue E.

o Thus, wi(x) = e /M. 4(x), for all x € X and t € R.

Proof: Exercise 4.7 Hint: apply standard separation-of—variableﬂ arguments. O

Physically speaking, E corresponds to the total energy (potential + kinetic) of the quantum
systemld. Thus, this lemma yields one of the key concepts of quantum theory:

Eigenvectors of the Hamiltonian correspond to stationary quantum states. The
etgenvalues of these eigenvectors correspond to the energy level of these states.

Thus, to get stationary states, we must solve the stationary Schrodinger equation:
H wo = E- wo,

where E € R is an unknown constant (the energy eigenvalue), and wy : X — C is an unknown
wavefunction.

Example 4.9: The Free Electron

Recall ‘free electron’ of Example If the electron has velocity v, then the function
w in eqn.[@3) yields a solution to the stationary Schrédinger equation, with eigenvalue
E= %me v2. (See practice problem # B on page [[d of §7).

Observe that E corresponds to the classical kinetic energy of an electron with velocity v. <

Example 4.10: One-dimensional square potential well; finite voltage

Consider an electron confined to a one-dimensional environment (eg. a long conducting
wire). Thus, X := R, and the wavefunction wp : R x R — C obeys the one-dimensional
Schrodinger equation

-1
iatwo = 785&)0 +V - wo,

where V' : R — R is the potential energy function, and we have adopted atomic units. Let
Vo > 0 be some constant, and suppose that

0 if 0<z<L;
Vie) = {Vg if xz<OorlL<ux.

“See § on page

5See Chapter [[H on page

5This is not obvious, but it’s a consequence of the fact that the Hamiltonian Hw measures the total energy
of the wavefunction w. Loosely speaking, the term %A w represents the ‘kinetic energy’ of w, while the term
V - w represents the ‘potential energy’.
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Figure 4.4: The (stationary) wavefunction of an electron in a one-dimensional ‘square’ potential well, with
finite voltage gaps.

Physically, this means that V defines a ‘potential energy well’, which tries to confine the
electron in the interval [0, L], between two ‘walls’, which are voltage gaps of height Vj (see
Figure ). The corresponding stationary Schrodinger equation is:

-1
763 wo+V-wy = FE-wy, (4.15)

where F > 0 is an (unknown) eigenvalue which corresponds to the energy of the electron.
The function V only takes two values, so we can split eqn.([ZIH) into two equations, one
inside the interval [0, L], and one outside it:

F2wo(z) = E-wo(z), for x € [0, L];

_7162 wo(z) = (F—Vy) wo(x), foraxz¢]0,L]. (4.16)

Assume that F < V{. This means that the electron’s energy is less than the voltage gap, so
the electron has insufficient energy to ‘escape’ the interval (at least in classical theory). The
(physically meaningful) solutions to eqn.(IH]) have the form

Cexp(—€z), ifz e (—o0,0];
wo(z) = Asin(ex) + Bcos(ex), if x €0, L]; [see Fig. E] (4.17)
Dexp(e'z), if L €[L,00).

Here, € := v2F and € := /2E — 2Vj, and A, B,C, D € C are constants. The corresponding
solution to the full Schrédinger equation is:
Ce BVt . exp(—€'x), if z € (—o0,0];
we(z) = e 1P, (Asin(ex) + Beos(ex)), ifx€0,L]; for all t € R.
De WE-VO) . exp(e'z),  if L € [L,o0).

This has two consequences:
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(a) With nonzero probability, the electron might be found outside the interval [0, L]. In
other words, it is quantumly possible for the electron to ‘escape’ from the potential well,
something which is classically impossibleﬁ. This phenomenon called quantum tunnelling
(because the electron can ‘tunnel’ through the wall of the well).

(b) The system has a physically meaningful solution only for certain values of E. In other
words, the electron is only ‘allowed’ to reside at certain discrete energy levels; this
phenomenon is called quantization of energy.

To see (a), recall that the electron has probability distribution

1 oo
p(x) = W!wo(x)\Q, where W := / |wo()]? da.

Thus, if C' # 0, then p(x) # 0 for x < 0, while if D # 0, then p(x) # 0 for x > L. Either
way, the electron has nonzero probability of ‘tunnelling’ out of the well.

To see (b), note that we must choose A, B,C, D so that wq is continuously differentiable at
the boundary points x = 0 and = L. This means we must have

B = Asin(0)+ Bcos(0) = Cexp(0) = C
eA = Aecos(0) — Besin(0) = —€'Cexp(0) = —€C (4.18)
Asin(eL) + Bcos(eL) = Dexp(€'L) '
Aecos(eL) — Besin(eL) = € Dexp(e'L)

Clearly, we can satisfy the first two equations in @IX)) by setting B := C := *A. The
third and fourth equations in (I8 then become

e*G/L . (Sin(eL) — E/COS(EL)) A = D = Eeie/L . (COS(EL) + E/SIH(EL)) A’ (419)
€ €

6/

Cancelling the factors e=“L and A from both sides and substituting € := v2E and € :=
V2E — 2V}, we see that eqn.([LI9) is satisfiable if and only if

i (\/ﬁ . L) B VE - COS(\/ﬁ . L) B \/E - cos (\/ﬁ . L) E. sin(\/ﬁ . L). (4.20)

VE =V, N VE -V, * E -1,

Hence, eqn.(I6) has a physically meaningful solution only for those values of E which
satisfy the transcendental equation ([E20). The set of solutions to eqn.[ZZ0) is an infinite
discrete subset of R; each solution for eqn.(20) corresponds to an allowed ‘energy level’ for
the physical system. O

"Many older texts observe that the electron ‘can penetrate the classically forbidden region’, which has caused

mirth to generations of physics students.
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Figure 4.5: The (stationary) wavefunction of an electron in an infinite potential well.

Example 4.11: One-dimensional square potential well; infinite voltage

We can further simplify the model of Example EET0 by setting Vp := 400, which physically
represents a ‘huge’ voltage gap that totally confines the electron within the interval [0, L]
(see Figure EX)). In this case, € = —o0, so exp(—ez) = 0 for all z < 0 and exp(ex) = 0 for all
x > L. Hence, if wy is as in eqn.([ZI7), then wo(z) = 0 for all z ¢ [0, L], and the constants C'
and D are no longer physically meaningful; we set C' = 0 = D for simplicity. Also, we must
have wp(0) = 0 = wp(L) to get a continuous solution; thus, we must set B := 0 in eqn.([I1).
Thus, the stationary solution in eqn.(I7) becomes

B 0 if 2¢]0,L];
wo(z) = {A-sin(\/ﬁx) if z€l0,L],

where A is a constant, and E satisfies the equation
sin(V2E L) = 0. (Figure EH) (4.21)

Assume for simplicity that L := w. Then eqn.(@ZI]) is true if and only if V2F is an integer,
which means 2E € {0,1,4,9,16,25, ...}, which means E € {0, %, 2, 2, 8, 2,...}. Here we
see the phenomenon of quantization of energy in its simplest form. &

The set of eigenvalues of a linear operator is called the spectrum of that operator. For ex-
ample, in Example LTIl the spectrum of the Hamiltonian operator H is the set {0, %, 2, %, 8, 2
In quantum theory, the spectrum of the Hamiltonian is the set of allowed energy levels of the
system.

Example 4.12: Three-dimensional square potential well; infinite voltage

’7’..

3
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We can easily generalize Example EZTT] to three dimensions. Let X := R?, and let B := [0, 7]°
be a cube with one corner at the origin, having sidelength L = w. We use the potential
function V' : X — R defined

V(x) = { 0 if xebB;

+oo if  x¢B.

Physically, this represents an electron confined within a cube of perfectly conducting material
with perfectly insulating boundaries. Suppose the electron has energy E. The correspond-
ing stationary Schroédinger equation is

S Awy(x) = E-wp(x) for x € B;

_71 Awg(x) = —o0-wp(x) forx ¢B; (4.22)

(in atomic units). By reasoning similar Example EETT], we find that the physically meaningul
solutions to eqn.(ZZA) have the form

1 . . . .
— sin(nixq) - sin(ngxs) - sin(nszs) if x = (21, x2,23) € B;
wo(x) = {”WZ 0 ifx¢B. (4.23)

where n1, ny, and ng are arbitrary integers (called the quantum numbers of the solution),
and E = %(n% + n3 + n?) is the associated energy eigenvalue.

Exercise 4.8 (a) Check that eqn.[@Z3)) is a solution for eqn.( ZZ).
(b) Check that p := |w|? is a probability density, by confirming that

[ o ax

(this is the reason for using the constant #)

1 /2 pw/2 pw/2
3—/2/ / / sin(n1x1)2 -sin(nox2)? - sin(nzrs)? dry drs dxs = 1,
™ 0 0 0

The corresponding solution to the full Schrodinger equation is

Forallt € R, wy(x) = e MDY gin(ny 21 ) sin(nowy) sin(ngas)  if x € B;
o B 0 ifx¢B.

&

Example 4.13: Hydrogen Atom

In Example B3l on page BAl we described the hydrogen atom as a two-particle system, with a
six-dimensional state space. However, the corresponding Schrédinger equation (Example
on page 17 is already too complicated for us to solve it here, so we will work with a simplified
model.

Because the proton is 1836 times as massive as the electron, we can treat the proton as
remaining effectively immobile while the electron moves around it. Thus, we can model the
hydrogen atom as a one-particle system: a single electron moving in a Coulomb potential

8 Alternately, it could be any kind of particle, confined in a cubical cavity with impenetrable boundaries.
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(A) (B)

Figure 4.6: The groundstate wavefunction for a hydrogen atom. (A) Probability density as a function of
distance from the nucleus. (B) Probability density visualized in three dimensions.

well, as described in Example on page B The electron then satisfies the Schrodinger

equation
ih 8, wi(x) — A wi(x) + G (x), VxecR3 (4.24)
we(x) = w(x ———— w(x X . .
Lt 2Mme, ! dreg - x| A5

(Recall that m, is the mass of the electron, ¢. is the charge of both electron and proton,
€o is the ‘permittivity of free space’, and & is the rationalized Plank constant.) Assuming
the electron is in a stable orbital, we can replace eqn.(E24]) with the stationary Schréodinger
equation
N G = E VY x € R® 42
2 me wo(x) + m wo(x) = - wo(x), x € R, (4.25)

where FE is the ‘energy level’ of the electron. One solution to this equation is

(i b here b = e 4.26
wx) = ﬁexp(— |x|), whereb := Treg 127 (4.26)

with corresponding energy eigenvalue

—_h2_2 _ —mq;l

E = S
2m 327r263 h2

(4.27)

Exercise 4.9 (a) Verify that the function wg in equ.(ZH) is a solution to equ.([@ZH), with E given
by equ.(E21).

b) Verify that the function wy defines a probability density, by checking that w2 =1
(b) y p y y, by g «
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There are many other, more complicated solutions to eqn.(2Z0]). However, eqn.([ 26 is the
simplest solution, and has the lowest energy eigenvalue E of any solution. In other words,
the solution ([EZZ0)) describes an electron in the ground state: the orbital of lowest potential
energy, where the electron is ‘closest’ to the nucleus.

This solution immediately yields two experimentally testable predictions:

(a) The ionization potential for the hydrogen atom, which is the energy required to ‘ionize’
the atom, by stripping off the electron and removing it to an infinite distance from the
nucleus.

(b) The Bohr radius of the hydrogen atom —that is, the ‘most probable’ distance of the
electron from the nucleus.

To see (a), recall that E is the sum of potential and kinetic energy for the electron. We
assert (without proof) that there exist solutions to the stationary Schrédinger equation (E2H])
with energy eigenvalues arbitrarily close to zero (note that E is negative). These zero-energy
solutions represent orbitals where the electron has been removed to some very large distance
from the nucleus, and the atom is essentially ionized. Thus, the energy difference between
these ‘lonized’ states and wg is £ — 0 = E, and this is the energy necessary to ‘ionize’ the
atom when the electron is in the orbital described by wy.

By substituting in numerical values g. ~ 1.60 x 10719C, ¢y ~ 8.85 x 10712¢/Nm?, m, ~
9.11 x 103! kg, and h ~ 1.0545 x 1073* Js, the reader can verify that, in fact, £ ~
—2.1796 x 107" J =~ —13.605 eV, which is very close to —13.595 eV, the experimentally
determined ionization potential for a hydrogen ato

To see (b), observe that the probability density function for the distance r of the electron
from the nucleus is given by

P(r) = 47rr2\w(r)]2 = 4b3r2exp(—2b\x\). (Exercise 4.10)

The mode of the radial probability distribution is the maximal point of P(r); if we solve the
equation P’(r) = 0, we find that the mode occurs at

dmegh?
- % ~ 529172 x 1071 m. o

1
b Me qg

roo=

The Balmer Lines: Recall that the spectrum of the Hamiltonian operator H is the set of
all eigenvalues of H. Let &€ = {Ey < Ey < E3 < ...} be the spectrum of the Hamiltonian of
the hydrogen atom from Example EET3] with the elements listed in increasing order. Thus, the
smallest eigenvalue is Fy &~ —13.605, the energy eigenvalue of the aforementioned ground state
wp. The other, larger eigenvalues correspond to electron orbitals with higher potential energy.

When the electron ‘falls’ from a high energy orbital (with eigenvalue E,,, for some n € N) to
a low energy orbital (with eigenvalue E,,, where m < n), it releases the energy difference, and
emits a photon with energy (E, — E,,). Conversely, to ‘jump’ from a low E,,-energy orbital

9The error of 0.01 eV is mainly due to our simplifying assumption of an ‘immobile’ proton.
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to a higher E,-energy orbital, the electron must absorb a photon, and this photon must have
exactly energy (E,, — E,).

Thus, the hydrogen atom can only emit or absorb photons of energy |E,, — E,,|, for some
n,m € N. Let & := {|E, — En| ; n,m € N}. We call £ the energy spectrum of the hydrogen
atom.

Planck’s law says that a photon with energy E has frequency f = E/h, where h =~ 6.626 x
1073 Js is Planck’s constant. Thus, if 7 = {E/h ; E € £}, then a hydrogen atom can only
emit/absorb a photon whose frequency is in F; we say F is the frequency spectrum of the
hydrogen atom.

Here lies the explanation for the empirical observations of 19th century physicists such as
Balmer, Lyman, Rydberg, and Paschen, who found that an energized hydrogen gas has a
distinct emission spectrum of frequencies at which it emits light, and an identical absorption
spectrum of frequencies which the gas can absorb. Indeed, every chemical element has its own
distinct spectrum; astronomers use these ‘spectral signatures’ to measure the concentrations
of chemical elements in the stars of distant galaxies. Now we see that

The (frequency) spectrum of an atom is determined by the (eigenvalue) spectrum
of the corresponding Hamiltonian.

4.6 The Momentum Representation

Prerequisites: $2 74

The wavefunction w allows us to compute the probability distribution for the classical
positions of quantum particles. However, it seems to say nothing about the classical momentum
of these particles. In Example on page B0, we stated (without proof) the wavefunction of
a particle with a particular known velocity. Now we make a more general assertion:

Suppose a particle has wavefunction w : R — C. Let @ : R3 — C be the
Fourier transform of w, and let p(p) = |@|*(p) for all p € R3. Then p is the
probability distribution for the classical momentum of the particle.

In other words, @ is the wavefunction for the momentum representation of the particle. Recall
that we can reconstruct w from @ via the inverse Fourier transform. Hence, the (positional)
wavefunction w implicitly encodes the (momentum) wavefunction &, and conversely the (mo-
mentum) wavefunction @ implicitly encodes the (positional) wavefunction w. This answers the
question we posed on page B4 of $ETL

Because the momentum wavefunction contains exactly the same information as the posi-
tional wavefunction, we can reformulate the Schrodinger equation in momentum terms. Indeed,
suppose the quantum system has potential energy function V' : X — R. Let V be the Fourier
transform of V. Then the momentum wavefunction @ evolves according to the momentum
Schrodinger Equation:

i0,51(p) = o—IpI> @(p) + V0. (4.28)
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(here, if p = (p1,p2,p3), then |p|? = p? + p3 +p3). In particular, if the potential field is trivial,
we get the free momentum Schrodinger equation:
h2

iat at(phpQ’pf}) = %(p% +p% + p%) . a(plvavpfﬂ)'

Exercise 4.11 Verify eqn.[28)) by applying the Fourier transform to the (positional) Schrodinger
equation eqn.(H) on page Hint: Use Theorem [[Z.I1A on page to show that Aw(p) = —|p|?-
w(p).

The Fourier transform relationship between position and momentum is the origin of Werner
Heisenberg’s famous Uncertainty Principle, which states:

In any quantum mechanical system, our certainty about the (classical) position
of the particles is directly proportional to our uncertainty about their (classical)
momentum, and vice versa. Thus, we can never simultaneously possess perfect
knowledge of the position and momentum of a particle.

This is just the physical interpretation of a mathematical phenomenon:

Let w : RN — C be a function with Fourier transform @ : RN — C. Then the
more ‘concentrated’ the mass distribution of w is, the more ‘spread out’ the mass
distribution of @ becomes.

It is possible to turn this vaguely worded statement into a precise theorem, but we do not
have space for this here. Instead, we note that a perfect illustration of the Uncertainty Principle

1 —2
is the Fourier transform of a normal probability distribution. Let w(z) = ex
P y (z) 3 P (202>

be a normal probability distribution with mean 0 and variance o2 (recall that the variance
measures how ‘spread out’ the distribution is). Then Theorem [[ZT7(b) on page says that

B(p) = 5exp (_J;p 2). In other words, @ looks like a Gaussian distribution with variance

1/02. Thus, the more ‘concentrated’ w is (ie. the smaller its variance o2 is), the more ‘spread
out’ &’ becomes (ie. the larger its variance, 1/0? becomes).

Further Reading: For an excellent, fast, yet precise introduction to quantum mechanics, see
[McW™2]. For a more comprehensive textbook, see [Boh79]. An completely different approach
to quantum theory uses Feynman’s path integrals; for a good introduction to this approach, see
[Ste95], which also contains excellent introductions to classical mechanics, electromagnetism,
statistical physics, and special relativity. For a rigorous mathematical approach to quantum
theory, an excellent introduction is [Pru&T]; another source is [BEH94].

4.7 Practice Problems

1. Let v; € R be a constant. Consider the function w : R3 x R — C defined:

N E T AN
wi(x1,x9,3) = exp P t)-exp 7 Mevl - 21 ).
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B2
Show that w satisfies the (free) Schrédinger equation: ih0, wi(x) = 5 f A wi(x).
me

. Let v := (v1,v9,v3) be a three-dimensional velocity vector, and let |v|? = v} + v3 + v3.

Consider the function w : R? x R — C defined:
wi(r1,22,73) = exp(—i|v|?t/2) -exp(ivex).

-1
Show that w satisfies the (free) Schridinger equation: i0,w = 5 Aw

. Exercise Edl(a-c) (pB3);

. Consider the stationary Schrodinger equation for a null potential:

—_hK?

Hwy = FE-w, where H= A

2me

Let v € R be a constant. Consider the function w : R3 x R — C defined:

(et i
wi(z1,29,3) = exp =5 t)-exp 7 Mev1 21 )

Show that w is a solution to the above free Schrodinger equation, with eigenvalue F =

1 2
§me?) .

. Exercise E8(a) (page B9).
. Exercise E9(a) (page [[0).
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4,2,1,0,-1,-3,2) (4,2,2.9, 1.2, 3.81,3.25,1.1,0.7,
0,-1.8,-3.1, -3.8, -0.68, 1.1, 3.0)

)

Figure 5.1: We can think of a function as an “infinite-dimensional vector’

Linear Partial Differential Equations

5.1 Functions and Vectors

Prerequisites: {1l

2 -15
Vectors: Ifv = [ 7 ] and w = [ 3 ] , then we can add these two vectors componentwise:

-3 1
2—1.5 0.5
vV+w = 7T+ 3 = 10
—-3+1 —2

In general, if v,w € R3, then u = v + w is defined by:
Up = Up + Wy, forn=1,2,3 (5.1)

(see Figure B2A) Think of v as a function v : {1,2,3} — R, where v(1) =2, v(2) =7, and
v(3) = —3. If we likewise represent w with w : {1,2,3} — R and u with u : {1,2,3} — R,
then we can rewrite eqn.(B1l) as “u(n) = v(n) +w(n) for n = 1,2,3”. In a similar fashion, any
N-dimensional vector u = (u1,usg,...,uy) can be thought of as a function u : [1...N] — R.

Functions as Vectors: Letting N go to infinity, we can imagine any function f: R — R
as a sort of “infinite-dimensional vector” (see Figure Bl). Indeed, if f and g are two functions,
we can add them pointwise, to get a new function h = f + g, where

h(z) = f(z) + g(x), forallz e R (5.2)

(see Figure BZB) Notice the similarity between formulae (2) and (EJ]), and the similarity
between Figures B2A and B2ZB.
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H 2 3 5
1 1
- === . »
| v = 4210132
4 3

1 L% 1
1

v = (1,4,3,1,2,3,1)

p o O 6
4
3 3
l*“;
S lw=uev = 5641363 | hw=z frgn = X -2xe2
(A) (B)

Figure 5.2: (A) We add vectors componentwise: If u = (4,2,1,0,1,3,2) and v =
(1,4,3,1,2,3,1), then the equation “w = v + w” means that w = (5,6,4,1,3,6,3). (B)
We add two functions pointwise: If f(x) = z, and g(x) = 2% — 3z + 2, then the equation
“h = f + ¢” means that h(z) = f(z) + g(x) = 22 — 2z + 2 for every z.

One of the most important ideas in the theory of PDEs is that functions are infinite-
dimensional vectors. Just as with finite vectors, we can add them together, act on them
with linear operators, or represent them in different coordinate systems on infinite-dimensional
space. Also, the vector space RP has a natural geometric structure; we can identify a similar
geometry in infinite dimensions.

Let X C R? be some domain. The vector space of all continuous functions from X into R™
is denoted C(X;R™). That is:

CX;R™) = {f:X— R™; fis continuous}.

When X and R™ are obvious from context, we may just write “C”.

Exercise 5.1 Show that C(X;R™) is a vector space.

A scalar field f : X — R is infinitely differentiable (or smooth) if, for every N > 0 and
every iy, 4s,...,iny € [1...D], the Nth derivative 0;,0;, - - - O;,, f(x) exists at each x € X. A vec-
tor field f : X — R™ is infinitely differentiable (or smooth) if f(x) := (fi1(x),..., fm(x)),
where each of the scalar fields f1,..., f;» : X — R is infinitely differentiable. The vector
space of all smooth functions from X into R™ is denoted C*°(X;R"). That is:

C(X;R™) = {f:X— R™; fis infinitely differentiable} .

When X and R™ are obvious from context, we may just write “C*”.
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Example 5.1:
(a) C*°(R?;R) is the space of all smooth scalar fields on the plane (ie. all functions u : R? —
R).
(b) C*(R;R3) is the space of all smooth curves in three-dimensional space. &

Exercise 5.2 Show that C*°(X;R™) is a vector space, and thus, a linear subspace of C(X;R™).

5.2 Linear Operators

Prerequisites: §5.70]

5.2(a) ...on finite dimensional vector spaces
Ifv= [%] and w = [_é"r’], thenu=v+w = [Olg] IfA= [{1 _01], then A-u=A-v+A -w.
That is:

1 -1 051  [-95] _ —5+ —-45] 1 -1 2+ 1 -1 -1.5]
4 0 [10) [ 2| [8] [-6] [4 0] [7] [4 0 3]
Also, if x =3v = [261], then Ax = 3Av. That is:
1 -1 6_—15_3—5_31—1 2
4 0] [21]  |24] 8] 4 0 7]
In other words, multiplication by the matrix A is a linear operation on vectors. In general,
a function L : RY — RM is linear if:
e Forall v,w ¢ RN, L(v+w)=L(v)+ L(w)
e ForallveRY andr € R, L(r-v)=r-L(v).

Every linear function from RY to RM corresponds to multiplication by some N x M matrix.

Example 5.2:
(a) Difference Operator: Suppose D : R® — R* is the function:

T
Tr9 — 1
2 T3 — T
D | a4 _ 3 2
T4 — I3
T T5 — T
s 5 4
-1 1
R . -1 1
Then D corresponds to multiplication by the matrix 11
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(b) Summation operator: Suppose S : R* — R? is the function:

0
I 1
x2
S " = 1 + X2
’ T1+ @2 + 23
T4

T+ 22+ 23+ T4

Then S corresponds to multiplication by the matrix

_ === O
— == O O
= 0O O O
_ o O O O

(c) Multiplication operator: Suppose M : R> — R® is the function

I 3~£C1

xTo 2'562

M| as | = | =5 3
3

T4 1 T4

€5 \/5'365

Then M corresponds to multiplication by the matrix -5 . &

V2

N [SY]

Remark: Notice that the transformation D is an inverse to the transformation S, but not
vice versa.

5.2(b) ...on C*
Recommended: 2 3 32

In the same way, a transformation L : C*° — C* is called linear if, for any two differen-
tiable functions f,g € C*°, we have L(f + ¢g) = L(f) + L(g), and, for any real number r € R,

L(r- f) =r-L(f).

Example 5.3:

(a) Differentiation: If f,g: R — R are differentiable functions, and h = f + g, then we
know that, for any x € R,

W(x) = f'(x) + 4'(x)
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Also, if h =r- f, then h/(x) = r- f’(x). Thus, if we define the operation D : C*(R;R) —
C*(R;R) by D[f] = [/, then D is a linear transformation of C*°*(R;R). For example,
sin and cos are elements of C*°(R;R), and we have

Dfsin] = cos, and Dfcos] = —sin.
More generally, if f,g: R” — R and h = f + g, then for any i € [1..D],
0;h=0;f+0;g.
Also, if h =r - f, then 0; h = r - 0; f. In other words, 0; : C®(RP:R) — C*®(RP;R) is

a linear operator.

(b) Integration: If f,g : R — R are integrable functions, and h = f + g, then we know

that, for any x € R,
[ vy = [ dy + /0 o) dy

Also, if h =r - f, then / h(y) dy = / fly
0
Thus, if we define the operation S : C*°(R;R) — C*(R;R) by

= /wa(y)d

then S is a linear transformation. For example, sin and cos are elements of C*°(R;R),
and we have
Slsin] = 1—cos, and  S[cos] = sin.

(c) Multiplication: Ify : R”? — Ris a scalar field, then define the operator I' : C*° — C>
by: T[f] =~ f. In other words, for all x € RP| T'[f](x) = v(x) - f(x). Then I is a linear
function, because, for any f,g € C, T[f +g] =7-[f +g] =7+ f +7 -9 =[f] +Tlg. ©

Remark: Notice that the transformation D is an inverse for the transformation S; this is the
Fundamental Theorem of Calculus.

Exercise 5.3 Compare the three linear transformations in Example B3 with those from Example
Do you notice any similarities?

Remark: Unlike linear transformations on RY, there is in general no way to express a linear
transformation on C* in terms of multiplication by some matrix. To convince yourself of this,
try to express the three transformations from example in terms of “matrix multiplication”.

Any combination of linear operations is also a linear operation. In particular, any com-
bination of differentiation and multiplication operations is linear. Thus, for example, the
second-derivative operator D2[f] = 02 f is linear, and the Laplacian operator

Af =03 +...+05f
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is also linear; in other words, A[f + g] = Af + Ag.

A linear transformation that is formed by adding and/or composing multiplications and
differentiations is called a linear differential operator . Thus, for example, the Laplacian
is a linear differential operator.

5.2(c) Kernels

If L is a linear function, then the kernel of L is the set of all vectors v so that L(v) = 0.

Example 5.4:

(a) Consider the differentiation operator 9, on the space C*°(R;R). The kernel of 9, is the
set of all functions v : R — R so that 0, u = 0 —in other words, the set of all constant
functions.

(b) The kernel of 2 is the set of all functions u : R — R so that 92 u = 0 —in other words
the set of all flat functions of the form u(x) = az + b. O

Many partial differential equations are really equations for the kernel of some differential
operator.

Example 5.5:

(a) Laplace’s equation “Au =0" really just says: “u is in the kernel of A.”
(b) The Heat Equation “0,u = Au” really just says: “u is in the kernel of the operator
L=0—-A" %
5.2(d) Eigenvalues, Eigenvectors, and Eigenfunctions

If L is a linear function, then an eigenvector of L is a vector v so that

L(v)=X-v,
for some constant \ € C, called the associated eigenvalue.
Example 5.6: If L = [? (1)] and v = [_11], then L(v) = [_11] = —V, S0 V is an eigenvector
for L, with eigenvalue A = —1. &

If L is a linear operator on C*°, then an eigenvector of L is sometimes called an eigenfunction.

Example 5.7: Let n,m € N. Define u(x,y) = sin(n - ) - sin(m - y). Then it is Exercise 5.4
to check that

Au(z,y) = —(n?+m?) sin(n-z)-sin(m-y) = X u(z,y),

where A = —(n?+m?). Thus, u is an eigenfunction of the linear operator A, with eigenvalue

A ¢
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Eigenfunctions of linear differential operators (particularly eigenfunctions of A) play a central
role in the solution of linear PDEs. This is implicit in throughout Part [T (Chapters [THI3)
and Chapter [[¥, and is made explicit in Part [V

5.3 Homogeneous vs. Nonhomogeneous
Prerequisites: §.2

If L is a linear differential operator, then the equation “Lu = 07 is called a homogeneous
linear partial differential equation.

Example 5.8: The following are linear homogeneous PDEs
(a) Laplace’s Equatioxﬂ: Here, C*® = C®(R”; R), and L = A.
(b) Heat Equationd: € = C®RP xR; R), and L =0; — A.
(c) Wave Equationfl: ¢ = C®(RP x R; R), and L = 62 — A.
(d) Schroédinger Equatiorﬂ: C>® = C®(R3*" x R; C), and, for any w € C* and (x;t) €
RN xR, Lw(x;t) := _Thz Aw(x;t) + V(x) w(x;t) — iho,w(x;t).

(Here, V : R3*N — R is some potential function, and A is like a Laplacian operator, except that the

components for each particle are divided by the rest mass of that particle.)
(e) Fokker-Plankll: ¢ = C®(RP x R; R), and, for any u € C*,
Llu) = Ou — Au + <‘7,Vu> + u-divV. &

Linear Homogeneous PDEs are nice because we can combine two solutions together to obtain
a third solution....

Example 5.9:

a) Let u(z;t) = & sin[2t 4+ 2z] and v(z;t) = -3 sin [17t + 17z] be two travelling wave so-
10 10

lutions to the Wave Equation. Then w(x;t) = u(x;t) + v(z;t) = 1—7osin(2t + 2x) +

2 sin(17t 4 17z) is also a solution (see Figure B3). To use a musical analogy: if we think

of uw and v as two “pure tones”, then we can think of w as a “chord”.
b

'See § on page
2See § on page E11
3See § on page B4
“See § on page
®See § 7 on page B
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u(z,t) = % sin(2t + 2x) v(x;t) = 1% sin(17t 4+ 17x) w(z,t) = u(z;t) + v(z;t)
Figure 5.3: Example B(a).
—(z—3)

1
ex
2 /nt p[ At

be one-dimensional Gauss-Weierstrass kernels, centered at 0,

1 —2
() Let fait) = 5= [?] o(a:1)

1 —(z —5)?
e [ -

3, and 5, respectively. Thus, f, g, and h are all solutions to the Heat Equation. Then,
F(z) = f(z)+7-g(x)+h(z) is also a solution to the Heat Equation. If a Gauss-Weierstrass
kernel models the erosion of a single “mountain”, then the function F' models the erosion
of an little “mountain range”, with peaks at 0, 3, and 5, and where the middle peak is
seven times higher than the other two. &

}, and h(z;t) =

These examples illustrate a general principle:

Theorem 5.10: Superposition Principle for Homogeneous Linear PDEs

Suppose L is a linear differential operator, and ui;,us € C* are solutions to the homo-
geneous linear PDE “Lu = 0.” Then, for any cij,co € R, u = ¢ -u; + ¢ - ug is also a
solution.

Proof: Exercise 5.5 O

If ¢ € C*° is some fixed nonzero function, then the equation “Lp = ¢” is called a nonho-
mogeneous linear partial differential equation.

Example 5.11: The following are linear nonhomogeneous PDEs

(a) The antidifferentiation equation p’ = ¢ is familiar from first year calculus. The
Fundamental Theorem of Calculus effectively says that the solution to this equation is
xT

the integral p(x) = / q(y) dy.
0
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(b) The Poisson Equatiorﬂ, “Ap = ¢”, is a nonhomogeneous linear PDE. &

Recall Examples P27 and on page B9, where we obtained new solutions to a nonhomoge-
neous equation by taking a single solution, and adding solutions of the homogeneous equation
to this solution. These examples illustrates a general principle:

Theorem 5.12: Subtraction Principle for nonhomogeneous linear PDEs

Suppose L is a linear differential operator, and q € C*°. Let p; € C*® be a solution to
the nonhomogeneous linear PDE “Lpy = q.” If h € C* is any solution to the homogeneous
equation (ie. Lh = 0), then py = p;1 + h is another solution to the nonhomogeneous equation.
In summary:

(Lp1 = q Lh = 0; andpy = p1+h. )=>(Lp2 = q)-

Proof: Exercise 5.6 O

If L is not a linear operator, then a PDE of the form “Lu = 0”7 or “Lu = ¢” is called a
nonlinear PDE. For example, a general reaction-diffusion equatioxﬂ:

du = Au + L(u),

is nonlinear (because L is generally a nonlinear function of u)

The theory of linear partial differential equations is well-developed, because solutions to
linear PDEs interact in very nice ways, as shown by Theorems and The theory of
nonlinear PDEs is much less developed, and indeed, many of the methods which do exist for
solving nonlinear PDEs involve somehow ‘approximating’ them with linear ones. In this book
we shall concern ourselves only with linear PDEs.

5.4 Practice Problems

1. For each of the following equations: u is an unknown function; ¢ is always some fixed,
predetermined function; and ) is always a constant.

In each case, is the equation linear? If it is linear, is it homogeneous? Justify your
answers.

(a) Heat Equation: dyu(x) = Au(x).
(b) Poisson Equation: Au(x) = q(x).
(c) Laplace Equation: Au(x) = 0.

5See § L4 on page
"See § on page B4
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03 u(,y) 3x3yU(w,y)}
)|

(d) Monge-Ampere Equation: ¢(z,y) = det { 9, Dyu(z, y) 83 w(z,y

(e) Reaction-Diffusion 0; u(x;t) = Au(x;t) + q(u(x; t))

(f) Scalar conservation Law 0, u(x;t) = —0, (qou)(x;t).

(g) Helmholtz Equation: Au(x) = X-u(x).

(h) Airy’s Equation: 0, u(x;t) = —02u(x;t).

(i) Beam Equation: 0; u(z;t) = —0tu(x;t).

(j) Schrodinger Equation: 0, u(x;t) = iAu(x;t) + q(x;t) - u(x;t).
(k) Burger’s Equation: 0y u(z;t) = —u(x;t) - 0y u(z;t).

(1) Eikonal Equation: |0, u(z)| = 1.

2. Which of the following are eigenfunctions for the 2-dimensional Laplacian A = 9?2 +8§?
In each case, if u is an eigenfunction, what is the eigenvalue?

(a) u(z,y) = sin(z)sin(y) (Figure E8(A) on page [09)
(b) u(z,y) = sin(x) +sin(y) (Figure E8(B) on page [[09)
(c) u(z,y) cos(2z) + cos(y) (Figure E8(C) on page [09)
(d) u(z,y) sin(3x) - cos(4y)

(e) u(z,y) sin(3x) + cos(4y)

(f) u(z,y) sin(3z) + cos(3y)

(g) u(z,y) sin(3z) - cosh(4y)

(h) u(z,y) sinh(3z) - cosh(4y)

(1) u(z,y) sinh(3z) + cosh(4y)

(G) u(z,y) sinh(3z) + cosh(3y).

(k) u(z,y) = sin(3z + 4y).

(1) u(z,y) = sinh(3z + 4y).
(m) u(z,y) = sin3(z) - cost(y).

(n) u(z,y) = 3. e,

(o) u(zx,y) e e,

(p) u(w,y) = €* +e.
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Classification of PDEs and Problem Types

6.1 Evolution vs. Nonevolution Equations

Recommended: 2 3 52 §A

An evolution equation is a PDE with a distinguished “time” coordinate, t. In other
words, it describes functions of the form wu(x;t), and the equation has the form:

Dtu = Dxu

where D; is some differential operator involving only derivatives in the ¢ variable (eg. 0y, 07,
etc.), while Dy is some differential operator involving only derivatives in the x variables (eg.
Og, 6;, A, etc.)

Example 6.1: The following are evolution equations:
(a) The Heat Equation “0,u = Au” of §Z2
(b) The Wave Equation “0? u = Au” of §52

)
(c) The Telegraph Equation “ke0?u + k10;u = —kou + Au” of 3
(d) The Schrédinger equation “0,w = EHw” of Y (here H is a Hamiltonian operator).
)

(e) Liouville’s Equation, the Fokker-Plank equation, and Reaction-Diffusion Equations. <

Nonexample 6.2: The following are not evolution equations:
a) The Laplace Equation “Au = 0" of §Z3

(
(b) The Poisson Equation “Au = ¢” of §241

)
(¢) The Helmholtz Equation “Au = Au” (where E € C is a constant eigenvalue).
)

(d) The Stationary Schrédinger equation H wg = FE -wp (where E € C is a constant
eigenvalue). &

In mathematical models of physical phenomena, most PDEs are evolution equations. Nonevo-
lutionary PDEs generally arise as stationary state equations for evolution PDEs (eg. Laplace’s
equation) or as resonance states (eg. Sturm-Liouville, Helmholtz).

Order: The order of the differential operator 6%82 is 24 3 = 5. More generally, the order

of the differential operator 8?1852 e 8%7 is the sum k; + ...+ kp. The order of a general
differential operator is the highest order of any of its terms. For example, the Laplacian is
second order. The order of a PDE is the highest order of the differential operator that appears
in it. Thus, the Transport Equation, Liouville’s Equation, and the (nondiffusive) Reaction
Equation is first order, but all the other equations we have looked at (the Heat Equation, the
Wave Equation, etc.) are of second order.
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6.2 Classification of Second Order Linear PDEs (%)

Prerequisites: 611 Recommended: §Z7 §23 27 932

6.2(a) ...in two dimensions, with constant coefficients

Recall that C*°(R?;R) is the space of all differentiable scalar fields on the two-dimensional
plane. In general, a second-order linear differential operator L on C*°(R?;R) with constant
coefficients looks like:

2 2
lu = a-0;u + b-0,0,u + c-Oyu + d-0,u + e-Ou + f-u (6.1)

where a,b,c,d, e, f are constants. Define:

a=f, B = [d} and F:[lab %b}:[m 712].

e ¢ 721 722
Then we can rewrite ([B1]) as:
2 2
Lu = Z%,d-acadu + Zﬁd-adu + a-u,
c,d=1 d=1

Any 2 x 2 symmetric matrix I' defines a quadratic form G : R? — R by

T
G(r,y) = [zyl- [ e } : [ ] = 7 cr? 4 (712-1-721) -ry + 722'92-
Yo1 Y22 Y

We say I is positive definite if, for all z,y € R, we have:
o G(z,y) = 0;
e G(xz,y)=0if and only if x =0 =y.

Geometrically, this means that the graph of G defines an elliptic paraboloid in R? x R, which
curves upwards in every direction. Equivalently, I' is positive definite if there is a constant
K > 0 so that

G(z,y) > K - (z° + )
for every (z,y) € R2. We say I is negative definite if —I is positive definite.

The differential operator L from equation (B is called elliptic if the matrix T is either
positive definite or negative definite.
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Example: IfL =A, thenI = } is just the identity matrix. while 8 =0 and a = 0.

1
The identity matrix is clearly positive definite; thus, A is an elliptic differential operator.____

Suppose that L is an elliptic differential operator. Then:

e An elliptic PDE is one of the form: Lu = 0 (or Lu = g). For example, the Laplace
equation is elliptic.

e A parabolic PDE is one of the form: 9; = Lu. For example, the two-dimensional Heat
Equation is parabolic.

e A hyperbolic PDE is one of the form: 9? = Lu. For example, the two-dimensional
Wave Equation is hyperbolic.

Exercise 6.1 Show that I' is positive definite if and only if 0 < det(I') = ac — 1b%. In other
words, L is elliptic if and only if 4ac — b? > 0 (this is the condition on page 9 of Pinsky).

6.2(b) ...in general

Recall that C*°(R”;R) is the space of all differentiable scalar fields on D-dimensional space
The general second-order linear differential operator on C*°(R”;R) has the form

D D
Ly = ch7d-606du + Zﬁd-adu + a-u, (6.2)
c,d=1 d=1
where o : RP x R — R is some time-varying scalar field, (81,...,0p) = 8: R”? x R — RP

is a time-varying vector field, and v, 4 : RP x R — R are functions so that, for any x € R?
and t € R, the matrix

’yll(X;t) N ’le(X;t)
I(x;t) = : - :
vyp1(x;t) ... vpp(x;t)
is symmetric (ie. Yeq = Vde)-
Example 6.3:
10 0
0 1 0
(a) fL=A,then 8=0,a=0,and ' = Id = o :
00 .. 1

(b) The Fokker-Plank Equation has the form d;u = Lu, where o = —div V(x), B(x)
-VV(x),and I' = Id.

<
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If the functions 7.4, 84 and « are independent of x, then we say L is spacially homoge-
neous. If they are also independent of ¢, we say that L has constant coefficients.

Any symmetric matrix I' defines a quadratic form G : R”? — R by

Y11 --- Y1D T

D
G(x) = [wieaxp]| @ : = ) Yed:TerTd

YD1 --- VDD Tp c,d=1

I' is called positive definite if, for all x € R”, we have:
e G(x) > 0;
e G(x) =0 if and only if x = 0.

Equivalently, ' is positive definite if there is a constant K > 0 so that G(x) > K - ||x||* for
every x € RP. On the other hand, I' is negative definite if —I" is positive definite.

The differential operator L from equation (G2) is elliptic if the matrix I'(x) is either
positive definite or negative definite for every x € R”.
For example, the Laplacian and the Fokker-Plank operator are both elliptic.

Suppose that L is an elliptic differential operator. Then:
e An elliptic PDE is one of the form: Lu =0 (or Lu = g).
e A parabolic PDE is one of the form: 9, = Lu.

e A hyperbolic PDE is one of the form: 97 = Lu.

Example 6.4:
(a) Laplace’s Equation and Poisson’s Equation are elliptic PDEs.
(b) The Heat Equation and the Fokker-Plank Equation are parabolic.
(c) The Wave Equation is hyperbolic. O

Parabolic equations are “generalized Heat Equations”, describing diffusion through an inho-
mogeneouﬂ, cmisotmpicﬁ medium with drift. The terms in T'(x;t) describe the inhomogeneity
and anisotropy of the diﬁ'usionﬁ, while the vector field B describes the drift.

Hyperbolic equations are “generalized Wave Equations”, describing wave propagation through
an inhomogeneous, anisotropic medium with drift —for example, sound waves propagating
through an air mass with variable temperature and pressure and wind blowing.

'Homogeneous means, “Looks the same everywhere in space”, whereas inhomogeneous is the opposite.
2Isotropic means “looks the same in every direction”; anisotropic means the opposite.
3If the medium was homogeneous, then T would be constant. If the medium was isotropic, then I' = Id.
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6.3 Practice Problems

For each of the following equations: wu is an unknown function; ¢ is always some fixed,
predetermined function; and A is always a constant. In each case, determine the order of the
equation, and decide: is this an evolution equation? Why or why not?

1. Heat Equation: dru(x) = Au(x).
2. Poisson Equation: Au(x) = ¢(x).

3. Laplace Equation: Au(x) = 0.

P 3 . _ 8:123 U(ZC,y) 8:138?; U(IE,y)
4. Monge-Ampere Equation: ¢g(z,y) = det { 9, Dyul(z, y) 85 w(y) |

5. Reaction-Diffusion 0y u(x;t) = Au(x;t) + ¢ (u(x; t))

6. Scalar conservation Law 0y u(z;t) = —0, (qou)(x;t).

7. Helmholtz Equation: Au(x) = X-u(x).

8. Airy’s Equation: d;u(z;t) = —03u(z;t).

9. Beam Equation: 0, u(z;t) = —0%u(z;t).

10. Schrodinger Equation: 0y u(x;t) = i Awu(x;t) + q(x;t) - u(x;t).
11. Burger’s Equation: 0, u(x;t) = —u(z;t) - 0y u(z;t).

12. Eikonal Equation: |0 u(z)| = 1.
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6.4 Initial Value Problems

Prerequisites: $6.11

Let X C R” be some domain, and let L be a differential operator on C*°(X;R). Consider
evolution equation
Ou = Lu (6.3)

for unknown v : X x R — R. An initial value problem (IVP) or Cauchy problem
for equation (E3) is the following problem: Given some function fy : X — R (the initial
conditions), find a function u which satisfies ([E3]) and also satisfies:

For all x € X, u(x,0) = fo(x).

For example, suppose the domain X is an iron pan and its contents resting on a hot electric
stove burner. You turn off the stove (so there is no further heat entering the system) and then
throw some vegetables into the pan. Thus, (@3] is the Heat Equation, and fy describes the
initial distribution of heat: cold vegetables in a hot pan on a hotter stove. The initial value
problem basically askes, “How fast do the vegetables cook? How fast does the pan cool?”

Next, consider the second order-evolution equation
v = Lu (6.4)

An initial value problem for (£ is as follows: Fix a function fy : X — R (the initial
conditions), and/or another function f; : X — R (the initial velocity) and then search for
a function wu satisfying (E4]) and also satisfying:

For all x € X, u(x,0) = fo(x) and 0;u(x,0) = f1(x)

For example, suppose (63]) is the Wave Equation on X = [0, L]. Imagine [0, L] as a vibrating
string. Thus, fy describes the initial displacement of the string, and f; its initial momentum.

If fo # 0, and f; = 0, then the string is initially at rest, but is released from a displaced
state —in other words, it is plucked. Hence, the initial value problem asks, “How does a guitar
string sound when it is plucked?”

On the other hand, if fo = 0, and f; # 0, then the string is initially flat, but is imparted
with nonzero momentum —in other words, it is struck (by the hammer in the piano). Hence,
the initial value problem asks, “How does a piano string sound when it is struck?”

6.5 Boundary Value Problems

Prerequisites: L0 &3 Recommended: 67

If X € RP be is a finite domain, then X denotes its boundary.  The interior of X is
the set int (X) of all points in X not on the boundary.



92 CHAPTER 6. CLASSIFICATION OF PDES AND PROBLEM TYPES

Johann Peter Gustav Lejeune Dirichlet
Born: February 13, 1805 in Diiren, (now Germany)
Died: May 5, 1859 in Gottingen, Hanover

Example 6.5:

(a) If I =[0,1] C R is the unit interval, then 01 = {0,1} is a two-point set, and int (I) =
(0,1).

(b) If X = [0,1)> € R? is the unit square, then int (X) = (0,1)% and
X = {=x,yeX;xz=0o0orxz=1lory=0o0ry=1}.
(c) In polar coordinates on R? let D = {(r,0); r < 1,0 € [~7, )} be the unit disk. Then
oD = {(1,0); 0 € [—m,m)} is the unit circle, and int (D) = {(r,0) ; r < 1, 6 € [-m,7)}.

(d) In spherical coordinates on R?, let B = {x€R3; ||x| <1} be the 3-dimensional
unit ball in R®. Then 9B = S := {{x€RP; ||x|| =1} is the unit sphere, and
int(B) = {x e RY; [|x| < 1}.

(e) In cylindrical coordinates on R3, let X = {(r,0,2); r < R,
or

0 < z < L} be the finite
cylinder in R3. Then 0X = {(r,0,z); r=Rorz = 0 =

<
L}. &
A boundary value problem is a problem of the following kind: Find u : X — R so that

z

1. u satisfies some PDE at all x in the interior of X.

2. u also satisfies some other equation (maybe a differential equation) for all x on the
boundary of X.

3. (Optional) u also some initial condition, as described in §6.4

The condition u must satisfy on the boundary of X is called a boundary condition. We
will consider four kinds of boundary conditions: Dirichlet, Neumann, Mixed, and Periodic;
each has a particular physical interpretation, and yields particular kinds of solutions for a
partial differential equation.
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Figure 6.1: f(x) = (1 — z) satisfies homogeneous Dirichlet boundary conditions on the
interval [0, 1].

6.5(a) Dirichlet boundary conditions

Let X be a domain, and let u : X — R be a function. We say that u satisfies homogeneous
Dirichlet boundary conditions (HDBC) on X if:

For all x € 90X, wu(x) =0.
Physical interpretation:

Heat Equation or Laplace Equation: In this case, u represents a temperature distribu-
tion. We imagine that the domain X represents some physical object, whose boundary
0X is made out of metal or some other material which conducts heat almost perfectly.
Hence, we can assume that the temperature on the boundary is always equal to the tem-
perature of the surrounding environment.

We further assume that this environment has a constant temperature T (for example,
X is immersed in a ‘bath’ of some uniformly mixed fluid), which remains constant during
the experiment (for example, the fluid is present in large enough quantities that the heat
flowing into/out of X does not measurably change it). We can then assume that the
ambient temperature is Ty = 0, by simply subtracting a constant temperature of T off
the inside and the outside. (This is like changing from measuring temperature in degrees
Kelvin to measuring in degrees Celsius; you're just adding 273° to both sides, which
makes no mathematical difference.)

Wave Equation: In this case, u represents the vibrations of some vibrating medium (eg. a
violin string or a drum skin). Homogeneous Dirichlet boundary conditions mean that
the medium is fized on the boundary 0X (eg. a violin string is clamped at its endpoints;
a drumskin is pulled down tightly around the rim of the drum).

The set of infinitely differentiable functions from X to R whic satisfy homogeneous Dirichlet
Boundary Conditions will be denoted C5°(X;R) or C5°(X). Thus, for example

Colo,L] = {f:[O,L]HR; f is smooth, and f(0) = 0 = f(L)}

The set of continuous functions from X to R whic satisfy homogeneous Dirichlet Boundary
Conditions will be denoted Cy(X;R) or Co(X).
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Figure 6.2: (A) f(r,0) = 1—r satisfies homogeneous Dirichlet boundary conditions on the disk
D = {(r,0) ; r < 1}, but is not smooth at zero.  (B) f(r,0) = 1 — r? satisfies homogeneous
Dirichlet boundary conditions on the disk D = {(r,0) ; r < 1}, and is smooth everywhere.

Example 6.6:

(a) Suppose X =[0,1], and f : X — R is defined by f(z) = z(1—=z). Then f(0) = 0= f(1),
and f is smooth, so f € C°[0,1]. (See Figure ETI).

(b) Let X = [0, 7].

1. For any n € N, let S;,(z) =sin(n-z). Then S,, € C§°[0, 7].
2. If f(x) = 5sin(x) — 3sin(2x) + 7sin(3z), then f € C§°[0,7]. More generally, any

N
finite sum Z B,S,(z) is in C§°0, 7].

n=1
oo
3. If f(x) = ZBnSn(az) is a uniformly convergent Fourier sine Serieﬂ, then f €
n=1
Cg°l0, 7).

(¢) Let D ={(r,0); r <1} is the unit disk. Let f : D — R be the ‘cone’ in Figure E2(A),
defined: f(r,0) = (1 —r). Then f is continuous, and f = 0 on the boundary of the disk,
so f satisfies Dirichlet boundary conditions. Thus, f € Cy(D). However, f is not smooth
(it is singular at zero), so f & C5°(D).

(d) Let f : D — R be the ‘dome’ in Figure E2(B), defined f(r,0) = 1—r2. Then f € C°(D).
(e) Let X = [0, 7] x [0, 7] be the square of sidelength 7.

1. For any (n,m) € N2, let S, ) (2, y) = sin (n - x)-sin (m - y). Then S, ,,) € C5°(X).
(see Figure on page [[82).

1See § on page
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2. If f(x) = 5sin(z) sin(2y) — 3 sin(2x) sin(7y)+7sin(3z) sin(y), then f € C5°(X). More
N M

generally, any finite sum Z Z By, mSnm(x) is in C5°(X).

n=1m=1

o
3. If f = E By, mSn,m is a uniformly convergent two dimensional Fourier sine seriesﬁ,

n,m=1

then f € C°(X).
Exercise 6.2 Verify examples (b) to (e) &

Exercise 6.3 (a) Show that C§°(X) is a vector space. (b) Show that Cy(X) is a vector space.
Arbitrary nonhomogeneous Dirichlet boundary conditions are imposed by fixing
some function b : 90X — R, and then requiring;:

u(x) = b(x), for all x € 0X. (6.5)

For example, the classical Dirichlet Problem is to find v : X — R satisfying the Dirichlet
condition (1), and so that u also satisfies Laplace’s Equation: Au(x) = 0 for all x € int (X).
This models a stationary temperature distribution on X, where the temperature is fized on
the boundary (eg. the boundary is a perfect conductor, so it takes the temperature of the
surrounding medium).

For example, if X = [0,L], and b(0) and b(L) are two constants, then the Dirichlet
Problem is to find w : [0, L] — R so that

u(0) = b(0), w(L)=0b(L), and d*u(x) =0, for 0 <z < L. (6.6)
That is, the temperature at the left-hand endpoint is fixed at b(0), and at the right-hand
endpoint is fixed at b(1). The unique solution to this problem is u(z) = (b(L) — b(0))x + a.
6.5(b) Neumann Boundary Conditions

Suppose X is a domain with boundary 90X, and u : X — R is some function. Then for any
boundary point x € 9X, we use “0, u(x)” to denote the outward normal derivativel of u on
the boundary. Physically, 0, u(x) is the rate of change in u as you leave X by passing through
OX in a perpendicular direction.

Example 6.7:
(a) If X=10,1], then 9, u(0) = —9, u(0) and 9, u(l) = 9, u(1).
(b) Suppose X = [0,1]* ¢ R? is the unit square, and (z,y) € 8X. There are four cases:

o If =0, then 0, u(z,y) = —0, u(z,y).

®See § [T on page

.. . C ou ou
5This is sometimes indicated as — or —, or as “Vu en”.

on ov
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o.16
o.14a

o.1z=

o.os
o.o6
o.0a 4

o.oz

Figure 6.3: f(x) = %xZ — %x?’ (homogeneous Neumann boundary conditions on the interval
[0,1].)

Figure 6.4: f(r,0) = (1 — r)? (homogeneous Neumann boundary conditions on the disk
D= {(r,0) ; » <1}, but is singular at zero.)

Figure 6.5:  f(r,0) = (1 — r%)? (homogeneous Neumann boundary conditions on the disk;
smooth everywhere.)



6.5. BOUNDARY VALUE PROBLEMS 97

—a

Figure 6.6: f(r,0) = (1 + cos(0)?) - (1 — (1 — 7?)*) (does not satisfy homogeneous Neumann
boundary conditions on the disk; not constant on the boundary.)

o If x =1, then 0, u(x,y) = 0, u(x,y).
e If y =0, then 9, u(x,y) = =0, u(x,y).
o If y =1, then 9, u(z,y) = 0, u(z,y).

(If more than one of these conditions is true —for example, at (0,0) —then (z,y) is a
corner, and 9, u(x,y) is not well-defined).

(c) LetD = {(r,0) ; r < 1} be the unit disk in the plane. Then dD is theset {(1,0) ; 6 € [-m,7)},
and for any (1,0) € 0D, 0, u(1,0) = 0, u(1,6).

(d) Let D = {(r,0) ; r < R} be the disk of radius R. Then 9D = {(R,0) ; 0 € [-m,7)}, and
for any (R,0) € 0D, 0, u(R,0) = 0, u(R,0).

(e) Let B = {(r,¢,0) ; 7 < 1} be the unit ball in R3. Then 0B = {(r,$,0) ; r = 1} is the
unit sphere. If u(r, ¢,0) is a function in polar coordinates, then for any boundary point

s=(1,¢,0), 0, u(s) = 0ruls).

(f) Suppose X = {(r,0,2) ; r <R, 0< 2z <L}, is the finite cylinder, and (1,0, z2) € 0X.
There are three cases:

o If r =R, then 0, u(r,0,2) = 0y u(r,0,z).
o If 2=0, then 0, u(r,0,2) = —0,u(r,6,z2).
o If =1L, then 0, u(r,0,z) = 0,u(r,0,z).

We say that u satisfies homogeneous Neumann boundary condition if
0, u(x) = 0 for all x € 0X. (6.7)

Physical Interpretation:
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Heat (or Diffusion): Suppose u represents a temperature distribution. Recall that Fourier’s
Law of Heat Flow (§ 2 on page Bl says that Vu(x) is the speed and direction in which
heat is flowing at x. Recall that 0, u(x) is the component of Vu(x) which is perpendicular
to 0X. Thus, Homogeneous Neumann BC means that Vu(x) is parallel to the boundary
for all x € dX. In other words no heat is crossing the boundary. This means that the
boundary is a perfect insulator.

If u represents the concentration of a diffusing substance, then Vu(x) is the flux of this
substance at x. Homogeneous Neumann Boundary conditions mean that the boundary
is an tmpermeable barrier to this substance.

Heat/diffusion is normally the intended interpretation when Homogeneous Neumann BC
appear in conjuction with the Heat Equation, and sometimes the Laplace equation.

Electrostatics Suppose u represents an electric potential. Thus Vu(x) is the electric field
at x. Homogeneous Neumann BC means that Vu(x) is parallel to the boundary for all
x € 0X; i.e. no field lines penetrate the boundary. Elecrostatics is often the intended
interpretation when Homogeneous Neumann BC appear in conjuction with the Laplace
Equation or Poisson Equation:

The set of continuous functions from X to R which satisfy homogeneous Neumann boundary
conditions will be denoted C, (X). The set of infinitely differentiable functions from X to R
which satisfy homogeneous Neumann boundary conditions will be denoted C°(X). Thus, for
example

c*0,1] = { F:00,L] — R; f is smooth, and f'(0) = 0 = f’(L)}
Example 6.8:
(a) Let X = [0,1], and let f : [0,1] — R be defined by f(z) = 322 — 127 (See Figure E3).

[0,
Then f'(0) =0 = f'(1), and f is smooth, so f € C°[0,1].
(b) Let X =0, 7].
1. For any n € N, let. C,,(x) = cos(n-x). Then C,, € C°[0,7].
2. If f(z) = 5cos(x) — 3cos(2z) + 7cos(3x), then f € CS°[0,7]. More generally, any

N
finite sum Z AnCp(z) is in C°[0, 7).

n=1

o
3. If f(x) = ZAnCn(x) is a uniformly convergent Fourier cosine serieﬂ, and the
n=1

o0
derivative series f’'(z) = —ZnAnSn(:c) is also uniformly convergent, then f €
n=1

Ce[0, 7.

"See § on page



6.5. BOUNDARY VALUE PROBLEMS 99

(c) Let D = {(r,0); r <1} be the unit disk.

1. Let f : D — R be the “witch’s hat” of Figure[4l defined: f(r,0) := (1—r)2. Then
0, [ =0 on the boundary of the disk, so f satisfies Neumann boundary conditions.
Also, f is continuous on D; hence f € C (D). However, f is not smooth (it is
singular at zero), so f & C°(D).

2. Let f : D — R be the “bell” of Figure B3, defined: f(r,0) := (1 — r?)2. Then
0, f = 0 on the boundary of the disk, and f is smooth everywhere on D, so f €
C(D).

3. Let f : D — R be the “fower vase” of Figure B8, defined f(r,6) := (1 + cos(#)?) -
(1 — (1 —7%%. Then 0, f = 0 on the boundary of the disk, and f is smooth
everywhere on D, so f € Cio(]D). Note that, in this case, the angular derivative is
nonzero, so f is not constant on the boundary of the disk.

(d) Let X = [0, 7] x [0, 7] be the square of sidelength .

1. For any (n,m) € N2, let Cn,m)(7) = cos(nz) - cos(my). Then C,,,y € CF(X). (see
Figure on page [IZ2).
2. If f(z) = 5cos(z)cos(2y) — 3cos(2x) cos(Ty) + 7cos(3z) cos(y), then f € C2(X).

N M
More generally, any finite sum Z Z B mCnm(z) is in C°(X).
n=1m=1
oo
3. More generally, if f = Z ApmChm is a uniformly convergent two dimensional
n,m=0

Fourier cosine serieﬁ, and the derivative series

O flz,y) = — Z nAysin(nx) - cos(my)
n,m=0

Oy flz,y) = — Z mAy cos(nx) - sin(my)
n,m=0

are also uniformly convergent, then f € C?° [O,L]D.

Exercise 6.4 Verify examples (b) to (d) &

Arbitrary nonhomogeneous Neumann Boundary conditions are imposed by fixing a
function b : 0X — R, and then requiring

0, u(x) = b(x) for all x € 9X. (6.8)

For example, the classical Neumann Problem is to find v : X — R satisfying the Neumann
condition (X)), and so that u also satisfies Laplace’s Equation: Au(x) = 0 for all x € int (X).
This models a stationary temperature distribution on X where the temperature gradient is
fixed on the boundary (eg. heat energy is entering or leaving through the boundary at some
prescribed rate).

8See § [T on page
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Carl Gottfried Neumann
Born: May 7, 1832 in Konigsberg, (now Kaliningrad)
Died: March 27, 1925 in Leipzig, Germany

Physical Interpretation:

Heat Equation or Laplace Equation: Here u represents the concentration of some diffus-
ing material. Recall that Fourier’s Law (§[ZIl on page Bl) says that Vu(x) is the flux of
this material at x. The nonhomogeneous Neumann Boundary condition Vu(x) = b(x)
means that material is being ‘pumped’ across the boundary at a constant rate described
by the function b(x).

Laplace Equation or Poisson Equation: Here, u represents an electric potential. Thus
Vu(x) is the electric field at x. Nonhomogeneous Neumann boundary conditions mean
that the field vector perpendicular to the boundary is determined by the function b(x).
6.5(c) Mixed (or Robin) Boundary Conditions

These are a combination of Dirichlet and Neumann-type conditions obtained as follows: Fix
functions b : 0X — R, and h,h, : X — R. Then (h,h ,b)-mixed boundary conditions
are given:

h(x)-u(x) + h, (x)-0, u(x) = b(x) for all x € 9X. (6.9)
For example:
e Dirichlet Conditions corresponds to h =1 and h, = 0.
e Neumann Conditions corresponds to h =0 and A, = 1.
e No boundary conditions corresponds to h = h, = 0.

e Newton’s Law of Cooling reads:

0

1

u = c(u—Tg) (6.10)
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This describes a situation where the boundary is an imperfect conductor (with conduc-
tivity constant ¢), and is immersed in a bath with ambient temperature Tx. Thus, heat
leaks in or out of the boundary at a rate proportional to ¢ times the difference between
the internal temperature u and the external temperature Tr. Equation (EI0) can be
rewritten:

ccu — 0, u = b

where b = ¢ - Tg. This is the mixed boundary equation (), with h =cand h, = —1.

¢ Homogeneous mixed boundary conditions take the form:
h-u+ h, -0, u = 0.

The set of functions in C*°(X) satisfying this property will be denoted Cgfhl (X). Thus,
for example, if X = [0, L], and h(0), h, (0), h(L) and h, (L) are four constants, then

. _ [f:]0,L] — R; f is differentiable, h(0)f(0) — h, (0)f'(0) =0
e 0.11= { T TR

e Note that there is some redundancy this formulation. Equation (&3 is equivalent to
k-h(x) ux) + k-h (x)-0, u(x) = k-b(z)

for any constant k£ # 0. Normally we chose k so that at least one of the coefficients h or
h, is equal to 1.

1

e Some authors (eg. Pinsky [Pin98]) call this general boundary conditions, and, for
mathematical convenience, write this as

cos(a)u + L-sin(w)0, u = T. (6.11)

where and « and T are parameters. Basically, the “cos(a), sin(«)” coefficients of (E11])
are just a mathematical “gadget” to concisely express any weighted combination of
Dirichlet and Neumann conditions. An expression of type ([@3) can be transformed
into one of type [EI1]) as follows: Let

a = arctan hy
N L-h

(if h =0, then set a = g) and let

T bcos(a) + Lsm(a).
h+h,

Going the other way is easier; simply define

h =cos(a), h, =L-sin(a) and T =Db.
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Figure 6.7: If we ‘glue’ the opposite edges of a square together, we get a torus.

6.5(d) Periodic Boundary Conditions

Periodic boundary conditions means that function u “looks the same” on opposite edges of the
domain. For example, if we are solving a PDE on the interval [—7, ], then periodic boundary
conditions are imposed by requiring

u(—7) = u(r) and u'(-7) = /(7).

Interpretation #1: Pretend that u is actually a small piece of an infinitely extended,
periodic function % : R — R, where, for any £ € R and n € Z, we have:

u(z+2nm) = u(x).

Thus u must have the same value —and the same derivative —at x and x + 2nm, for any z € R.
In particular, v must have the same value and derivative at —m and 7. This explains the name
“periodic boundary conditions”.

Interpretation #2: Suppose you ‘glue together’ the left and right ends of the interval
[—7, 7] (ie. glue —7 to 7). Then the interval looks like a a circle (where —7 and 7 actually
become the ‘same’ point). Thus v must have the same value —and the same derivative —at
—m and .

Example 6.9:
(a) u(z) = sin(z) and v(x) = cos(z) have periodic boundary conditions.

(b) For any n € N, the functions S, (z) = sin(nz) and C,(z) = cos(nz) have periodic
boundary conditions.

(c) sin(3x) + 2 cos(4x) has periodic boundary conditions.

(d) If uy(z) and uz(x) have periodic boundary conditions, and ¢, co are any constants, then
u(x) = cquy(x) + coug(z) also has periodic boundary conditions.

Exercise 6.5 Verify these examples. &
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On the square [—7, 7] X [—7, 7], periodic boundary conditions are imposed by requiring:
(P1) w(x,—m) = u(x, ) and 9, u(z, —7) = J, u(x, ), for all z € [~,7].

(P2) u(—m,y) =u(m,y) and 0, u(—m,y) = 0, u(m,y) for all y € [—m, 7].

Interpretation #1: Pretend that u is actually a small piece of an infinitely extended, doubly
periodic function 7 : R? — R, where, for every (z,y) € R%, and every n,m € Z, we have:

w(x +2nm,y +2mr) = u(z,y).

Exercise 6.6 Explain how conditions (P1) and (P1) arise naturally from this interpretation.

Interpretation #2: Glue the top edge of the square to the bottom edge, and the right edge
to the left edge. In other words, pretend that the square is really a torus (Figure B1).

Example 6.10:

(a) u(z,y) = sin(z)sin(y) and v(z,y) = cos(x) cos(y) have periodic boundary conditions.
So do w(zx,y) = sin(z) cos(y) and w(x,y) = cos(z) sin(y)

(b) For any (n,m) € N2, the functions S, ,,,(z) = sin(nz) sin(my) and C,, ,,,(z) = cos(nz) cos(mx)
have periodic boundary conditions.

(c) sin(3x)sin(2y) + 2 cos(4x) cos(7y) has periodic boundary conditions.

(d) If uy(x,y) and uz(z,y) have periodic boundary conditions, and ¢, co are any constants,
then u(z,y) = ciui(z,y) + caus(x,y) also has periodic boundary conditions.

Exercise 6.7 Verify these examples. &
On the D-dimensional cube [—7r,7T]D, we require, for d =1,2,...,D and all z1,...,zp €
[—7, 7], that
U(Cﬂl,...,xd_l,—ﬂ,$d+1,...,$D) = u(xl)”'axd—l)ﬂ-axd-f—la"'ny)
and Ogu(xi,...,Tg-1,—T,Tgs1,---,Tp) = Ogu(T1,...,T4—1,T,Td41s---,TD)-

Again, the idea is that we are identifying [—, 7T]D with the D-dimensional torus. The space
of all functions satisfying these conditions will be denoted C;’:r[—w, 7T]D. Thus, for example,

C®[—m, ] = {f :[-m, 7] — R; f is differentiable, f(—m)= f(7) and f'(—7) = f’(W)}

C®[—m, 7] = {f :[—m,w]x [—-m, 7] —R; f is differentiable, and satisfies (P1) and (P2) above}
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6.6 Uniqueness of Solutions

Prerequisites: 2 82 3 64 £

Differential equations are interesting primarily because they can be used to express the
physical laws governing a particular phenomenon (e.g. heat flow, wave motion, electrostatics,
etc.). By specifying particular initial conditions and boundary conditions, we try to mathe-
matically encode the physical conditions, constraints and external influences which are present
in a particular situation. A solution to the differential equation which satisfies these boundary
conditions thus constitutes a prediction about what will occur under these physical conditions.

However, this program can only succeed if there is a unique solution to a given equation
with particular boundary conditions. Clearly, if there are many mathematically correct solu-
tions, then we cannot make a clear prediction about which of them (if any) will really occur.
Sometimes we can reject some solutions as being ‘unphysical’ (e.g. they contain unacceptable
infinities, or predict negative values for a necessarily positive quantity like density). However,
this notion of ‘unphysicality’ really just represents further mathematical constraints which we
are implicitly imposing on the solution (and which we probably should have stated explicitl
at the very beginning). If multiple solutions still exist, we must impose further constraint
until we get a unique solution.

The predictive power of a mathematical model is extremely limited unless it yields a unique
solution] Because of this, the question of uniqueness of solutions is extremely important in
the general theory of differential equations (both ordinary and partial). We do not have
the time to develop the theoretical background to prove the uniqueness of solutions of the
linear partial differential equations we will consider in this book. However, we will at least
state some of the important unigeness results, since these are critical for the relevance of the
solution methods in the following chapters.

Let S € RP. We say that S is a smooth graph if there is some open subset U ¢ RP~1,
and some function f: U — R, and some d € [1...D], such that S ‘looks like’ the graph of the
function f, plotted over the domain U, with the value of f plotted in the dth coordinate. In
other words:

S = {(ul,...,ud,l,y,ud,...,up_l); (ul,...,uD_l)GTU and y:f(ul,...,uD_l)}.
Intuitively, this means that S looks like a smooth surface (oriented ‘roughly perpendicular’ to

the dth dimension). More generally, if S C R”, we say that S is a smooth hypersurface if,
for each s € S, there exists some € > 0 such that B(s,e) NS is a smooth graph.

Example 6.11:

(a) Let P C R” be any (D — 1)-dimensional hyperplane; then PP is a smooth hypersurface.

%.e. construct a more realistic model which mathematically encodes more information about physical reality.

00f course, it isn’t true that a model with non-unique solutions has no predictive power. After all, it already
performs a very useful task of telling you what can’t happen.
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(b) Let S':= {s € R?; |s| = 1} be the unit circle in R?. Then S' is a smooth hypersurface
in R2.

(c) Let S?:= {s € R*; |s| = 1} be the unit sphere in R®. Then S? is a smooth hypersurface
in R3.

(d) Let SP~1:= {s € RP; |s| = 1} be the unit hypersphere in R”. Then SP~! is a smooth
hypersurface in RP.

(e) Let S € R” be any smooth hypersurface, and let U C R? be an open set. Then S N U
is also a smooth hypersurface (if it is nonempty).

Exercise 6.8 Verify these examples. &

A subset X C RP has piecewise smooth boundary if X is closed, int (X) is nonempty,
and OX is a finite union of the closures of disjoint hypersurfaces. In other words,

X = S USU---US,
where Sy, ...,S, C RP are smooth hypersurfaces, and S; NS, = 0 whenever j # k.

Example 6.12: Every domain in Example on page @2 has a piecewise smooth boundary.
(Exercise 6.9 Verify this.) &

Indeed, every domain we will consider in this book will have a piecewise smooth boundary.
Clearly this covers almost any domain which is likely to arise in any physically realistic model.
Hence, it suffices to obtain uniqueness results for such domains. To get uniqueness, we generally
must impose initial /boundary conditions of some kind.

Lemma 6.13: Uniqueness of the zero solution for the Laplace Equation; Homogeneous BC.

Let X C RP be a domain with a piecewise smooth boundary. Suppose u : X — R satisfies
both of the following conditions:

[i] (Regularity) u € CY(X) and u € C%(int(X)) (i.e. u is continuously differentiable on X
and twice-continuously differentiable on the interior of X);

[ii] (Laplace Equation) Awu = 0;
Then various homogeneous boundary conditions constrain the solution as follows:

(a) (Homogeneous Dirichlet BC) Ifu(x) = 0 for all x € 0X, then u must be the constant
0 function: i.e. u(x) =0, for all x € X.

(b) (Homogeneous Neumann BC) If0, u(x) = 0 for all x € 0X, then u must be a constant:
ie. u(x) = C, for all x € X.

(c) (Homogeneous Robin BC) Suppose h(x)u(x)+h, (x)0, u(x) = 0 for all x € 0X, where
h,h, :0X — [0,00) are two other nonnegative functions. Suppose that h is nonzero
somewhere on 0X. Then u must be the constant 0 function: ie. u(x) =0, for all x € X.
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Proof: See [CB&7, §93] for the case D = 3. For the general case, see [Eva9ll Theorem 5 on
p.28 of §2.2]. O

One of the great things about linear differential equations is that we can then enormously
simplify the problem of solution uniqueness. First we show that the only solution satisfying
homogeneous boundary conditions (and, if applicable, zero initial conditions) is the constant
zero function (as in Lemma B3] above). Then it is easy to deduce uniqueness for boundary
conditions (and arbitrary initial conditions), as follows:

Theorem 6.14: Uniqueness of solutions for the Poisson Equation; Nonhomogeneous BC.

Let X C RP be a domain with a piecewise smooth boundary. Let ¢ : X — R be a
continuous function (describing an electric charge or heat source), and let b : 90X x [0,00) — R
be another continuous function (describing a boundary condition). Then there is at most one
solution function u : X x [0, 0c0] — R satisfying both of the following conditions:

[i] (Regularity) u € C*(X) and u € C%(int (X));
[ii] (Poisson Equation) Au = g;
...and satisfying either of the following nonhomogeneous boundary conditions:
(a) (Nonhomogeneous Dirichlet BC) u(x) = b(x) for all x € 0X.

(b) (Nonhomogeneous Robin BC) h(x))u(x) + h, (x)0, u(x) = b(x) for all x € 0X, where
h,h, :0X — [0,00) are two other nonnegative functions, and h is nontrivial.

Furthermore, if u; and ug are two functions satisfying [i| and [ii] and also satisfying:
(c¢) (Nonhomogeneous Neumann BC) 0, u(x) = b(x) for all x € 0X.
....then u1 = ug + C, where C is a constant.

Proof:  Suppose u; and ug were two functions satisfying [i] and [ii] and one of (a) or (b).
Let u = u; — ug. Then u satisfies [i] and [ii] and one of (a) or (c) in Lemma BI3] Thus,
u = 0. But this means that u; = us —i.e. they are really the same function. Hence, there
can be at most one solution. The proof for (c) is Exercise 6.10 . O

The uniqueness results for the Heat Equation and Wave Equation are similar.

Lemma 6.15: Uniqueness of the zero solution for the Heat Equation

Let X C RP be a domain with a piecewise smooth boundary. Suppose that u : Xx [0, oo] —
R satisfies all three of the following conditions:

[i] (Regularity) w is continuously differentiable on X x (0, 00);

[ii] (Heat Equation) d;u = Au;
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[iii] (Initial condition) u(x,0) = 0 for all x € X;

...and that u also satisfies any one of the following homogeneous boundary conditions:
(a) (Homogeneous Dirichlet BC) wu(x,t) = 0 for all x € 0X and t > 0.
(b) (Homogeneous Neumann BC) 0, u(x,t) = 0 for all x € 0X and t > 0.

(c¢) (Homogeneous Robin BC) h(x,t)u(x,t) + h, (x,t)0, u(x,t) = 0 for all x € X and
t >0, where h,h : 90X x [0,00) — [0, 00) are two other nonnegative functions.

Then u must be the constant 0 function: u = 0.

Proof: See [CB&7, §90] for the case D = 3. For the general case, see [Eva9ll Theorem 7 on
p.58 of §2.3]. O

Theorem 6.16: Uniqueness of solutions for the Heat Equation

Let X C RP be a domain with a piecewise smooth boundary. Let T : X — R be a
continuous function (describing an initial condition), and let b : 90X x [0,00) — R be another
continuous function (describing a boundary condition). Then there is at most one solution
function u : X x [0, 00] — R satisfying all three of the following conditions:

[i] (Regularity) wu is continuously differentiable on X x (0, 00);
[ii] (Heat Equation) d;u = Au;
[iii] (Initial condition) wu(x,0) = Z(x) for all x € X;

...and satisfying any one of the following nonhomogeneous boundary conditions:

(a) (Nonhomogeneous Dirichlet BC) wu(x,t) = b(x,t) for all x € 0X and t > 0.
(b) (Nonhomogeneous Neumann BC) 0, u(x,t) = b(x,t) for all x € 0X and t > 0.

(c¢) (Nonhomogeneous Robin BC) h(x,t)u(x,t)+h, (x,t)0, u(x,t) = b(x,t) for all x € 0X
and t > 0, where h,h, : 0X x [0,00) — [0, 00) are two other nonnegative functions.

Proof:  Suppose u; and ug were two functions satisfying all of [i], [ii], and [iii], and one of
(a), (b), or (c). Let u = u3 — uy. Then u satisfies all of [i], [ii], and [iii] in Lemma BT3, and
one of (a), (b), or (c) in Lemma Thus, v = 0. But this means that u; = us —i.e.
they are really the same function. Hence, there can be at most one solution. O
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Lemma 6.17: Uniqueness of the zero solution for the Wave Equation

Let X C RP be a domain with a piecewise smooth boundary. Suppose u : X x [0, 00] — R
satisfies all five of the following conditions:
(a) (Regularity) u € C?(X x (0,00));
(b) (Wave Equation) 9?u = Awu;
(c) (Zero Initial position) u(x,0) = 0, for all x € X;
(d) (Zero Initial velocity) 0,u(x,0) = 0 for all x € X;
(e) (Homogeneous Dirichlet BC) wu(x,t) = 0 for all x € 0X and t > 0.

Then w must be the constant 0 function: u = 0.

Proof: See [CB87, §92] for the case D = 1. For the general case, see [Evadll, Theorem 5 on
p.83 of §2.4]. O

Theorem 6.18: Uniqueness of solutions for the Wave Equation

Let X C RP be a domain with a piecewise smooth boundary. Let Iy, Z; : X — R be
continuous functions (describing initial position and velocity). Let b : 90X x [0,00) — R be
another continuous function (describing a boundary condition). Then there is at most one
solution function u : X x [0, 00] — R satisfying all five of the following conditions:

(a) (Regularity) u € C?(X x (0,00));

(b) (Wave Equation) 9?u = Awu;

(c) (Initial position) wu(x,0) = Zp(x) for all x € X.

(d) (Initial velocity) 0, u(x,0) = Z;(x) for all x € X.

(e) (Nonhomogeneous Dirichlet BC) wu(x,t) = b(x,t) for all x € X and t > 0.

Proof:  Suppose u; and uy were two functions satisfying all of (a)-(e). Let u = u; — uo.
Then u satisfies all of (a)-(e), in Lemma Thus, v = 0. But this means that u; = us
—i.e. they are really the same function. Hence, there can be at most one solution. O

Remark: Notice Theorems B.14] ET6l and apply under much more general conditions
than any of the solution methods we will actually develop in this book (i.e. they work for
almost any ‘reasonable’ domain, and we even allow the boundary conditions to vary in time).
This is a recurring theme in differential equation theory; it is generally possible to prove
‘qualitative’ results (e.g. about existence, uniqueness, or general properties of solutions) in
much more general settings than it is possible to get ‘quantitative’ results (i.e. explicit formulae
for solutions). Indeed, for most nonlinear differential equations, qualitative results are pretty
much all you can ever get.
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y

(A) f(z,y) = sin(z)sin(y) (B) g(z,y) = sin(x) + sin(y) (C) h(z,y) = cos(2x) + cos(y).

Figure 6.8: Problems #3al #B0 and #3d

6.7 Practice Problems

1.

Each of the following functions is defined on the interval [0, 7], in Cartesian coordinates.
For each function, decide: Does it satisfy homogeneous Dirichlet BC? Homogeneous
Neumann BC? Homogeneous Robirld] BC? Periodic BC? Justify your answers.

) u(r) = sin(3z).

) u(z) = sin(x) + 3sin(2z) — 4sin(7z).
(¢) u(z) = cos(z)+ 3sin(3z) — 2 cos(6z).
(d) u(z) = 3+ cos(2x) — 4cos(6z).

) u(x) = 5+ cos(2x) — 4cos(6z).

Each of the following functions is defined on the interval [—m, 7], in Cartesian coordinates.
For each function, decide: Does it satisfy homogeneous Dirichlet BC? Homogeneous
Neumann BC? Homogeneous Robirld BC? Periodic BC? Justify your answers.

(a) u(z) = sin(x) + 5sin(2x) — 2sin(3x).

3cos(x) — 3sin(2x) — 4 cos(2z).
(¢) u(xr) = 6+ cos(x) — 3cos(2z).

—~
o
g

—~
8

~

I

Each of the following functions is defined on the box [0,77]2. in Cartesian coordinates.
For each function, decide: Does it satisfy homogeneous Dirichlet BC? Homogeneous
Neumann BC? Homogeneous Robirld BC? Periodic BC? Justify your answers.

1 Here, ‘Robin’ B.C. means nontrivial Robin B.C. —ie. not just homogenous Dirichlet or Neumann.
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(a) f(z,y) = sin(z)sin(y) (Figure B3(A))
(b) g(z,y) = sin(z) +sin(y) (Figure EI(B))
(c) h(z,y) cos(2x) + cos(y) (Figure BJ(C))
(d) u(z,y) sin(5x) sin(3y).

(e) u(x,y) = cos(—2z)cos(7y).

4. Each of the following functions is defined on the unit disk D = {(r,6); 0 <r <1, and 6 € [0,27)}
in polar coordinates. For each function, decide: Does it satisfy homogeneous Dirichlet
BC? Homogeneous Neumann BC? Homogeneous Robirddl BC? Justify your answers.

(a) u(r,0) = (1—r?).

(b) u(r,0) = 1—1r3.

(c) u(r,0) = 3+ (1 —17r2)2
(d) u(r,0) = sin(0)(1 —r?)2.
(e) u(r,0) = cos(20)(e —e€").

5. Each of the following functions is defined on the 3-dimensional unit ball

B = {(739’80);0§T§1, 6 €[0,2r), and ¢ € [_TW’ g]}

in spherical coordinates. For each function, decide: Does it satisfy homogeneous Dirichlet
BC? Homogeneous Neumann BC? Homogeneous Robi BC? Justify your answers.

(r,0,0) = (1—1)2

—~
@

~—
g
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II1 Fourier Series on Bounded
Domains

It is a well-known fact that any complex sound is a combination of
simple ‘pure tones’ of different frequencies. For example, a musical chord
is a superposition of three (or more) musical notes, each with a different
frequency. In fact, a musical note itself is not really a single frequency at
all; a note consists of a ‘fundamental’ frequency, plus a cascade of higher
frequency ‘harmonics’. The energy distribution of these harmonics is part of
what gives each musical instrument its distinctive sound. The decomposition
of a sound into a combination of separate frequencies is sometimes called its
power spectrum. A crude graphical representation of this power spectrum
is visible on most modern stereo systems (the little jiggling red bars).

Fourier theory is based on the idea that a real-valued function is like a
sound, which can be represented as a superposition of ‘pure tones’ (i.e. sine
waves and/or cosine waves) of distinct frequencies. This powerful idea allows
a precise mathematical formulation of the above discussion of ‘cascades of
harmonics’, etc. But it does much more. Fourier theory provides a ‘coordi-
nate system’ for expressing functions, and within this coordinate system, we
can express the solutions for many partial differential equations in a simple
and elegant way. Fourier theory is also an essential tool in probability theory,
signal analysis, the ergodic theory of dynamical systems, and the represen-
tation theory of Lie groups (although we will not discuss these applications
in this book).

The idea of Fourier theory is simple, but to make this idea rigorous
enough to be useful, we must deploy some formidable mathematical machin-
ery. So we will begin by developing the necessary background concerning

inner products, orthogonality, and the convergence of functions.
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7 Background: Some Functional Analysis

7.1 Inner Products (Geometry)
Prerequisites: §5.70]

Let x,y € RP, with x = (z1,...,2p) and y = (y1,...,yp). The inner productﬂ of x,y
is defined:

(x,y) = xiy1+z2y2+...+2pyp.

The inner product describes the geometric relationship between x and y, via the formula:

(xy) = x|yl - cos(6)
where ||x|| and ||y|| are the lengths of vectors x and y, and 6 is the angle between them.
(Exercise 7.1 Verify this). In particular, if x and y are perpendicular, then § = £7, and then
(x,y) = 0; we then say that x and y are orthogonal. For example, x = H] and y = [_11}

are orthogonal in R?, while

1 0 0
0 0 1
u= , v=1| 1 |, and w=
0 2 0
1
0 2 0

are all orthogonal to one another in R%. Indeed, u, v, and w also have unit norm; we call any
such collection an orthonormal set of vectors. Thus, {u,v,w} is an orthonormal set, but
{x,y} is not.

The norm of a vector satisfies the equation:

lIx|]| = (m%+x%+...+x%)l/2 = <x,x>1/2.

If x1,...,xxN are a collection of mutually orthogonal vectors, and x = x1 + ... + X, then we
have the generalized Pythagorean formula:

Il =l |* + llxall + .+l

(Exercise 7.2 Verify the Pythagorean formula.)
An orthonormal basis of R” is any collection of mutually orthogonal vectors {vi,va,...,vp},
all of norm 1, so that, for any w € R, if we define wg = (w,v4) for all d € [1..D], then:

W = WwW1V] +wavy + ... +wWpVp

In other words, the set {vi,va,...,vp} defines a coordinate system for R, and in this coor-
dinate system, the vector w has coordinates (w1, ws,...,wp).

!This is sometimes this is called the dot product, and denoted “x o y”.
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f(x)

f H2 £2(x) dx

Figure 7.1: The L? norm of f: ||f|ly =1/ [ [f(2z)|? dz

A TR r— —

In this case, the Pythagorean Formula becomes Parseval’s Equality:
||W||2 =Wt 4

(Exercise 7.3 Deduce Parseval’s equality from the Pythagorean formula.)

Example 7.1:

1 0 0

0 1 0 ) _ b
(a) R S U B is an orthonormal basis for R”.

0 0 1

(b) If v = { V3/2 ] and v = { —1/2 ], then {vy,va} is an orthonormal basis of R2.

1/2 V3/2
Ifw= { Z ],thenwlz\/g—i—Q andw2:2\/§—1, so that
2 3/2 —-1/2
[4} =w1V1+w2V2=(\/§+2)-[\6£ ]4—(2\/5_1).[\/5?2]
Thus, Hng = 22 + 4% = 20, and also, by Parseval’s equality, 20 = w} + w? =
2 2
<\/§ + 2) + (1 — 2\/3) . (Exercise 7.4 Verify these claims.) &

7.2 L? space (finite domains)

All of this generalizes to spaces of functions. Suppose X C RP is some bounded domain,
and let M = fx 1 dx be the volumg of the domain X. The second column of Table [Tl provides

examples of M for various domains.

20r length, if D =1, or area if D = 2....
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Domain M Inner Product
T
Unit interval X = [0, 1] c R length M =1 <f, g> = f(:C) g(a:) dx
0
1 s
X =10,7] C R | length M=m | (fg) = —/ f(x)-g(x) dz
T Jo
T 1
Unit square X = [0,1] x [0, 1] Cc R? area M =1 | (f,g) = / / fz,y) - g(x,y) de dy
o Jo
1 ™ ™
T X 7 square XZ[O,?T]X[O,?T] C R2 area ]\4:7T2 <f,g>:—2/ / f(x,y)~g(:c,y) dx dy
™ Jo Jo
1 ™
Unit Disk 1
(pOlIalitcoésrds) X= {(T, 9) ;T < 1} c R? area M = <f7 g> = ;A - f(rv 9) 'Q(T, 9) r-df dr
T 1 /1
Unit cube X = [0,1] x [0,1] x [0,1] C R? | volume M =1 | {(f g)= / / flz,y,2) - g(x,y, 2) de dy dz
o Jo Jo

Table 7.1: Inner products on various domains.

If f,g: X — R are integrable functions, then the inner product of f and g is defined:

(f9) = %/Xf(x)-g(x) dx.

Example 7.2:

(a) Suppose X =1[0,3] ={r € R; 0< 2 <3}. Then M =3. If f(z) = 2>+ 1 and g(z) =
for all = € [0, 3], then

1

3 3
(f.9) = é/o f(x)g(x) dov = 3/0(x3+x)dx = 27474%,

(b) The third column of Table [L1l provides examples of (f, g) for various other domains. <

The L?-norm of an integrable function f : X — R is defined

e o FL T

(See Figure [Tl Of course, this integral may not converge.) The set of all integrable functions
on X with finite L2-norm is denoted L?(X), and is called L2-space. For example, any bounded,
continuous function f: X — R is in L?(X).
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Example 7.3: (a) Suppose X = [0,3], as in Example [, and let f(z) = x + 1. Then
f € L?[0, 3], because

3
g = () = =+ / (5 +1)2 da
0

3
1 /3 1 (23 =3
= —/ 424 1de = = x—+x2+x = 7,
3 Jo 33 -
hence || f[l, = V7 < .
(b) Let X = (0,1], and suppose f € C*(0,1] is defined f(z) := 1/z. Then ||f]|, = oo,
sof € L2(0,1]. o

Remark: Some authors define the inner product as (f,g) := fx ) dx, and define

the LZnorm as || f||, == ([y f*(x) dx) 2 In other words, these authors do not divide by the
volume M of the domain. This yields a mathematically equivalent theory. The advantage of
our definition is greater computational convenience in some situations. (For example, if 1x is
the constant 1-valued function, then in our definition, || 1x|, =1.) When comparing formulae
from different books, you should always check their respective definitions of L? norm.

L? space on an infinite domain: Suppose X C R” is a region of infinite volume (or length,
area, etc.). For example, maybe X = [0, 00) is the positive half-line, or perhaps X = R”. In
this case, M = oo, so it doesn’t make any sense to divide by M. If f, g : X — R are integrable
functions, then the inner product of f and g is defined:

/X £(%) - g(x) dx

1 if O0<z<7
: —_— = _‘x‘ f—
Example 7.4: Suppose X =R. If f(z) =e and g(x) = { 0 otherwise . then
= ! — 7 0 1
/ f(x)g(x) dx /O e Pdxr = (e"=e)) = 1- = &

The L2-norm of an integrable function f : X — R is defined

1/2
I, = (FHV? = (/ Plx dx> .

Again, this integral may not converge. Indeed, even if f is bounded and continuous everywhere,
this integral may still equal infinity. The set of all integrable functions on X with finite L?-norm
is denoted L?(X), and called L2-space. (You may recall that on page B3 of §&1I, we discussed
how L2-space arises naturally in quantum mechanics as the space of ‘physically meaningful’
wavefunctions.)
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_— : ~___ B / :
_ Ci(x) = cos (z) _ Si(z) = sin (x)
_ Cy(x) %_COS (2x) - 3 \Sg(lx) %sin/@x) - ]
Cs(x) = cos (3x) — S3(z) fbln\(3m) —
ANIVAN: NIVANIVA ) FANIVAS ANVAYN
/ \ L] /T / ) \ ' \
N IV 7]\ \/

Cz;(:c) = cos (4x)

S4(x) = sin (4x)

Figure 7.2: Cl, CQ, Cg, and C4; Sl, SQ, Sg, and S4

7.3 Orthogonality

Prerequisites: 711

Two functions f, g € L2(X) are orthogonal if (f, g) = 0.

Example 7.5: Treat sin and cos as elements of L2[—7, 7]. Then they are orthogonal:

(sin,cos) =

An orthogonal set of functions is a set {f1, fa, f3,...

1 s

27 J_,

sin(z) cos(x) dx

= 0.

(Exercise 7.5).

¢

} of elements in L2(X) so that

(fj> fx) = 0 whenever j # k. If, in addition, ||f;||, = 1 for all j, then we say this is an

orthonormal set of functions.

Fourier analysis is based on the orthogonality of certain

families of trigonometric functions. Example was an example of this, which generalizes as

follows....

Proposition 7.6:

Trigonometric Orthogonality on [—, 7]

For every n € N, define S,,(z) = sin (nz) and C,(z) = cos (nx). (See Figure [[2).

The set {Co, Cl, CQ, ..

In other words:

(@) (Sn,Sm) =

1 ™
%/_W sin(nz) sin(ma) dz

0 , whenever n # m.

.381,82,83,...} is an orthogonal set of functions for L?[—m, ).
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1 ™

(b) (C,,Cy) = Dy cos(nz) cos(mx) dr = 0, whenever n # m.
™ —T
1 s

(c) (Sy,Cp) = sin(nz) cos(ma) dx = 0, for any n and m.

2 ),

(d) However, these functions are not orthonormal, because they do not have unit norm.

Instead, for any n # 0,

1 (7 1 1 (7 1
ICull, = \/%/_Wcos(mv)2 de = 75 and |Sy|, = \/%/_ﬁsin(mv)2 de = 7

Proof: Exercise 7.6 Hint: Use the trigonometric identities: 2 sin(a) cos(8) = sin(a+ ) +sin(a—
B), 2sin(«)sin(8) = cos(a — ) — cos(a + ), and 2 cos(a) cos(B) = cos(a + ) + cos(a — ). O

Remark: Notice that Co(x) = 1 is just the constant function.

It is important to remember that the statement, “f and g are orthogonal” depends upon
the domain X which we are considering. For example, compare the following theorem to the

preceeding one...

Proposition 7.7: Trigonometric Orthogonality on [0, L]
Let L > 0, and, for every n € N, define S, (z) = sin (?) and C,(x) = cos (n_zx)

(a) The set {Cop, C1,Cs, ...} is an orthogonal set of functions for L?[0, L]. In other words:

1 /L
(Cn,Cp) = z/o Ccos (%m) Ccos (%x) dr = 0, whenever n # m.
However, these functions are not orthonormal, because they do not have unit norm.
1 [E nmw 2 1
Instead, for any n #0, |[C,l|, = \/—/ cos (—x) de = —.
iz L J L V2
(b) The set {S1,S2,Ss3,...} is an orthogonal set of functions for L?[0, L]. In other words:
1 L
(Sn,Sm) = E/o sin (%x) sin (%x) dx = 0, whenever n # m.
However, these functions are not orthonormal, because they do not have unit norm.

1 [E 2 1
Instead, for any n #0, |[|S,|l, = \/z/ sin (n%;g> dr = 7
0
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Figure 7.3: Four Haar basis elements: Hi, Ho, Hs, Hy

(¢) The functions C,, and S,,, are not orthogonal to one another on [0, L]. Instead:

0 if n+m is even
mm

(Sn,Cm) = %/Lsin (nL—ﬂx) cos (Tx) dr = on
0 e —

wn? = m2) if n+m is odd.

Proof: Exercise 7.7. O

Remark: The trigonometric functions are just one of several important orthogonal sets of
functions. Different orthogonal sets are useful for different domains or different applications.
For example, in some cases, it is convenient to use a collection of orthogonal polynomial func-
tions. Several orthogonal polynomial families exist, including the Legendre Polynomials (see
§ [54 on page BR3)), the Chebyshev polynomials (see Exercise [Z2(e) on page of §14:2(a))),
the Hermite polynomials and the Laguerre polynomials. See [Bro89, Chap.3| for a good intro-
duction.
In the study of partial differential equations, the following fact is particularly important:

Let X € RP be any domain. If f,g : X — C are two eigenfunctions of the
Laplacian with different eigenvalues, then f and g are orthogonal in L2(X).

(See Proposition on page [[37 of L0 for a precise statement of this.) Because of this, we
can get orthogonal sets whose members are eigenfunctions of the Laplacian (see Theorem [Z3]]
on page of C0)). These orthogonal sets are the ‘building blocks’ with which we can
construct solutions to a PDE satisfying prescribed initial conditions or boundary conditions.
This is the basic strategy behind the solution methods of Chapters

Exercise 7.8 Figure[[3 portrays the The Haar Basis. We define Hy = 1, and for any natural
number N € N, we define the Nth Haar function Hy : [0,1] — R by:

2 2 1
1 if 2—2 <z < 7;:]_ , for some n € [0..2NV71);
Hy(z) =
ol m+2 Noi
-1 i oN = r < oN or some n € [O...2 )
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T I T T I T
1/ 4 1/12 3/'4 1
W, \
T T T T I T T T T
1/ 4 1/°2 3/'4 1 j 1}4 1/2 3/i4 1
W,
W, o 21
I P P R ' P R P A
1/ 4 1/2 3/'4 1 1/ 4 1/'2 3/'4 1
W, o W31
T T T I T T I T
1}4 1/'2 3/i4 1 1}4 1/'2 3/a 1
W,
W3;2 3;3

Figure 7.4: Seven Wavelet basis elements: W1 o; Woo, Wa1; W3o, W31, W3y, W33

(a) Show that the set {Hg, Hy, Ho, Hs, ...} is an orthonormal set in L2[0, 1].
(b) There is another way to define the Haar Basis. First recall that any number x € [0, 1] has a unique
binary expansion of the form

where x1, 9, T3, 24, ... are all either 0 or 1. Show that, for any n > 1,

1 if x,=0;

me - o= ] §

T, = 1.

Exercise 7.9 Figure [[4 portrays a Wavelet Basis. We define Wy = 1, and for any N € N
and n € [0..2V71), we define

. 2n 2n+1
Wy (z) = o o2ntl 2n +2
-1 1 o <z N
0 otherwise.

Show that the the set
{Wo; Wi 0;Wa0, W3 13 W30, W31, W39, W33 Wy, ..., Wy Wsg,..., Wg5;...}

1

is an orthogonal set in L2[0, 1], but is not orthonormal: for any N and n, we have [|[W,,n ||, = SN2
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fL(x) f2(x 2
e [TV o i
£, (%) £2(x) :
f_(x) f2
s | 12 (X e [[£0 [ ]
f,(x) f2(x) 2
g 4 - HfAHZ B
. : G oo ¥ v
o ws O] =0

v

-

Figure 7.5: The sequence {fi, f2, f3,...} converges to the constant 0 function in L?(X).

7.4 Convergence Concepts

Prerequisites: §5.70]

If {z1,22,23,...} is a sequence of numbers, we know what it means to say “lim x,, = x”.
n—oo

We can think of convergence as a kind of “approximation”. Heuristically speaking, if the
sequence {z, 22 converges to x, then, for very large n, the number z,, is approzimately equal
to x.

If {f1, fo, f3, ...} was a sequence of functions, and f was some other function, then we might
want to say that “nli_{glo fn = f". We again imagine convergence as a kind of “approximation”.
Heuristically speaking, if the sequence {f,}2, converges to f, then, for very large n, the
function f,, is a good approximation of f.

However, there are several ways we can interpret “good approximation”, and these in turn
lead to several different notions of “convergence”. Thus, convergence of functions is a much
more subtle concept that convergence of numbers. We will deal with three kinds of convergence
here: L2-convergence, pointwise convergence, and uniform convergence.

7.4(a) L? convergence

If f,g € L?(X), then the L?-distance between f and g is just

1 1/2 /1dX if X is a finite domain;
17 =gl = (57 [1769 9G0P ax) . s 31 = o

1 if X is an infinite domain.
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If we think of f as an “approximation” of g, then | f — g||, measures the root-mean-squared
error of this approximation.

Lemma 7.8: |e], is a norm. That is:
(a) Forany f:X —RandreR, [r-flly = |r[- [,

(b) (Triangle Inequality) For any f,g: X — R, [f+gl, < [[flla+ llgll-

Proof: Exercise 7.10 O

If {f1, fo, f3,...} is a sequence of successive approximations of f, then we say the sequence
converges to f in L% if lim ||f, — f|l, = O (sometimes this is called convergence in mean).
n—oo

See Figure We then write f = L% lim f,.
n—oo

Example 7.9: In each of the following examples, let X = [0, 1].

‘ (1 if ln<z<2/n
(a) Suppose fn(z) = { 0  otherwise

(Figure[ZBA). Then || f, ||, = (Exercise 7.11).

1
N
1
Hence, lim [|fy|l, = lim —= = 0, so the sequence {fi, f2, f3,...} converges to the

n—oo n—oo \/ﬁ

constant 0 function in L2[0, 1].

(b) Foralln € N, let f,(x) =

{ n if 1/TZ<IE < 2/na (Flgure)TheannHQ _ \/ﬁ

0 otherwise

(Exercise 7.12). Hence, lim ||f,|l, = lim v/n = oo, so the sequence {f1, fa, f3,...}
n—oo n—oo
does not converge to zero in L2[0, 1].

1 if |%—x|<%;

o0
0 otherwise Then the sequence {f,}>%,

(c) For each n € N, let f,(z) = {

converges to 0 in L. (Exercise 7.13)

1
)
fio00; these picture strongly suggest that the sequence is converging to the constant 0
function in L2[0, 1]. The proof of this is Exercise 7.14 .

(d) For all n € N, let f,(x) = Figure [0 portrays elements f1, fi0, f100, and

(¢) Recall the Wavelet functions from Example [Z8(b). For any N € N and n € [0.2V 1),

1
we had HWN,nHQ = m

the constant 0 function in L2[0, 1]. &

Thus, the sequence of wavelet basis elements converges to
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. 2‘ f2 IR
< ) % P <« % _L'
1 —
fa s
s 3 P
M 3 3 T ﬁ 3 3 T
1 fa 4 fa
< T— > < T— >
1 3 1 1 2 1
5 —
A g
1 Tz o
< > “— >
v 5 3 1 5 3 1
A
6
o
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Figure 7.6: (A) Examples [[%(a), [[TT)(a), and [C15(a);

(B) Examples [L3(b) and [LTT(b).
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e “

_ 1 - 1
fioo(x) = 17100-[o— ] Frooo(z) = 14+1000- [z—1 |
Figure 7.7: Examples[C%(c) and[CTT(c): If f,,(x) = m, then the sequence { f1, f2, f3, ...}
2

converges to the constant 0 function in L2[0, 1].

Note that, if we define g, = f — f,, for all n € N, then
(fnmfinL2> = (ganmLQ)

Hence, to understand L2-convergence in general, it is sufficient to understand L2-convergence
to the constant 0 function.
7.4(b) Pointwise Convergence

Convergence in L? only means that the average approximation error gets small. It does not
mean that lim f,(x) = f(x) for every x € X. If this equation is true, then we say that the
n—oo

sequence {f1, fo,...} converges pointwise to f (see Figure [[§). We then write f = lim f,.
n—oo

Pointwise convergence is generally considered stronger than L? convergence because of the
following result:

Theorem 7.10: Let X C R” be a bounded domain, and let {f1, fa,...} be a sequence of
functions in L*(X).

1. All the functions are uniformly bounded —that is, there is some M > 0 so that | f,(z)| <
M for alln € N and all x € X.

2. The sequence {f1, f2,...} converges pointwise to some function f € L?(X).

Then the sequence {f1, f2,...} also converges to f in L?(X). 0

Example 7.11: In each of the following examples, let X = [0, 1].
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Y /
< + 7 »
59 \‘:/ oo
A T (X)e 2

Figure 7.8: The sequence {fi, fo, f3,...} converges pointwise to the constant 0 function.
Thus, if we pick some random points w,z,y,z € X, then we see that lim f,(w) = 0,
n—oo

lim f,(x) =0, lim f,(y) =0, and lim f,(2)=0.

"""" //\\\ -3 A
= = = = = »*’1**’*f
g1(2) 1+1- |:vf*| 95(@) 1+5-|z— 5
El ]
: /“\ )P\
VNG - Yl \‘\%
g10(z) [EET P g15(2) 1415z — 2
—h 3
7’)\\ B /:/‘“\\
930(%) = T 950(2) = T
1430 [z— &5 | 1450- |z— 155 |

Figure 7.9: Examples [LTT(d) and [ZI0I(d): If g,(x) m, then the sequence
2n

{91,92,93,...} converges pointwise to the constant 0 function on [0, 1].



74. CONVERGENCE CONCEPTS 125

1 if 1/n <z <2/n;
0 otherwise

(a) Asin Example[L3(a), for each n € N, let f,,(x) = { . (FigllgA).
The sequence {f,}72; converges pointwise to the constant 0 function on [0,1]. Also, as
predicted by Theorem [LT10 the sequence {f,}°2; converges to the constant 0 function
in L? (see Example [[0(a)).

. n if 1/n<x<2/n; .
73 = 7HB).

(b) Asin Example[Z9(b), for each n € N, let f,,(x) { 0 otherwise (FigllaB)
Then this sequence converges pointwise to the constant 0 function, but does not converge
to zero in L2[0, 1]. This illustrates the importance of the boundedness hypothesis in The-

orem [ZT0}

1 if |% — x| < %;
0 otherwise
sequence {f,,}°; does not converges to 0 in pointwise, although it does converge in L.

(¢) As in Example [[9(c), for each n € N, let f,(z) = { . Then the

1

(d) Recall the functions f,(z) = T

functions converges to zero in L2[0, 1], however, it does not converge to zero pointwise
(Exercise 7.15).

from Example [[3(d). This sequence of

1
1+n- |x - % '
trays elements g1, g5, 910, 915, 930, and gso; These picture strongly suggest that the
sequence is converging pointwise to the constant 0 function on [0, 1]. The proof of this

is Exercise 7.16 .

(e) For all n € N, let g,(z) = Figure on the preceding page por-

(f) Recall from Example [[J(e) that the sequence of Wavelet basis elements {W ., } con-
verges to zero in L2[0,1]. Note, however, that it does not converge to zero pointwise
(Exercise 7.17 ). O

Note that, if we define g, = f — f,, for all n € N, then
( fn —— f pointwise > <= ( Jn —— 0 pointwise >

n—o0 n—o0

Hence, to understand pointwise convergence in general, it is sufficient to understand pointwise
convergence to the constant 0 function.

7.4(c) Uniform Convergence

There is an even stronger form of convergence. The uniform norm of a function f is defined:

17l = sup |62

This measures the farthest deviation of the function f from zero (see Figure [L10).
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f(x)

|1 (0]

Figure 7.10: The uniform norm of f is given: ||f| ., = sup,cx |f(2)].

Figure 7.11: If || f — g||, < €, this means that g(x) is confined within an e-tube around f for
all z.
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Figure 7.12: (A) The uniform norm of f(z) = 223 — 1o (Example [[T12). (B) The uniform
distance between f(z) = 2(z + 1) and g(z) = 2z (Example [I4). (C) gn(z) = |z — %VL, for
n=1,2,3,4,5 (Example (20))

Example 7.12: Suppose X = [0,1], and f(z) = 32* — {2 (as in Figure [CIZJA). The

minimal point of f is x = %, where f(%) = T5. The maximal point of f is x = 1,
where f(1) = &. Thus, |f(z)| takes a maximum value of -5 at either point, so that
1, 1 1
= sup |z2°—-x| = —.
Il = sp |35 = 32| = o

Lemma 7.13: |/e|| is a norm. That is:
(a) Forany f:X —RandreR, |r-flo = [r[[Ifll-
(b) (Triangle Inequality) For any f,g:X —R, [[f+glle < [[flle + [l9lloo-

Proof: Exercise 7.18 O

The uniform distance between two functions f and g is then given by:
1 = gllos = sup|£(x) = g(x)]
xeX

One way to interpret this is portrayed in Figure [[LTIl Define a “tube” of width € around the
function f. If || f — g||,, < €, this means that g(z) is confined within this tube for all x.

Example 7.14: Let X = [0, 1], and suppose f(z) = z(x + 1) and g(z) = 2z (as in Figure
[LT2B). For any z € [0,1],

F@) —g@)] = |o?+a—20] = [o?—a] = s-a
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—g (x) = F(%)
/ 00

\//\_v :

Figure 7.13: The sequence {g1, 92,93, ...} converges uniformly to f.

(because it is nonnegative). This expression takes its maximum at z = 1 (to see this, take

1
the derivative), and its value at = 1 is 1. Thus, |f —gll,, = sup ‘:c(x - 1)‘ =1 O
zeX

Let {g1,92,93,...} be functions from X to R, and let f : X — R be some other function.

The sequence {g1, g2, 93, ...} converges uniformly to f if lim |g, — f|., = 0. We then
n—oo
write f = unif—lim g,. This means not only that lim g,(x) = f(x) for every x € X
n—oo n—oo

but furthermore, that the functions g, converge to f everywhere at the same “speed”. This
is portrayed in Figure For any € > 0, we can define a “tube” of width € around f, and,
no matter how small we make this tube, the sequence {g1, g2, g3, ...} will eventually enter this
tube and remain there. To be precise: there is some N so that, for all n > N, the function g,
is confined within the e-tube around f —ie. ||f — gn|, <e€.

Example 7.15: In each of the following examples, let X = [0, 1].
(a) Suppose, as in Example [[TT(a) on page (23, and Figure on page [[2Z2 that

(@) = 1 if % <z < %;

In - 0  otherwise.

Then the sequence {g1,¢2,...} converges pointwise to the constant zero function, but
does not converge to zero uniformly on [0,1]. (Exercise 7.19 Verify these claims.).
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(b) If gn(z) = |o — L[" (see Figure [LIZC), then ||gn|, = 5= (Exercise 7.20 ). Thus,
the sequence {gl, g2, ...} converges to zero uniformly on [0, 1], because lim | gn]l,
n—oo
nhiEO on = 0.

(c) If gn(x) = 1/n for all z € [0, 1], then the sequence {g1, g2, ...} converges to zero uniformly
n [0,1] (Exercise 7.21).

(d) Recall the functions g, (z) = m from Example [[TTe) (Figure [L9 on page [24).

The sequence {g1, g2, . . .} converges pointwise to the constant zero function, but does not
converge to zero uniformly on [0,1]. (Exercise 7.22 Verify these claims.). &

Note that, if we define g, = f — f,, for all n € N, then

( fn === f uniformly ) = ( gn ——= 0 uniformly )

Hence, to understand uniform convergence in general, it is sufficient to understand uniform
convergence to the constant 0 function.

Important: ( Uniform convergence > — ( Pointwise convergence > .
Also, if the sequence of functions is uniformly bounded and X is compact, we have
( Pointwise convergence > = ( Convergence in L? >
However, the opposite implications are not true. In general:
( Convergence in L2 ) #+= ( Pointwise convergence ) += ( Uniform convergence )

Thus, uniform convergence is the ‘best’ kind of convergence; it has the most useful conse-
quences, but is also the most difficult to achieve (in many cases, we must settle for pointwise
or L2 convergence instead). For example, the following consequence of uniform convergence is
extremely useful:

Proposition 7.16: Let {fi, f2, f3,...} be continuous functions from X to R, and let f :
X — R be some other function. If f,, —— f uniformly, then f is also continuous on X.

Proof: Exercise 7.23 (Slightly challenging; for students with some analysis background) O

Note that Proposition is false if we replace ‘uniformly’ with ‘pointwise’ or ‘in L2.
Sometimes, however, uniform convergence is a little too much to ask for, and we must settle
for a slightly weaker form of convergence.

Let X C R” be some subset (not necessarily closed). Let {g1, g2, 93, ...} be functions from
X to R, and let f : X — R be some other function. The sequence {g1, 92,93, ...} converges
semiuniformly to f if:
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(a) {g91,92,93,-..} converges pointwise to f on X; i.e. f(z) = lim g,(z) for all x € X.
n—oo

(b) {91,92,93,...} converges uniformly to f on any closed subset of X. In other words, if
Y C X is any closed set, then

lim (sup If(y)—gn(y)l> = 0.
n—oo yeY

Heuristically speaking, this means that the sequence {g,}°; is ‘trying’ to converge to f
uniformly on X, but it is maybe getting ‘stuck’ at some of the boundary points of X.

Example 7.17: Let X := (0,1). Recall the functions g,(z) = ﬁ from Figure on
2n

page By Example [LT5(d) on page [2Z9, we know that this sequence doesn’t converge
uniformly to 0 on (0,1). However, it does converge semiuniformly to 0. First, we know it
converges pointwise on (0,1), by Example [[ITl(e) on page [2ZA Second, if 0 < a < b <
1, it is easy to check that {g,}7>; converges to f uniformly on the closed interval [a,b]
(Exercise 7.24). It follows that {g,}°, converges to f uniformly on any closed subset of

(0,1). &

Note: If X itself is a closed set, then semiuniform convergence is equivalent to uniform
convergence, because condition (b) means that the sequence {g,}>; converges uniformly
(because X is a closed subset of itself).

However, if X is not closed, then the two convergence forms are not equivalent. In general,

( Uniform convergence ) = ( Semiuniform convergence ) = ( Pointwise convergence ) .

However, the the opposite implications are not true in general.
7.4(d) Convergence of Function Series

o

Let {f1, f2, f3, ...} be functions from X to R. The function series Z fn is the formal infinite
n=1

summation of these functions; we would like to think of this series as defining another function

o
from X to R. . Intuitively, the symbol “Z frn” should represent the function which arises as

n=1
N
the limit A}im Fy, where, for each N € N, Fy(x) := an(ac) = fi(z)+ folx)+- -+ fn(2)
e n=1

is the Nth partial sum. To make this previse, we must_specify the sense in which the partial
sums {F, Fy,...} converge. If F': X — R is this putative limit function, then we say that
o0

the series Z e
n=1

N 00
e ..converges in L2 to F if F = L% lim Z fn- We then write I = Z -
n=1 n=1

N—oo L2
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e ..converges pointwise to F if, for each z € X, F(z) = lim an(x) We then

oo
write F' = an
n=1

N o0
e ...converges uniformly to F'if F = unif—j\}i_r}noo Zl Jn- We then write F' = Zl fn-
n= n=

The next three results provide useful conditions for the uniform convergence of an infinite
summation of functions; these will be important in our study of Fourier series and other
eigenfunction expansions in Chapters B to [k

Proposition 7.18: Weierstrass M-test

Let {f1, f2, f3,...} be functions from X to R. For every n € N, let M, := ||f,|| . Then

oo oo
< The series Z fn converges uniform]y) — < Z M, < o )
n=1

n=1

Proof: “«<=" Exercise 7.25 (a) Show that the series converges pointwise to some limit function
fX—R.

S

o) n=N+1

(b) For any N € N, show that

N
F72fn

e}
(c) Show that ngnoo Z M, = 0.
n=N+1

“—" Exercise 7.26 . O

Proposition 7.19: Cauchy's Criterion

M
Let {f1, fa, f3,...} be functions from X toR. For every N € N, let Cy := sup Z fn
M>N |||

n=1

o0
Then < The series Z fn converges uniform]y) — ( A}Enoo Cy =0 )

Proof: See [CB&7, §88]. O
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Proposition 7.20: Abel's Test
Let X ¢ RN and Y ¢ RM™ be two domains. Let {f1, fa, f3,...} be a sequence of functions
o

from X to R, such that the series an converges uniformly on X. Let {g1,¢2,93,...} be
n=1
another sequence of functions from Y to R, and consider the sequence {hy, ha, ...} of functions

from X x Y to R, defined by hy(z,y) := fn(x)gn(y). Suppose:

(a) The sequence {g,}5>, is uniformly bounded; i.e. there is some M > 0 such that
lgn(y)| < M for allm € N and y € Y.

(b) The sequence {g, }>° ; is monotonic; i.e. either gi(y) < g2(y) < g3(y) < --- forally € Y,
or g1(y) = g2(y) > ga(y) > --- for ally € Y.

o

Then the series Z hyn, converges uniformly on X x Y. O
n=1

Proof: See [CB87, §88]. O

Further Reading:

Most of the ‘mathematically rigorous’ texts on partial differential equations (such as [CB87] or
[FvadTll, Appendix D]) contain detailed and thorough discussions of L? space, orthogonal basis,
and the various convergence concepts discussed in this chapterE This is because almost all
solutions to partial differential equations arise through some sort of infinite series or approx-
imating sequence; hence it is essential to properly understand the various forms of function
convergence and their relationships.

The convergence of sequences of functions is part of a subject called real analysis, and any
advanced textbook on real analysis will contain extensive material on convergence. There are
many other forms of function convergence we haven’t even mentioned in this chapter, including
L? convergence (for any value of p between 1 and oo), convergence in measure, convergence
almost everywhere, and weak* convergence. Different convergence modes are useful in different
contexts, and the logical relationships between them are fairly subtle. See [Fol84l §2.4] for
a good summary. Other standard references are [WZ77, Chap.8], [KETH, §28.4-§28.5; §37],
[Rud8&7] or [Roy&§].

The geometry of infinite-dimensional vector spaces is called functional analysis, and is
logically distinct from the convergence theory for functions (although of course, most of the
important infinite dimensional spaces are spaces of functions). Infinite-dimensional vector
spaces fall into several broad classes, depending upon the richness of the geometric and topo-
logical structure, which include Hilbert spaces [such as L?(X)], Banach Spaces [such as C(X) or
LY(X)] and locally convex spaces. An excellent introduction to functional analysis is [Con9()].
Another standard reference is [Fol84, Chap.5]. Hilbert spaces are the mathematical foundation
of quantum mechanics; see [Pru&1, [BEH94].

3However, many of the more ‘applications-oriented’ introductions to PDEs do not discuss these matters, or
at least, not very precisely.
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7.5 Orthogonal/Orthonormal Bases
Prerequisites: {71 Recommended:

An orthogonal basis for L?(X) is an infinite collection of functions {fi,fs,fs,...} such
that:

o {fi,fy,f3,...} form an orthogonal set, ie. (f;,f;) =0 whenever k # j.

f o0
e For any g € L?(X), if we define ~, = (&, fn) for all n € N, then g = nynfn.
n=1

2 9
(1€ 115
N
Recall that this means that A}im g — Z Yofnll = 0. In other words, we can approximate
—00
n=1 2

g as closely as we want in L? norm with a partial sum i Ynfn, if we make N large enough.
An orthonormal basis for L?(X) is an infinite coll%itlion of functions {fy, f,fs,...} such
that:
o |[fy]|, =1 for every k.
o {f,f5,f3,...} is an orthogonal basis for L?(X). In other words, (fy, f;) = 0 whenever k #
o0

4, and, for any g € L?(X), if we define v,, = (g, f,) foralln € N, then g = Z'ynfn.
n=1
One consequence of this is

Theorem 7.21: Parseval's Equality
Let {f;,fs,f3,...} be an orthonormal basis for L*(X), and let g € L*(X). Let v, = (g,f,)

o.]
for alln € N. Then ||g|2 = 3 Jyal*. -
n=1

The idea of Fourier analysis is to find an orthogonal basis for an L?-space, using familiar
trigonometric functions. We will return to this in Chapter B

7.6 Self-Adjoint Operators and their Eigenfunctions (x)

Prerequisites: g3 6.0

A linear operator F : RP — RP is self-adjoint if, for any vectors x,y € RP,

(F(x), y) = (x, F(y))-



134 CHAPTER 7. BACKGROUND: SOME FUNCTIONAL ANALYSIS

Example 7.22: The matrix 52 _12 defines a self-adjoint operator on R?, because for any
X = [2} and y = [Z;} in R?, we have

FEy) = ([m3z][u]) = w (e 20) £ v (v - 2m)

= 2 <y1 — 2y2> + T (y2 - 2y1) = <[2} ; [Séingb
= x F(y)-

Theorem 7.23: Let F : RP — RP be a linear operator with matrix A. Then F is self-
adjoint if and only if A is symmetric (i.e. a;; = aj; for all j, 1)

Proof: Exercise 7.27. O

A linear operator L : C*° — C™ is self-adjoint if, for any two functions f,g € C*,

(LIf], g) = (f, Llg])

whenever both sides are Well—deﬁnedﬁ.

Example 7.24: Multiplication Operators are Self-Adjoint.

Let X C R” be any bounded domain. Let C* := C*®(X;R). Fix ¢ € C>®(X), and define the
operator Q : C*° — C* by Q(f) := ¢q - f for any f € C*°. Then Q is self-adjoint. To see
this, let f,g € C*°. Then

4 f.g) = /X(q~f)-gd:v - /Xf-<q~g> dx = (f, q-g)

(whenever these integrals are well-defined). O

Let L > 0, and consider the interval [0, L]. Recall that C*°[0, L] is the set of all smooth
functions from [0, L] into R, and that....

C5°[0, L] is the space of all f € C*°[0, L] satisfying homogeneous Dirichlet boundary conditions:

F(0) = 0= f(L) (sce $.5(a))-

C°[0, L] is the space of all f € C*°[0, L] satisfying f : [0, L] — R satisfying homogeneous
Neumann boundary conditions: f'(0) =0 = f/'(L) (see §6.5(b)]).

c [0, L] is the space of all f € C*°[0, L] satisfying f : [0, L] — R satisfying periodic boundary
conditions: f(0) = f(L) and f/'(0) = f'(L) (see §6.5(d)).

“This is an important point. Often, one of these inner products (say, the left one) will not be well-defined,

because the integral / L[f] - g dz does not converge, in which case “self-adjointness” is meaningless.
X
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Cf’:’,u [0, L] is the space of all f € C*°|[0, L] satisfying homogeneous mized boundary conditions,
for any fixed real numbers h(0), h, (0), h(L) and h (L) (see §6.5(c)).

When restricted to these function spaces, the one-dimensional Laplacian operator 92 is
self-adjoint....

Proposition 7.25: Let L > 0, and consider the operator 82 on C*|0, L].
(a) 02 is self-adjoint when restricted to C§°[0, L.
(b) 92 is self-adjoint when restricted to C*°[0, L].
(c) 02 is self-adjoint when restricted to C2 [0, L].

(d) 02 is self-adjoint when restricted to C?L?hJ_ [0, L], for any h(0), h, (0), h(L) and h (L) in
R.

Proof: Let f,g:[0,L] — R be smooth functions. We apply integration by parts to get:

(02 f, 9y = /Of”(w)-g(w) de = f'(x)- gl IL /f )dx (7.1)

(whenever these integrals are well-defined). But now, if we apply Dirichlet, Neumann, or
Periodic boundary conditions, we get:

el ’(L) 0 — f(0)-0 =0 (Dirichlet)
f@)-g(x)] = fI(L) g(L)—f(0)-9(0) = 0-9(L) — 0-9(0) =0 (Neumann)
= £10)-g(0) — f(0)-g(0) =0 (Periodic)

=0 in all cases.

Thus, the first term in ([ZT]) is zero, so 82 I 9) / f(z

But by the same reasoning, with f and ¢ interchanged, / fl(x)-¢(x) de = <f, 0> g>.
0

Thus, we’ve proved parts (a), (b), and (c). To prove part (d),

P g = ey — £0)-600)
_ h(L) h(0)
=L
- MW - 00 = @@
Hence, substituting f(z) - ’(x) =t for f'(z) - g(x) xij in ([ZI), we get: (92f, g) =

/Of”(w)-g /f o) - (f. 02g). g

Proposition [.2ZH generalizes to higher-dimensional Laplacians in the obvious way:
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Theorem 7.26: Let L > 0.

(a) The Laplacian operator A is self-adjoint on any of the spaces: CgO[O,L]D, CEO[O,L]D,
Ci5y, 10, L}” orc® 0, L)”.
(b) More generally, if X C R is any bounded domain with a smooth boundaryﬁ, then the
Laplacian operator A is self-adjoint on any of the spaces: C§° [O,L]D, CEO[O,L]D, or
D
C,C;‘fhl [0,L]".
In other words, the Laplacian is self-adjoint whenever we impose homogeneous Dirichlet, Neu-
mann, or mixed boundary conditions, or (when meaningful) periodic boundary conditions.

Proof: (a) Exercise 7.28 Hint: The argument is similar to Proposition [ZZ8 Apply integration
by parts in each dimension, and cancel the “boundary” terms using the boundary conditions.

(b) (Sketch) The strategy is similar to (a) but more complex. If X is an arbitrary bounded
open domain in R”, then the analog of ‘integration by parts’ is an application of the Gauss-
Green-Stokes Theorem. This allows us to reduce an integral over the interior of X to an
integral on the boundary of X; at this point we can use homogeneous boundary conditions
to conclude that this boundary integral is zero. O

If Ly and Lo are two self-adjoint operators, then their sum L; + Lo is also self-adjoint
(Exercise 7.29).

Example 7.27: Let s,q: [0, L] — R be differentiable. The Sturm-Liouville operator
SLoglfl = s f'+50f +q-f
is self-adjoint on any of the spaces C5°[0, L], C3°[0, L], C’C:?M [0, L] or C2 [0, L].
To see this, notice that
Leglfl = (s- ) +(a-f) = SIfI+Qlf], (7.2)

where Q[f] = ¢ - f is just a multiplication operator, and S[f] = (s- f’)’. We know that Q is
self-adjoint from Example [[24l We claim that S is also self-adjoint. To see this, note that:

L
Sl a) = [ @) o) do
z=L =L L
5 @) F@ @] = @@ @]+ [ @) @) ) o
L
5 | 1@ @ = (fskD.

Here, (*) is integration by parts twice over, and (}) follows from any of the cited boundary
conditions as in Proposition on the preceding page (Exercise 7.30). Thus, S is self-
adjoint, so SLs ; = S + Q is self-adjoint. &

Self-adjoint operators are nice because their eigenfunctions are orthogonal.

®See page of §6.01
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Proposition 7.28: Suppose L is a self-adjoint operator. If f| and fs are eigenfunctions of L
with eigenvalues A\ # Ao, then f1 and fo are orthogonal.

Proof: By hypothesis, L[fix] = Ax - fx, for K =1,2. Thus,

At (f1, fo) = (M- f1, fo) = (Lif1], f2a) = (f1, Lif2]) = (f1, A2~ f2) = Xo-(f1, f2),

(%)

where (%) follows from self-adjointness. Since A; # Ao, this can only happen if (fi, f2) = 0.
O

Example 7.29: Eigenfunctions of 92

(a) Let 02 act on C*®°[0,L]. Then all real numbers A € R are eigenvalues of 92. For any
p € R,

e If A\ = ;2 > 0, the eigenfunctions are of the form ¢(z) = Asinh(u- )+ B cosh(u - z)
for any constants A, B € R.

e If A = 0, the eigenfunctions are of the form ¢(x) = Ax + B for any constants
A, BeR.

e If A = —u? < 0, the eigenfunctions are of the form ¢(z) = Asin(u- )+ B cos(u - x)
for any constants A, B € R.

Note: Because we have not imposed any boundary conditions, Proposition does
not apply; indeed 92 is not a self-adjoint operator on C*[0, L.

(b) Let 02 act on C*([0,L];C). Then all complex numbers A € C are eigenvalues of 92.
For any u € C, with A = 2, the eigenvalue \ has eigenfunctions of the form ¢(z) =
Aexp(p - x) + Bexp(—p - x) for any constants A, B € C. (Note that the three cases of
the previous example arise by taking A € R.)

Again, Proposition does not apply in this case, and 9?2 is not a self-adjoint operator
on C*([0, L]; C).
nm\ 2

(c) Now let 92 act on Cg°[0, L]. Then the eigenvalues of 92 are )\, = — (—) for every
n € N, each of multiplicity 1; the corresponding eigenfunctions are all scalar multiples
of Sp(z) = sin (2%).

N 2

(d) If 02 acts on C°[0, L], then the eigenvalues of 97 are again A, = — (f) for every

n € N, each of multiplicity 1, but the corresponding eigenfunctions are now all scalar

multiples of C,,(z) = cos (%) Also, 0 is an eigenvalue, with eigenfunction Cy = 1.

(e) Let h > 0, and let 92 act on C = {f € C*®[0,L]; f(0)=0and h- f(L)+ f'(L) = 0}.
Then the eigenfunctions of 92 are all scalar multiples of

O, (z) = sin (py, - ),
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with eigenvalue )\, = —u2, where p,, > 0 is any real number so that
tan(L - pn) = _5"

This is a transcendental equation in the unknown u,,. Thus, although there is an infinite
sequence of solutions {pg < p1 < p2 < ...}, there is no closed-form algebraic expression
for p,. At best, we can estimate u, through “graphical” methods.

(f) Let h(0), h, (0), h(L), and h (L) be real numbers, and let 92 act on Cﬁth [0, L]. Then
the eigenfunctions of 92 are all scalar multiples of

®,,(z) = sin <9n + fiy - :c) ,

with eigenvalue A, = —u2, where 6, € [0,27] and p, > 0 are constants satisfying the
transcendental equations:

h,(0)
h(0)

tan (0,,) = pp - and tan (up-L+6,) = —py - (Exercise7.31)

In particular, if 2, (0) = 0, then we must have § = 0. If h(L) = h and h, (L) = 1, then
we return to Example (e).
2
(g) Let 92 act on C> [=L, L]. Then the eigenvalues of 02 are again \, = — E) , for every

n € N, each having multiplicity 2. The corresponding eigenfunctions are of the form
A-S,(z)+ B-C,, for any A, B € R. In particular, 0 is an eigenvalue, with eigenfunction
Cy=1.

2
(h) Let 92 act on C> ([=L,L]; C). Then the eigenvalues of 02 are again )\, = — (%) ,
for every n € N, each having multiplicity 2. The corresponding eigenfunctions are of the

form A-E,(xz)+ B-E_, for any A, B € R, where E,,(x) = exp (mnm

B | ticul
L> n particular

0 is an eigenvalue, with eigenfunction Ey = 1.

Example 7.30: Eigenfunctions of A

2
(a) Let A act on C§°[0, L]”. Then the eigenvalues of A are Ay, = — (%) (m?+...+m3) for

all m = (myq,...,mp) € NP, The corresponding eigenspace is spanned by all functions
S ) . <7Tn1961) . (7Tn2562) . (WHD$D>
Tlyeeey & ‘= sin sin ...sin
n\L1ly--y LD I I 3

such that |m| = ||n].
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(b) Now let A act on C¢° [0,L]”. Then the eigenvalues of A are again Ap but the corre-
sponding eigenspace is spanned by all functions

Ch( ) = cos (mel> cos (7m2$2) cos (ﬂanD>
n\L1,..., D = I I I

such that |m|| = ||n||. Also, 0 is an eigenvalue with eigenvector Cp = 1.

(c) Let Aacton C [-L, L]P. Then the eigenvalues of A are again Am, and the correspond-
ing eigenspace contains all Cp, and Sy, with ||m|| = ||n||. Also, 0 is an eigenvalue whose
eigenvectors are all constant functions —ie. multiples of Cy = 1.

(d) Let A act on C> ([—L,L]D ; (C). Then the eigenvalues of A are again \,. The corre-

L L
with |m|| = ||n||. Also, 0 is an eigenvalue whose eigenvectors are all constant functions

—ie. multiples of Eq = 1. &

minix minpx
sponding eigenspace is spanned by all E, (21, ...,2p) := exp ( ! 1) ...exp (#)

The alert reader will notice that, in each of the above scenarios (except Examples [£29(a)
and [Z9(b), where 9? is not self-adjoint), the set of eigenfunctions are not only orthogonal, but
actually form an orthogonal basis for the corresponding L2-space. This is not a coincidence.

Theorem 7.31: Let L > 0.

(a) Let C be any one of Cé’o[O,L]D, cx 0,L]", Cpe [0,L] or c 0,L]7, and treat A as a
linear operator on C. Then there is an orthogonal basis {®g, ®1,®,,...} for L2[0,L]D
such that, for all n, ®, € C and ®,, is an eigenfunction of /.

(b) More generally, if X C RP is any bounded open domain, and C = C$°[X], then there is a
set {®g, @1, Py, ...} C C of eigenfunctions for A in C which form an orthogonal basis for
L2[X].

Proof: (a) we have already established. The eigenfunctions of the Laplacian in these
contexts are {Cn ;n e ZD} or {Sn ;n e ZD} or {Cbn ;n e ZD} or {Rn ;N e ZD}, and
results from Fourier Theory tell us that these form orthogonal bases.

(b) follows from Theorem [L3H in §7.6(a)| (below). Alternately, see [War83], chapter 6, p.
255; exercise 16(g), or [Cha93|], Theorem 3.21, p. 156. O

Example 7.32:

(a) Let B = {x € RP; ||Ix|]| < R} be the ball of radius R. Then there is a set {®g, @1, ®3,...} C
C>(B) of eigenfunctions of A on the ball which are all zero on the surface of the sphere,
and which form an orthogonal basis for L?(B).
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(b) Let A = {(z,y) € R?; * < 2? + y* < R?} be the annulus of inner radius r and outer
radius R in the plane. Then there is a set {®g, 1, Po,...} C C*(A) of eigenfunctions of
A =02+ 85 on the annulus, which are all zero on the inner and outer perimeters, and
which form an orthogonal basis for L?(B). &

7.6(a) Appendix: Symmetric Elliptic Operators

Prerequisites: §5.2

Lemma 7.33: Let X C RP. IfL is an elliptic differential operator on C*°(X), then there are
functions weq : X — R (for ¢,d =1...D) and &1, ...,£p : X — R so that L can be written in
divergence form:

D D
Llu] = > O0c(weq-0qu) + > &a-0qu + a-u,
c,d=1 d=1
= div[Q-V¢] + (E, Vo) + a-u,

fl w1l ...-W1D
where 2 = | }, and Q = } is a symmetric, positive-definite matrix.
gD wWp1---WDD
Proof: The idea is basically the same as equation ([[LZ). The details are an exercise. a

L is called symmetric if, in the divergence form, = = 0. For example, in the case when
L= A, we have ) = Id and = = 0, so A is symmetric.

Theorem 7.34: If X Cc RP is an open bounded domain, then any symmetric elliptic differ-
ential operator on Ci°(X) is self-adjoint. O

Proof: This is a generalization of the integration-by-parts argument used before. See §6.5
of [Fvadl. O

Theorem 7.35: Let X C RP be an open, bounded domain, and let L be any symmetric,
elliptic differential operator on C3°(X). Then:

1. The eigenvalues of L form an infinite decreasing series 0 > \g > A1 > Ay > ..., with
lim A\, = —o0.
n—oo

2. There exists an orthogonal basis for L?(X) of the form {®1, ®5, ®3,...}, such that:

o O, € C°(X) for all n
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Figure 7.14: Problems for Chapter [

Proof: See §6.5.1, Theorem 1, page 335 of [Evadl]. Alternately, employ the Spectral
Theorem for unbounded self-adjoint operators (see [Con9()], chapter X, section 4, p. 319).
d

Further Reading:

An analogy of the Laplacian can be defined on any Riemannian manifold; it is often called
the Laplace-Beltrami operator, and its eigenfunctions reveal much about the geometry of the
manifold; see [War83l, Chap.6] or [Cha93l §3.9]. In particular, the eigenfunctions of the Lapla-
cian on spheres have been extensively studied. These are called spherical harmonics, and
a sort of “Fourier theory” can be developed on spheres, analogous to multivariate Fourier
theory on the cube [0, L]D, but with the spherical harmonics forming the orthonormal basis
[Tak94, IM1i166]. Much of this theory generalizes to a broader family of manifolds called sym-
metric spaces [Ter85l, [HelR1]. The eigenfunctions of the Laplacian on symmetric spaces are
closely related to the theory of Lie groups and their representations [CW68, [Sug75], a subject
which is sometimes called noncommutative harmonic analysis [Tay86).

The study of eigenfunctions and eigenvalues is sometimes called spectral theory, and the
spectral theory of the Laplacian is a special case of the spectral theory of self-adjoint oper-
ators [Con90), Chap.X], a subject which of central importance many areas of mathematics,
particularly quantum mechanics [Prn&1l [BEH94].

7.7 Practice Problems

1. Let X = (0,1]. For any n € N, define the function f, : (0,1] — Rby f,(z) = exp(—nz).
(Fig. [LTAA)

(a) Compute || fyl|, for all n € N.
(b) Does the sequence {f,,}%; converge to the constant 0 function in L2(0,1]? Explain.

(c) Compute | fnll,, for all n € N. Hint: Look at the picture. Where is the value of
fn(z) largest?
Warning: Remember that 0 is not an element of (0, 1], so you cannot just evaluate

fn(0).
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(d) Does the sequence {f,,}7° ; converge to the constant 0 function uniformly on (0, 1]?
Explain.

(e) Does the sequence {f,}>2; converge to the constant 0 function pointwise on (0, 1]?
Explain.

. 1 2

2. Let X = [0, 1]. For any n € N, define f,, : [0,1] — Rby f,(z) = { 0 o herwiso

(Fig. [LT2B)

(a) Does the sequence {f,}5°; converge to the constant 0 function pointwise on [0, 1]?
Explain.

(b) Compute || f,|, for all n € N.
(c) Does the sequence {f,,}°°; converge to the constant 0 function in L2[0,1]? Explain.

(d) Compute | fy||,, for all n € N. Hint: Look at the picture. Where is the value of
fn(x) largest?

(e) Does the sequence {f,}72; converge to the constant 0 function uniformly on [0, 1]?
Explain.

4 if 0<z<
3.LetX:R.ForanyneN,deﬁnefn:R—>Rbyfn(x):{\/_ ' =rsn

0 otherwise
(Fig. [LT4IC)

3

(a) Compute || fy||,, for all n € N,

(b) Does the sequence {f,}°%; converge to the constant 0 function uniformly on R?
Explain.

(c) Does the sequence {f,}52, converge to the constant 0 function pointwise on R?
Explain.

(d) Compute || fy]|, for all n € N.

(e) Does the sequence {f,}5°; converge to the constant 0 function in L?(R)? Explain.

1
4. Let X = (0,1]. For all n € N, define f,, : (0,1] — R by fp(x) = Vi (for all
x € (0,1]). (Figure [LTHA)

(a) Does the sequence {f,}7°; converge to the constant 0 function pointwise on (0, 1]?
Why or why not?

(b) Compute || fy]|, for all n € N.

(c) Does the sequence {f,}°°; converge to the constant 0 function in L?(0,1]? Why or
why not?
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Figure 7.15: Problems for Chapter [

(d) Compute || fy|, for all n € N.
Hint: Look at the picture. Where is the value of f,(x) largest?

Warning: Remember that 0 is not an element of (0,1], so you cannot just evaluate
fn(0) (which is not well-defined in any case).

(e) Does the sequence {f,}>>, converge to the constant 0 function uniformly on (0, 1]?
Explain.

1

5. Let X = [0,1]. For all n € N, define f,, : [0,1] — R by fp(z) = (w102
n

z €[0,1]). (Figure [LI0B)

(for all

(a) Does the sequence {f,}5°; converge to the constant 0 function pointwise on [0, 1]?
Explain.

(b) Compute || f,|, for all n € N.
(c) Does the sequence {f,,}°%; converge to the constant 0 function in L2[0,1]? Explain.
(d) Compute || fn|, for all n € N.

Hint: Look at the picture. Where is the value of f,(z) largest?
(e) Does the sequence {f,}>2; converge to the constant 0 function uniformly on [0, 1]?
Explain.

6. In each of the following cases, you are given two functions f,g : [0, 7] — R. Compute
the inner product (f, g).

(a) f(z) =sin(3z), g(z)=sin(2z)

(b) f(z) =sin(nzx), g(z)=sin(mz), with n # m.

(¢) f(z)=sin(nz) = g(z) for some n € N. Question: What is || |57
(d) f(z) =cos(3z), g(z)= cos(2x).

(e) f(z)=cos(nz), g(x)= cos(mx), with n # m.

(f) f(x) =sin(3z), g(z)= cos(2x)
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7. In each of the following cases, you are given two functions f, g : [-7, 7] — R. Compute
the inner product (f, g).

=sin(nz), g(x) =sin(mzx), with n # m.

= sin(nz) = g(x) for some n € N. Question: What is || |57

= cos(nz), g(x) = cos(mz), with n # m.

=sin(3z), g(z)= cos(2z).
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8 Fourier Sine Series and Cosine Series

8.1 Fourier (co)sine Series on [0, 7]

Prerequisites: §7.4(d), 423

Throughout this section, let S, (z) := sin(nz) for all natural numbers n > 1, and let
C,.(x) := cos(nz), for all natural numbers n > 0.

8.1(a) Sine Series on [0, 7]

Recommended:
Suppose f € L2[0,7] (ie. f:[0,7] — R is a function with ||f||, < 0o0). We define the
Fourier sine coefficients of f:

_ <f’STL> _ g T in
B, = IS, = 7r/0 f(z)sin(nz) dx

The Fourier sine series of f is then the infinite summation of functions:

n=1

A function f : [0,7] — R is continuously differentiable on [0, 7] if f’(z) exists for all
x € (0,7), and furthermore, the function f’: (0,7) — R is itself bounded and continuous on
(0, 7). Let C1[0, 7] be the space of all continuously differentiable functions.

Exercise 8.1 Show that any continuously differentiable function has finite L?-norm. In other
words, C![0,n] C L?[0,7].

We say f is piecewise continuously differentiable (or piecewise C!) if there exist
points 0 = jo < j1 < j2 < -+ < jum+1 = 7 (for some M € N) so that f is bounded
and continuously differentiable on each of the open intervals (j, jmy1); these are called C*
intervals for f. In particular, any continuously differentiable function on [0, 7] is piecewise
continuously differentiable (in this case, M = 0 and the set {j1,...,jar} is empty, so all of
(0,7) is a C! interval).

Exercise 8.2 Show that any piecewise C! function on [0, 7] is in L2[0, ).
The Fourier sine series eqn.(81) usually converges to f in L2. If f is piecewise C!, then

the Fourier sine series eqn.(&1l) also converges semiuniformly to f on every C! interval:

Theorem 8.1: Fourier Sine Series Convergence on [0, 7]
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(a) The set {S1,S2,S3,...} is an orthogonal basis for L2[0,n]. Thus, if f € L2[0, ], then
N

f - ZBnSn

n=1

= 0.
2

the sine series (Bl converges to f in L?-norm. That is: lim
N—o00

Furthermore, the coefficient sequence {B,, }°_; is the unique sequence of coefficients with
this property. In other words, if { B,}> , is some other sequence of coefficients such that
[e.o]

n=1

f= Z B!'S,,, then we must have B!, = B, for all n € N.

n=1

(b) If f € C'[0,7], then the sine series ([&1I) converges pointwise on (0, ).

More generally, if f is piecewise C', then the sine series (8I) converges to f pointwise

on each C! interval for f. In other words, if {j1,...,jm} is the set of discontinuity points
N

of f and/or f', and jn,, < © < jmy1, then f(z) = A}im ZBn sin(nz).
e n=1

o
(c) ( The sine series [&1l) converges to f uniformly on [0, 7] ) = ( Z |B,] < oo )
n=1

(d) If f € C[0,7], then: ( The sine series [&1]) converges to f uniformly on [0, 7] )

= ( f satisfies homogeneous Dirichlet boundary conditions (ie. f(0) = f(n) =0) >

(e) If f is piecewise C', and K C (jm, jms1) is any closed subset of a C' interval of f, then
the series (BJl) converges uniformly to f on K.

Proof: For (a), see [Kaf76, p.29 of §1.5], or [Bro8Y, Theorem 2.3.10], or [CBST, §38].

(b) follows from (e). For a direct proof of (b), see [Bro89, Theorem 1.4.4, p.15] or [CB&7,
§31].

For (d)“«<=", see [WZT7, Theorem 12.20, p.219] or [CB87, §35]. (e), see [Fol84, Theorem
8.43, p.256].

(d)“=" is Exercise 8.3.
(c) is Exercise 8.4 (Hint: Use the Weierstrass M-test, Proposition [LI§ on page [(311) O

Example 8.2:

(a) If f(z) = sin(5x) —2sin(3x), then the Fourier sine series of f is just “sin(5z) — 2sin(3x)”.
In other words, the Fourier coefficients B,, are all zero, except that Bg = —2 and B = 1.
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Figure 8.1: — Z —sin(nz), for N = 1,3,5,7,9,11,21,41, and 2001. Notice the Gibbs
T~ n
nngc}d
phenomenon in the plots for large N.
(b) Suppose f(x) =1. For all n € N,
2 (7 -2 r=m 2
B, = ;/0 sin(nx) de = Ecos(n:c) P [1 - (—1)"}
_ % if n is odd
- 0 if n is even
Thus, the Fourier sine series is:
4 X1 4 in(3 in(5
; ; E Sil’l(n.%') = ; <Sln(,’L’) + SIHE3 .%') + Sll’l(5 .%') + .. ) (82)
n gdd
4 N1
Theorem Bl(a) says that 1 = - Z —sin(nz). Figure displays some partial
T = n

n odd
sums of the series (BZ). The function f =1 is clearly continuously differentiable, so, by
Theorem BII(b), the Fourier sine series converges pointwise to 1 on the interior of the
interval [0, 7]. However, the series does not converge to f at the points 0 or . This
is betrayed by the violent oscillations of the partial sums near these points; this is an
example of the Gibbs phenomenon.

Since the Fourier sine series does not converge at the endpoints 0 and w, we know
automatically that it does not converge to f uniformly on [0, 7]. However, we could have
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also deduced this fact by noticing that
oo o0 oo
4 4 1
B == _— = — — .
1Bl Do T Rl mmyI
n=1 n=1 k=0

n odd

thus, we fail the condition in Theorem BIl(c).

The ‘Gibbs Phenomenon’ at the endpoints 0 and 7 occurs because f does not have
homogeneous Dirichlet boundary conditions (because f(0) = 1 = f(m)), whereas every
finite sum of sin(nx)-type functions does have homogeneous Dirichlet BC. Thus, the
series (BZ) is ‘trying’ to converge to f, but it is ‘stuck’ at the endpoints 0 and 7. This
is the idea behind Theorem BII(d).

(¢) If f(x) = cos(mz), then the Fourier sine series of f is:

ERS

> n
E ——— sin(nz).
2 2
“—~ n?-m
n+m odd

(Exercise 8.5 Hint: Use Theorem [ on page [T7). &
Example 8.3: sinh(ax)

If « > 0, and f(x) = sinh(ax), then its Fourier sine series is given by:

-sin(nx)

2sinh(am) i n(—1)"+t

sinh(ax) = e

n=1
To prove this, we must show that, for all n > 0,

2sinh(ar) n(—1)"*+!
T a?+n?’

s

2 s
B, = —/ sinh(ax) - sin(nz) de =
0

™
To begin with, let I = / sinh(az) - sin(nx) dx. Then, applying integration by parts:
0

-1 =7 ™
I = — |sinh(az) - cos(nx) . " a-/ cosh(ax) - cos(nzx) d:c]
n | xr= 0
—1T T=7 ™
= sinh(am) - (=1)" — %- (cosh(ax)-sin(nx) 0 " a/ sinh(ax) - sin(nx) dm)}
L r= 0
-1 o
— _ |sinh (=" — 2.0 — a1
— [sinh(am) - (<1)" = Z-(0 = a-1)]
—sinh(ar) - (—=1)" a?
n n
— sinh =1\ 2
Hence: I = sinh(ar) - (~1) — 04_21_;
n n
2 _ i (—=1)"
thus (1 N a_2>I _ sinh(ar) - (—1) ;
n
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o n? + o? ;- sinh(ar) - (—1)"*1
' n? n ’
that I n -sinh(ar) - (—1)"+!
so tha = :
n? + o?

2 n - sinh(ar) - (—1)"H!

T n? + a?

The function sinh is clearly continuously differentiable, so, Theorem BIl(b) implies that the
Fourier sine series converges to sinh(az) pointwise on the open interval (0, 7). However, the
series does not converge uniformly on [0, 7] (Exercise 8.6 Hint: What is sinh(a)?). &

2
Thus, B, = —I =
™

8.1(b) Cosine Series on [0, 7]
Recommended:

If f € L2[0, 7], we define the Fourier cosine coefficients of f:

_ _ | _ G 2 [T
Ao = (f,1) = 7T/0 f(z)dr| and A, = G2 7T/0 f(x)cos(nx) dz| for all n > 0.

The Fourier cosine series of f is then the infinite summation of functions:

> A,Cp(2) (8.3)
n=0

Theorem 8.4: Fourier Cosine Series Convergence on [0, 7]

(a) The set {Cy, C1,Cs,...} is an orthogonal basis for L2[0, ). Thus, if f € L2[0, 7], then
N
f - ZAnCn

n=0

= 0.
2

Furthermore, the coefficient sequence { A, }°°, is the unique sequence of coefficients with
this property. In other words, if {A},}> | is some other sequence of coefficients such that
o0

the cosine series ([83) converges to f in L2-norm, i.e. lim
N—oo

f= Z Al C,,, then we must have Al, = A,, for all n € N.
n=0

(b) If f is piecewise C* on [0, 7], then the cosine series [823) converges to f pointwise on each
C! interval for f. In other words, if {j1,...,jm} is the set of discontinuity points of f

N
and/or f', and jp,, < © < jmy1, then f(z) = lim ZA" cos(nx).
=0

N—oo

o
(c) ( The cosine series (B3)) converges to f uniformly on [0, ] ) = < Z A, < oo )
n=0
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(d) If f € C'[0,7], then the cosine series ([83) converges uniformly on [0, 7.

(e) More generally, if f is piecewise C', and K C (jm, jm+1) is any closed subset of a C!
interval of f, then the series (B3)) converges uniformly to f on K.

(f) If f € C*0, 7], then:

( [ satisfies homogeneous Neumann boundary conditions (ie. f'(0) = f'(7) =0) >

- (inmn, < oo.>.

n=0

....and in this case, the cosine series [B3) also converges to f uniformly on [0, 7).

Proof: For (a), see [KatZhl p.29 of §1.5] or [Bro89 Theorem 2.3.10], or [CB&7, §38]..

(b) follows from (e). For a direct proof of (b), see [Bro89, Theorem 1.4.4, p.15] or [CB&7,
§31].

For (d), see [WZ77, Theorem 12.20, p.219] or [CB87, §35]. For (e) see [Fol84, Theorem
8.43, p.256.

(f) is Exercise 8.7 (Hint: Use Theorem BIKd) on page [ZH, and Theorem B2 on page [EG)
(c) is Exercise 8.8 (Hint: Use the Weierstrass M-test, Proposition [LI§ on page [311) O

Example 8.5:

(a) If f(x) = cos (13x), then the Fourier cosine series of f is just “cos(13z)”. In other words,
the Fourier coefficients A,, are all zero, except that A3 = 1.

(b) Suppose f(x) = 1. Then f = Cy, so the Fourier cosine coefficients are: Ay = 1, while
Ayl =Ay=A3=...0.

4
(c) Let f(z) = sin (mx). If m is even, then the Fourier cosine series of f is: — Z me

- 3 cos(nx).

oo
. . . . . 2 4 n
If m is odd, then the Fourier cosine series of f is: — + — g —5— cos(nz).
™m T n?—m
n=2
n even

(Exercise 8.9 Hint: Use Theorem [ on page [T7). &

Example 8.6: cosh(x)

Suppose f(z) = cosh(z). Then the Fourier cosine series of f is given by:

cosh(z) = sinh() 4 2Sinh(7r)z(—1)"-cos(nx).

2 T T 1 n?+1
n:
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T sinh(r) (because
=0 ™

1 (7 1
To see this, first note that A9 = — / cosh(z) de = —sinh(z)
™ Jo 7T
sinh(0) = 0).

™
Next, let I = / cosh(z) - cos(nz) dz. Then
0

1
I = — (cosh( ) - sin(nx) / sinh(z) - sin(nz) dm)
n
-1 )
= — sinh(z) - sin(nz) dx
nJo
_ 2 inh h(z d
= —|sin (x) - cos(nx) cosh(z) - cos(nz) dx
1.
= E(smh( m)-cos(nmw) — I) = n2 ((—=1)"sinh(m) —I).
1
Thus, I = E((—l)”-sinh(w) - I). Hence, (n?+41)I = (—1)"-sinh(n). Hence,
(—=1)™ - sinh(m) 2 2 (=1)™ - sinh(n)
o= T SR gy, A, = 2 = 2 ST
n?+1 U A= T n?+1 ¢

Remark: (a) In Theorems BI(d) and B4(d), we don’t quite need f to be differentiable
to guarantee uniform convergence of the Fourier (co)sine series. We say that f is Holder
continuous on [0, 7] with Holder exponent « if there is some M < oo such that,

For all z,y € [0, 7], [F@) = Fy)l < M.

|z —y|*
If f is Holder continuous with o > %, then the Fourier (co)sine series will converge uniformly
to f; this is called Bernstein’s Theorem [Eol84, Theorem 8.39]. (If f was differentiable, then f
would be Holder continuous with oo > 1, so Bernstein’s Theorem immediately implies Theorems
RI(d) and BZl(d).)

(b) However, merely being continuous is not sufficient for uniform Fourier convergence, or
even pointwise convergence. There is an example of a continuous function f : [0,7] — R
whose Fourier series does not converge pointwise on (0,7) —i.e. the series diverges at some
points in (0,7). See [WZT77, Theorem 12.35, p.227]. Thus, Theorems BI(b) and BZ(b) are
false if we replace ‘differentiable’ with ‘continuous’.

(¢) In Theorems BII(b) and BA(b), if = is a discontinuity point of f, then the Fourier
(co)sine series converges to the average of the ‘left-hand’ and ‘right-hand’ limits of f at z,
namely:

f(x—)—;—f(x-i-)’ where f(z—) = ?}I}I; fly) and f(z+) = ;I\H; fy)

(d) For other discussions of the Fourier convergence theorems, see [dZ86l Thm.6.1, p.72] or
[Hab&7, §3.2]
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8.2 Fourier (co)sine Series on [0, ]

Prerequisites: {4 A Recommended: §&T]

nmx

Throughout this section, let L > 0 be some positive real number. Let S, (z) = sin (—L )
for all natural numbers n > 1, and let C,(x) = cos (n_zx)’ for all natural numbers n > 0.
Notice that, if L = 7, then S,,(z) = sin(nx) and C,,(z) = cos(nx), as in §871 The results in this
section exactly parallel those in 811 except that we replace m with L to obtain slightly greater
generality. In principle, every statement in this section is equivalent to the corresponding
statement in §8711 through the change of variables y = /7 (it is a useful exercise to reflect on
this as you read this section).

8.2(a) Sine Series on [0, L]

Recommended:
Fix L > 0, and let [0, L] be an interval of length L. If f € L2[0, L], we define the Fourier
sine coefficients of f:

L nwx
B, = <\|fS’an§> = %/0 f(z)sin (T) dx

The Fourier sine series of f is then the infinite summation of functions:

> BuSu(z) (8.4)

A function f : [0, L] — R is continuously differentiable on [0, L] if f/(x) exists for all
x € (0, L), and furthermore, the function f’: (0, L) — R is itself bounded and continuous on
(0,L). Let C1[0, L] be the space of all continuously differentiable functions.

Exercise 8.10 Show that any continuously differentiable function has finite L?-norm. In other
words, C'[0, L] c L?[0, L].

We say f :[0,L] — R is piecewise continuously differentiable (or piecewise C!)
if there exist points 0 = jo < j1 < j2 < -+ < jm+1 = L so that f is bounded and continu-
ously differentiable on each of the open intervals (j,, jm.1); these are called C! intervals for
f. In particular, any continuously differentiable function on [0, L] is piecewise continuously
differentiable (in this case, all of (0, L) is a C' interval).

Theorem 8.7: Fourier Sine Series Convergence on [0, L]

(a) The set {S1,Ss,8Ss,...} is an orthogonal basis for L2[0, L]. Thus, if f € L2[0, L], then
N

f - ZBnSn

n=1

the sine series (84l converges to f in L2-norm. That is: A}im = 0.
—

2

Furthermore, { By, }>° , is the unique sequence of coefficients with this property.
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(b) If f € C0, L], then the sine series (84 converges pointwise on (0, L). More generally, if
f is piecewise C!, then the sine series ([&3l) converges to f pointwise on each C' interval
for f.

oo
(c) ( The sine series [84) converges to f uniformly on [0, L] ) = < Z |B,| < o0 )
n=1

(d) If f € C0, L], then: ( The sine series ([B4l) converges to f uniformly on [0, L] )

= ( f satisfies homogeneous Dirichlet boundary conditions (ie. f(0) = f(L) =0) )

(e) If f is piecewise C', and K C (jm, jms1) is any closed subset of a C' interval of f, then
the series (84l converges uniformly to f on K.

Proof: Exercise 8.11 Hint: Deduce each statement from the corresponding statement of
Theorem on page [[Z3 Use the change-of-variables y = T to pass from y € [0, L] to = € [0, 7].
O

Example 8.8:

5m

(a) If f(x) = sin (2%z), then the Fourier sine series of f is just “sin (32z)”. In other words,

the Fourier coefficients B,, are all zero, except that B; = 1.

(b) Suppose f(x) =1. For all n € N,

2 [t —2
B, = E/o sin(—nzx) der = Ecos(—nzx)

{ 4 if n is odd

nm .
0 if n is even

. . L 4 1 /nw . )
Thus, the Fourier sine series is given: — E — sin (f:c> Figure displays some
T n
n=1

n odd
partial sums of this series. The Gibbs phenomenon is clearly evident just as in Example
R2A(b) on page

[e.o]

4
(c) If f(x) = cos (%x), then the Fourier sine series of f is: p ; s R— me sin (%x)
n+m odd

(Exercise 8.12 Hint: Use Theorem [ on page [17).

(d) If @ > 0, and f(x) = sinh (27%), then its Fourier sine coefficients are computed:
2 (L amr\ . (nTT 2 sinh(am) n(—1)"*!
Bu = f/o sinh (T) S (T) dv = T a?+n?

(Exercise 8.13 ). &
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8.2(b) Cosine Series on [0, L]

Recommended:
If f € L2[0, L], we define the Fourier cosine coefficients of f:

I ,C,, 2 L
Ag = (f,1) = E/o f(x) dr|and A, = <HanH§> = E/o f(x) cos (?) dx| for all n > 0.

The Fourier cosine series of f is then the infinite summation of functions:

n=0

Theorem 8.9: Fourier Cosine Series Convergence on [0, ]

(a) The set {Cy, Cy,Ca,...} is an orthogonal basis for L2[0, L]. Thus, if f € L]0, L], then
the cosine series ([8H) converges to f in L2-norm.

Furthermore, {A,,}° is the unique sequence of coefficients with this property.

(b) If f is piecewise C', then the cosine series [RH) converges to f pointwise on each C!
interval for f.

(c) ( The cosine series [BI) converges to f uniformly on [0, L] ) = < Z A, < oo )
n=0

(d) If f € C[0, L], then the cosine series (&) converges uniformly on [0, L].

(e) More generally, if f is piecewise C!, and K C (jm,jm+1) is any closed subset of a C!
interval of f, then the cosine series (BH) converges uniformly to f on K.

(f) If f € CH0, L], then:
( f satisfies homogeneous Neumann boundary conditions (ie. f'(0) = f'(L)=0) )

oo
— (Zn|An| < oo.).
n=0
....and in this case, the cosine series ([BI) also converges to f uniformly on [0, L].

Proof: Exercise 8.14 Hint: Deduce each statement from the corresponding statement of
Theorem on page [IA Use the change-of-variables y = Tz to pass from y € [0, L] to = € [0, 7].
O




8.3. COMPUTING FOURIER (CO)SINE COEFFICIENTS 155

Jean Baptiste Joseph Fourier
Born: March 21, 1768 in Auxerre, France
Died: May 16, 1830 in Paris

Example 8.10:

a) If f(z) = cos (£3%2), then the Fourier cosine series of f is just “cos (13Z%z)”. In other
L L
words, the Fourier coefficients A,, are all zero, except that A3 = 1.

(b) Suppose f(x) = 1. Then f = Cy, so the Fourier cosine coefficients are: Ay = 1, while
A=Ay =A3=...0.

o0

4 n nmw
(c) Let f(x) = sin (%Zxz). If m is even, then the Fourier cosine series of f is: = Z 35 08 (Tx>
nnjdld
4 & n
If m is odd, then the Fourier cosine series of f is: — + — Z —5—— cos(nz).
™m T~ n*-m
(Exercise 8.15 Hint: Use Theorem [ on page [17). &

8.3 Computing Fourier (co)sine coefficients

Prerequisites: &2
. . . 2 [t ./ L
When computing the Fourier sine coefficient B,, = 17 f(x) - sin (T:c> dx, it is sim-
0
. L . (nm .
pler to first compute the integral / f(x) - sin (T:c> dx, and then multiply the result by
0

9 L
I Likewise, to compute a Fourier cosine coefficients, first compute the integral / fx) -
0

2
cos (%x) dx, and then multiply the result by T In this section, we review some useful

techniques to compute these integrals.
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8.3(a) Integration by Parts

Computing Fourier coeflicients almost always involves integration by parts. Generally, if you
can’t compute it with integration by parts, you can’t compute it. When evaluating a Fourier
integral by parts, one almost always ends up with boundary terms of the form “cos(nw)” or

“sin (%7‘()”, etc. The following formulae are useful in this regard:

‘sin(mr) =0 for any n € Z. ‘ (8.6)
For example, sin(—m) = sin(0) = sin(7) = sin(27) = sin(37) = 0.
‘cos(mr) = (—1)" for any n € Z. ‘ (8.7)
For example, cos(—7) = —1, cos(0) = 1, cos(m) = —1, cos(2m) = 1, cos(37) = —1, etc.
/n 0 if n is even
St (E”) - { (—1)%  ifnis odd, and n = 2k + 1 (8:8)
For example, sin(0) = 0, sin (%w) =1, sin(m) =0, sin (%77) = —1, etc.
n 0 if n is odd
o8 (577) N { (=1)*  ifnis even, and n = 2k (8.9)
For example, cos(0) =1, cos (%77) =0, cos(m)=—1, cos (%w) =0, etc.
Exercise 8.16 Verify these formulae.
8.3(b) Polynomials
Theorem 8.11: Let n € N. Then
2L
L i — if n is odd;
(a) / sin (—x) dr = { "7 (8.10)
0 L
0 if n is even.
L .
nmw L if n=20
(b) /O cos (Tx) dr = { 0 e (8.11)
For any k € {1,2,3,...}, we have the following recurrence relations:
L +1 pk+1 L
-n" L k L
(c) / z* - sin (Ex) de = =V + — - —/ 21 cos (Ex), (8.12)
0 L n T n T Jg L
L L
-k L
(d) / 2 - cos (Ex) dr = —- —/ #F1 . sin (Ex) . (8.13)
0 L n ™ Jo L
Proof: Exercise 8.17 Hint: for (c) and (d), use integration by parts. a
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Example 8.12: In all of the following examples, let L = .

(a) %/Oﬂsin(nx) do = %%

) 2 [Caesingna) do = (-1

© 2 ["asintna) do = ()2 (1)

@ 2 o sntor) do = -1y (-2

0 [eurae - {2 E228

(1) %/Oﬂ:c-cos(nx) do = #((—1)"—1),ifn>0.

&) %/Oﬂﬁ-cos(nx) dr = (~1)' g ifn >0

(h) %/Oﬂ:cg-cos(n:c) do = (—1)”%—% (1 =1).itn>o0. o

Proof: (b): We will show this in two ways. First, by direct computation:

s _1 =T K
/ x-sin(nz) de = — (x - cos(nx) —/ cos(nx) dx)
0 n =0 0
—1 1 . =7
= <7T - cos(nm) — - sin(nx) z:O>
-1 (_1)n+1ﬂ.
— _ —1 n frg _—
n (=) n
2 [T 2(—1)"
Thus, —/ x -sin(nz) de = L, as desired.
™ Jo n

Next, we verify (b) using Theorem Setting L = 7 and k£ =1 in (B8IZ), we have:

™ -1 n+1 1+1 1 ™
/ x-sin(nz) de = ) + — E/ a1 cos (nz) dz
0 n s n 7T Jo
-1 n+1 1 s 1 n+1
= (7'7T + —/ cos (nz) der = L-m
n n Jo n

T 9 m 2(_1)n+1
Because/ cos (nz) dz = 0 by (8II). Thus, —/ x-sin(nz) dv = —————, as desired.
0 T Jo

n
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Proof of (c):

/O " sin(ng) do = %1 <x2-cos(nx) Ty /O " 2 cos(na) dm)
_ %1 52 cos(nm) — % <x-sin(nx) - /0 " sin(nz) dxﬂ
_ %1 2 (—1)”+% <%Cos(n:c) :::)]
o)

The result follows.
Exercise 8.18 Verify (c) using Theorem BTTl

(g) We will show this in two ways. First, by direct computation:

™ 1 o T
/ 22 cos(nz) dr = — [3:2 - sin(nzx) - 2/ x - sin(nx) d:c]
-9 ™
= — [| z-sin(nz) dz (because sin(nx) = sin(0) = 0)
n-Jo
- 2 x - cos(nx) R /ﬂ cos(nx) dz
N n2 =0 0
2 n 1 . =7
= 3 |:7T (=" — - sin(nx) z:O:|
27 - (—1)"
2 [T 4. (=1
Thus, —/ 2% cos(nz) de = (72), as desired.
™ Jo n

Next, we verify (g) using Theorem Setting L = 7 and k = 2 in (BI3), we have:

s _ L P _2 ™
/ 2% - cos(nz) dr = k. —/ ig*~tsin(n) = — - / x-sin (nx), (8.14)
0 0 0

n o n
Next, applying (BI2) with k£ = 1, we get:

T 1 n+1 2 1
/ x-sin(nz) = =0 + —-
0 n ™ n

/Oﬂcos(nfﬂ) _ w + l/oﬂcos(nfﬂ)a

SEE)

Substituting this into (BI4), we get

/07r 2% cos(nz) de = —- [7 - E/Oﬂ Cos (nw)] (8.15)
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We're assuming n > 0. But then according to (8ITI),

/07r cos(nz) = 0

Hence, we can simplify (8IH) to conclude:

2 s
—/0 2% cos(nx)dz = =.—.——"~L = = 5

s

as desired. O

Exercise 8.19 Verify all of the other parts of Example BTA both using Theorem KBTI and
through direct integration.

To compute the Fourier series of an arbitrary polynomial, we integrate one term at a time...

Example 8.13: Let L = 7 and let f(z) = 22 — 7 - . Then the Fourier sine series of f is:

8 = 1 -8 /. sin(3x) sin(5x) sin(7z)
T L o3 sin(na) - = 7<Sm(x) T Ty ey T
n odd

To see this, first, note that, by Example BI2(b)

7r -1 -1 n+1
/ x-sin(nz) de = —(=1)"1 = ()7#
0 n n
Next, by Example BI12(c),
T ) 2) (_1)n+1ﬂ.2
2. — J— — n _
/Osc sin(nx) dz 3 (( 1) 1) + -
Thus,
/ <x2—7rx> -sin(nx) de = / 2% - sin(nz) de — 7r-/ x - sin(nz) dz
0 0 0
2 " (_1)n+1,n.2 (_1)n+17r
i A B e
2 n
= o (Cor-1).
Thus,

2 [Ty : 4 n B —8/mn3 if nis odd
Bn = ;/0 (w —mc)-sm(nx) de = —<(_1) _1) N { 0 if mniseven ’
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A
1
“ v /4 /2 3m/4 n’

Figure 8.2: Example

8.3(c) Step Functions

1 if Z<gp<3

4 (see Figure B2).

Example 8.14: Let L = 7, and suppose f(z) = { 0 otherwise

Then the Fourier sine coefficients of f are given:

B 0 if n is even
n= N 2v2(-D* if n is odd, and n = 4k = 1 for some k € N

nm

To see this, observe that

/Oﬂ f(@)sin(nz) dz = / Y sin(na) de = = cos(na) : _ _—1<cos<37}T7T)—cos<Z—7r>>

0 if n is even (B ise 8.20 )
= xercise 8.
Va(yEt if n is odd, and n = 4k £ 1 for some k € N

Thus, the Fourier sine series for f is:

2/2 N i sin ((4l<: - 1):6) sin ((4l<: + 1):6)
— sin(xz) + (-1) ] + y— (Exercise 8.21)

k=1

Figure shows some of the partial sums of this series. The series converges pointwise
to f(x) in the interior of the intervals [0, %), (%, %T”), and (%T”,ﬂ]. However, it does not
converge to f at the discontinuity points 7 and BQT”. In the plots, this is betrayed by the
violent oscillations of the partial sums near these discontinuity points —this is an example of

the Gibbs phenomenon. O

Example is an example of a step function. A function F : [0,L] — R is a step
function (see Figure on the facing page) if there are numbers 0 = zo < x1 < 29 < 23 <
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/ o N\ . Ne—
/N \
// \\ “\‘ “w
T T ’ \\,/ h \\,; -
N=1 N=3 N=5 N=7
A /A ““f\\/\ — M /w‘ S
o T T
f \ | |
c \ | |
| | |
o NN ‘ Ly |
o s e ot
N=9 N =11 N =21 N =201

Figure 8.3: Partial Fourier sine series for Example BTdl, for N = 0,1,2,3,4,5,10 and 100.
Notice the Gibbs phenomenon in the plots for large N.

>

(A}

y O

Figure 8.4: (A) A step function. (B) A piecewise linear function.
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.. <zxpm-_1 <xpy = L and constants aq,a9,...,ap € R so that
Flz) = a if0<z<ua,
F(z) = ay ifx <<z,
NI
Fz) = apn ifzng<z<zpm, (8.16)
Fz) = ay ifey1<z<lL )

For instance, in Example BT, M = 3; 29 =0, 71 =%, 72 = %Tﬂv and x3 =m; a1 =0 = ag,

and ay = 1.

To compute the Fourier coefficients of a step function, we simply break the integral into
‘pieces’, as in Example The general formula is given by the following theorem, but it is
really not worth memorizing the formula. Instead, understand the idea.

Theorem 8.15: Suppose F' : [0,L] — R is a step function like (8I8). Then the Fourier
coefficients of F' are given:

L M
Pf F@ = X an- o)

m=1

2 (L R
—/ F(x) - cos (n—ﬂx> de = — sin (n_w :cm) . (amﬂ — am)
L J L T L

m=1
2 L o/nr 2 g M nw
E/o F(z) - sin (fx> dr = — (a1 + (—1)”+1aM) + g P cos (f . xm) . (am+1 - am> ,
Proof: Exercise 8.22 Hint: Integrate the function piecewise. O

Remark: Note that the Fourier series of a step function f will converge uniformly to f on
the interior of each “step”, but will not converge to f at any of the step boundaries, because
f is not continuous at these points

o< x
Example 8.16:  Suppose L = 7, and g(z) = (1) g (7)T_<a;< 2 (see Figure BHA).
2 =
Then the Fourier cosine series of g(x) is:
1 2 o (—1)F
- + = kz_o 1 ((Qk—i—l)x)

200 if pis odd and n = 2k + 1;

In other words, Ag = %, and, foralln >0, A, = o
0 if n is even.

Exercise 8.23 Show this in two ways: first by direct integration, and then by applying the formula
from Theorem o
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A Tt/ 2

< ™ T >

L/ /2 mn ‘0 /2 n
(A) (B)

Figure 8.5: (A) The step function g(z) in Example BI6. ~ (B) The tent function f(z) in
Example

8.3(d) Piecewise Linear Functions

Example 8.17: (The Tent Function)

T if()gacg%

Let X = [0, 7] and let f(x) = (see Figure BOB)
T if §<a<nm
4 KX (—1)F
The Fourier sine series of f is: — i .
e Fourier sine series of f is - T; — sin(nx)
n (;id;
n=2k-+1
To prove this, we must show that, for all n > 0,
4

—(-1)F  ifnisodd, n=2k+1;

2 [T . . n2m
B, = ;/0 f(z)sin(nz) de =

0 if n is even.
To verify this, we observe that

™

7rf(:c) sin(nx) de = F/Q:csin(n:c) dr + (m — z)sin(nz) dz.
) J .

Exercise 8.24 Complete the computation of B,. &

The tent function in Example is piecewise linear. A function F : [0,L] — R is
piecewise linear (see Figure on page [[6]]) if there are numbers 0 = zp < x1 < 11 < 3 <
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... <zxpm_1 <xpm = L and constants aq,a9,...,ap € R and b € R so that
Fz) = ai(z—L)+b it 0 < <,
F(z) = as(x—z1)+ by if 1 <z <o,
. 8.17
Fx) = ap(z—xp) +bny1  if 2y <z < xpq1, ( )
F(:C) = CLM(‘T—:CMfl)—f—bM ifey 1<xz<L

where by = b, and, for all m > 1, b, = an(Tm — Tm—1) + bym—1.
For instance, in Example BT7, M =2, x1 = 5 and 23 = m; a1 = 1 and ag = —1.

To compute the Fourier coefficients of a piecewise linear function, we can break the integral
into ‘pieces’, as in Example The general formula is given by the following theorem, but
it is really not worth memorizing the formula. Instead, understand the idea.

Theorem 8.18: Suppose F : [0, L] — R is a piecewise-linear function like [812). Then the
Fourier coefficients of F' are given:

1 [F 1 & oa
f/o F(z) = £ > 7’”(%—%,1) + b (T — T1) -
m=1
M
2 [F nm 2L nmw
E/o F(x) - cos (fx) der = ()2 mzﬂ cos (T :Cm) (am — am+1)
2 (E . /nm or, N nm
Z/o F(x) - sin (Tx) der = ()2 2 sin (f :Cm) . (am — am+1>
(where we define apry1 := ay for convenience).
Proof: Exercise 8.25 Hint: invoke Theorem R0 and integration by parts. O

Note that the summands in this theorem read “a,, — amy1”, not the other way around.

Example 8.19: (Cosine series of the tent function)

T if 0<x<3
Let Let X = [0,7] and let f(x) = as in Example The
T— it $ <z
Fourier cosine series of f is:

o0

Z % cos(nx)

n=1
n=4j+2,
for some j

N
300
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In other words,

165

o 8 (cos(2x) cos(6x) cos(10z) cos(14x) cos(18z)
J@ =g w( 1 36 " 10 " 16 324 a
To see this, first observe that

1 (7 1 /2 ™
Ay = —/ fleyde = — / :cd:c+/ (m—x) dzx
T Jo ™ \Jo /2
1 277/2 2 2217 1 /72 2 a2 a2
B Ho *THW - %(?*7‘(7‘?))
oo
CoAm 4
Now let’s compute A, for n > 0.
/2 1 /2 /2
First, / zcos(nz) dv = — |xsin(nz) —/ sin(nx) dz
0 n 0 0
_17r,(n7r>+1 ()Tr/2
= |38l cos(nz) |
Ty (mr) n 1 cos (mr) 1
= —sin(— — —) - =
2n 2 n? 2 n?
m 1 m &
Next, / zcos(nx) de = — |xsin(nx) —/ sin(nz) dx
w/2 n /2 w/2
1|—m . /nm 1 ™
= — [— sin (—) + —cos(nz) ]
n| 2 2 n /2
-7 . (nﬂ') n (=) 1 <n7r>
= —sin(— — —cos|(—]).
2n 2 n? n? 2
™ ™
Finally, / meos(nz) de = —sin(nx)
/2 n /2
-7 . (mr)
= —sin(—
n 2

Putting it all together, we have:

T /2 T T
/f(x)cos(nx) dx = / x cos(nz) dx +/ mcos(nz) dx —/ x cos(nx) dx
0 0 /2 /2
™ . /N7 1 nmw 1 T . /nm
L)+ hen() - & - Tl
T . (N7 (=)™ 1 nw
torn () - S e (T)
2 nm 1+ (=1

— COS
n2

<2>_ n2
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Now,
cos (@) B (—=1)F  if n is even and n = 2k;
- 0 if n is odd.

2 if n is even,;

. 1 ;

while 1+ (1) { 0 if n is odd.
Thus,

9 cos (T) B (1+(_1)n> _ —4 if n is e.zven, n =2k and k = 2j 4+ 1 for some j;
0 otherwise.

_ —4 if n =45 + 2 for some j;
0 otherwise.

2 s
(for example, n = 2,6, 10,14,18,...). Thus 4,, = —/ f(z)cos(nz) dx
T Jo

_T if n =45 + 2 for some j;
n2m . o

0 otherwise.

8.3(e) Differentiating Fourier (co)sine Series

Prerequisites: &2 L7

Suppose f(z) = 3sin(z) — 5sin(2z) + 7sin(3z). Then f'(z) = 3cos(z) — 10cos(2x) +
21 cos(3z). Likewise, if f(x) = 3 + 2cos(z) — 6 cos(2x) + 11 cos(3z), then f/'(x) = —2sin(z) +
12sin(2z) — 33sin(3z). This illustrates a general pattern.

Theorem 8.20: Suppose f € C*|0, L]

(o] o
e Suppose [ has Fourier sine series ZBnSn(x). If Zn!Bn\ < 0o, then f’ has Fourier

n=1 n=1

[e.e]
™
cosine series: f'(x) = I ZanCn(x), and this series converges uniformly.
n=1

o o0
e Suppose f has Fourier cosine series ZATLC”(CC). If Zn|An| < oo, then f’ has

n=1

n=0

T o0

Fourier sine series: f'(z) = T E nA,Sn(x), and this series converges uniformly.
n=1

Proof: Exercise 8.26 Hint: Apply Proposition [l on page [0 O
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Consequence: If f(z) = cos (n_zx) +sin (nLﬂ), then f'(z) = _Tmf(x) In other words,

fis an eigenfunctionﬂ for the differentation operator 0, , with eigenvalue A = =*. Hence,

for any k € N, 6!;]“ = A7

8.4 Practice Problems

In all of these problems, the domain is X = [0, 7].

1. Let a > 0 be a constant. Compute the Fourier sine series of f(x) = exp(a-x). At which
points does the series converge pointwise? Why? Does the series converge uniformly?
Why or why not?

2. Compute the Fourier cosine series of f(x) = sinh(z). At which points does the series
converge pointwise? Why? Does the series converge uniformly? Why or why not?

3. Let o > 0 be a constant. Compute the Fourier sine series of f(z) = cosh(ax). At which
points does the series converge pointwise? Why? Does the series converge uniformly?
Why or why not?

4. Compute the Fourier cosine series of f(x) = x. At which points does the series converge
pointwise? Why? Does the series converge uniformly? Why or why not?

. < x
5.Letg(x):{1 F0<sw<3

0 i Z<a (Fig. BHA on p. [[63)

(a) Compute the Fourier cosine series of g(x). At which points does the series converge
pointwise? Why? Does the series converge uniformly? Why or why not?

(b) Compute the Fourier sine series of g(z). At which points does the series converge

pointwise? Why? Does the series converge uniformly? Why or why not?

3 ifo<az<?

. he Fouri ' ies of =
6. Compute the Fourier cosine series of g(x) { 1 it T <

At which points does the series converge pointwise? Why? Does the series converge
uniformly? Why or why not?

T if 0<z<

(ME]

7. Compute the Fourier sine series of f(x) =
T—x if $ <z

(Fig. on plIG3) At which points does the series converge pointwise? Why? Does
the series converge uniformly? Why or why not?

™ /2 ™
Hint: Note that / f(x)sin(nz) de = / xsin(nz) dr + / (m — x) sin(nz) dx.
0 0 /2

'See § B.2(d) on page
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z if O0<z<§

8. Let f:[0,7] — R be defined: f(z) = {0 f Tepoa
2

Compute the Fourier sine series for f(z). At which points does the series converge
pointwise? Why? Does the series converge uniformly? Why or why not?
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9 Real Fourier Series and Complex Fourier Series ____

9.1 Real Fourier Series on [, 7]
Prerequisites: 74 970 Recommended: §&1]

Throughout this section, let S,,(z) = sin (nz), for all natural numbers n > 1, and and let
C,(x) = cos (nz), for all natural numbers n > 0.

If f:[-m,m] — R is any function with || f||, < oo, we define the (real) Fourier Coeffi-
cients:
1
0o = (f, Co) = (f,1) = o | f() :
7r
1 (™ 1
n = <f’Cn2> = |- f(z)cos (nz) dx| and B, = <f’S”2> = |- f( )sin (nz) dx | for n > 0
1Cnlly |7 /r 1Snlly |7

The (real) Fourier Series of f is then the infinite summation of functions:

A+ (AnCn(:c)+BnSn(x)> (9.1)
n=1
Let C'[—m, 7] be the set of all functions f : [~m, 7] — R which are continuously dif-

ferentiable on [—7,7]. The real Fourier series eqn.(I) usually converges to f in L2 If
f € C'[—m, 7], then the Fourier series eqn.(LIl) also converges uniformly to f.
(Exercise 9.1 Show that C!'[—m, 7] C L*[—m,7].)

Theorem 9.1: Fourier Convergence on [—m, 7]

(a) Theset {1,S1,C1,Ss,Cs,...} is an orthogonal basis for L?[—n,n]. Thus, if f € L?[—m, 7],
then the Fourier series (@.1l) converges to f in L?-norm.

Furthermore, the coefficient sequences {A,}2° o and {B,}72 . are the umque sequences
of coefficients with this property. In other Words if {A’ ° o and {B]}°2, are two

other sequences of coefficients such that f = Z Al C,+ Z B!'S,, then we must have

n=0 n=1
Al = A, and B], = B, for all n € N.

(b) If f € C'[—m,«] then the Fourier series ([Il) converges pointwise on (—m, 7). In other

N
words, if —m < x < 7, then f(x) = Ay + lim (An cos (nx) + By, sin (nw))

N—oo

(c) If f € Clop[—m,m] (ie. fis C! and satisfies periodic boundary conditionsﬁ), then the
series (@Jl) converges to f uniformly on [—7,7].

Yie. f(—m) = f(r) and f'(—m) = f'(n); see §[6.5(d)] on page A
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o0 o
(d) ( The series (@) converges to f uniformly on [—7, 7] ) = ( Z |An| + Z |Bn| < o0 )
n=0 n=1

Proof: For (a), see [Kaf76l p.29 of §1.5], or [Bro89, Theorem 2.3.10], or [CBR7, §38]. For
(b) see [Bro89, Theorem 1.4.4, p.15] or [CB&7, §31]. For (c) see [Fol84, Theorem 8.43,
p.256], or [WZ77, Theorem 12.20, p.219], or [CB8&7, §35]..

(d) is Exercise 9.2 (Hint: Use the Weierstrass M-test, Proposition [I8 on page [311). O

Remark: There is nothing special about the interval [—m,7]. Real Fourier series can be
defined for functions on an interval [—L, L] for any L > 0. We chose L = 7 because it makes

the computations simpler. For L # m, the previous results can be reformulated using the
nwm)

functions S, (x) = sin (n_zx) and C,(x) = cos (T .

9.2 Computing Real Fourier Coefficients
Prerequisites: §0.T1 Recommended: &3

1 s
When computing the real Fourier coefficient 4, = — f(x) - cos(nx) dx (or B, =
m —T

1 ™ s
— f(x) - sin (nx) dx), it is simpler to first compute the integral f(x) - cos(nx) dz (or
™ J_n -

s
1
/ f(z) - sin (nz) dz), and then multiply the result by —. In this section, we review some
T
s

useful techniques to compute this integral.

9.2(a) Polynomials
Recommended:

s s
Theorem 9.2: / sin(nz) de = 0 = / cos(nz) dx.
—T

—T
For any k € {1,2,3,...}, we have the following recurrence relations:

e Ifk is even, then:

™ T k[T
/ Fsin(nz)de = 0, and / tF.cos(nz)de = — 2*Lsin(nz) dz.
- - n J-x

e Ifk > 0 is odd:, then:

T 2(—1 n+1, k T
/ CUk : Sin(niﬂ) dr = Hiﬂ + E/ CCk_l . COS(TL:C) dx
n

Ay

and / 2% . cos(nz) de = 0.

3
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(A) A

“— ~ >
Sl 1§a2 X, x=TL

X

X

x
Sy

x=—TT 1 2
0

Figure 9.1: (A) A step function. (B) A piecewise linear function.

Proof: Exercise 9.3 Hint: use integration by parts. O
Example 9.3:
(a) p(x) = z. Since k =1 is odd, we have
1 ™
—/ x-cos(nz) dx = 0,
™ —T
1 ™ 2(—1 n+1,.0 1 ™ 2(—1 n+1
and —/ x -sin(nz) de = A=) + — cos(nz) dr  =[4 L
L - n nm J_, n
where equality [] follows from case k = 0 in the theorem.
(b) p(x) = 2% Since k = 2 is even, we have, for all n,
1 4 2 .
— z“sin(nz) de = 0,
7T —Tr
1 (" -2 [T -2 (2(—1)"*! A=)
—/ z?cos(nz) de = — zt - sin(nz) dx = <i> = ( 2) .
T ) nr J_x n n n
where equality [] follows from the previous example. &

9.2(b) Step Functions
Recommended:
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A function F': [—-7,7] — R is a step function (see Figure [II}(A)) if there are numbers
—TmT=xg <1 <21 <Ty<...<zpH_1<x)H =7 and constants ai,as,...,ap € R so that
Flz) = a if —7<z<u,
F(z) = ay ifx <<z,
. 9.2
Fz) = apn ifrn1<z<znm, (9-2)
Flz) = ay fzy1<z<mw )

To compute the Fourier coefficients of a step function, we break the integral into ‘pieces’.
The general formula is given by the following theorem, but it is really not worth memorizing
the formula. Instead, understand the idea.

Theorem 9.4: Suppose F : [-m, 7] — R is a step function like (@2). Then the Fourier
coefficients of F' are given:

1" 1 &

% - F(x) de = %mzlam : (-%'m _xm—l)
1 M1
L[ 5y costn) de = 1S s ) (s — o)
7T/7r (x) - cos(nz) dx ) sin(n - Tp) « | @me1 — a

M-1

1" , (—1)" 1
;/_W F(z) -sin(nx) de = p— (a1 —aM) + — Z_lcos(n-xm)- (am+1 —am>,

Tim
Proof: Exercise 9.4 Hint: Integrate the function piecewise. Use the fact that / f(z)sin(nz) =

Tm—1

%ﬂ (cos(n “ Tpp—1) — cos(n - xm)), and /: f(x)cos(nx) = %ﬂ (cos(n Ty ) — cos(n - :cm,l)).
D m—1

Remark: Note that the Fourier series of a step function f will converge uniformly to f on
the interior of each “step”, but will not converge to f at any of the step boundaries, because
f is not continuous at these points

Example 9.5:
-3 if —r<z< T
Suppose f(z) = 5 if F <x<F;  (see Figure B2).
2 if F<z<m
In the notation of Theorem B4 we have M = 3, and

-7 us
To = —T r = 7% T2 = 5; r3 = m
a, = -3 as = b ag = 2.
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x o P —

1
-3 g 12 n/2 T
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-1 — T 0 if mniseven;
Thus, A, = — |8-si -——3-'(-—) - 11
e " m[ Sm(n 2) N ] (=% = if n=2k+1isodd.
™
1 -7 s
and B, = — |8-cos|n-— —3-cos<n-—>—5-cos(n-7r)
™ 2 2
( o if  nisodd;
_ . ™
— ((—1)k - 1) if  n=2kiseven.
™
(5
— if  nis odd;
™
= 0 if nis divisible by 4; &
-10 . . ..
—— if  nis even but not divisible by 4.
™
9.2(c) Piecewise Linear Functions
Recommended:

A continuous function F' : [—7, 7] — R is piecewise linear (see Figure @I B)) if there are
numbers —m =2 < 21 < 21 < X2 < ... < xpy_1 < xpr = 7 and constants ai,as,...,ap € R
and b € R so that

Fz) = aj(z—7m)+b it —m <o <a,

F(z) = as(x—z1)+ by if 1 <z <9,

Fz) = ap(z—xp) +bny1  if 2y <z < xpq1, (9-3)
Fz) = apy(@z—zpy_1)+by ifozyi<z<m

where by = b, and, for all m > 1, b, = an(Tm — Tm—1) + bym—1.
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Example 9.6: If f(z) = |z|, then f is piecewise linear, with: 9 = —7, 1 =0, and x9 = 7;
a1 =—1and as = 1; by = m, and by = 0. &

To compute the Fourier coefficients of a piecewise linear function, we break the integral
into ‘pieces’. The general formula is given by the following theorem, but it is really not worth
memorizing the formula. Instead, understand the idea.

Theorem 9.7: Suppose F' : [—m, 7] — R is a piecewise-linear function like [@:3). Then the
Fourier coefficients of F' are given:

1 /7 1 &g, )
% _FF(.TJ) de = %Tnz:l?(xm—xm_l) + bm'(.’IJm—xm_l).
1" 1 &
=] F(z)-cos(nx) de = —3 mZ:l cos(nay,) - (am — am+1)
1 | M
— F(z)-sin(nr) dr = — sin(na,, ) - (am — am+1>
Z - m™n? L=

(where we define apry1 := aq for convenience).

Proof: Exercise 9.5 Hint: invoke Theorem 4] and integration by parts. O

Note that the summands in this theorem read “a,, — am+1”, not the other way around.

Example 9.8: Recall f(z) = |z|, from Example @8 Applying Theorem [, we have

Ay = o | SO b (0w + S0P 40-(r-0)| = 5
A, = #[(—1—1)-% (n0) (1 + 1) - cos (n7)]
= 2421 = - (-,
while B,, = 0 for all n because f is even. &

9.2(d) Differentiating Real Fourier Series

Prerequisites: §0.11 471

Suppose f(x) = 3+2cos(x) — 6 cos(2z) + 11 cos(3z) + 3sin(x) — 5sin(2z) + 7sin(3x). Then
f(x) = —2sin(x) + 12 sin(2x) — 33 sin(3x) + 3 cos(z) — 10 cos(2z) + 21 cos(3z). This illustrates
a general pattern.
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o o
Theorem 9.9: Let f € C®°|—m, |, and suppose f has Fourier series Z A,C, + Z B,S,.

o o0 (o]

If Zn\An\ < oo and Z n|By| < oo, then f’ has Fourier Series: Zn (BnCn — AnSn).
n=1 n=1 n=1

Proof: Exercise 9.6 Hint: Apply Proposition [ on page [[8 O

Consequence: If f(z) = cos (nz) + sin (nx), then f'(z) = —nf(x). In other words, f is
an eigenfunction for the differentation operator %, with eigenvalue —n. Hence, for any k,

OFf = (-n)f-f

9.3 (x)Relation between (Co)sine series and Real series

Prerequisites: L0 01 &1

We have seen how the functions C,, and S,, form an orthogonal basis for L?[—m, 7]. How-
ever, if we confine our attention to half this interval —that is, to L2[0, 7] —then it seems we
only need half as many basis elements. Why is this?

Recall from § [[H on page [ that a function f : [—7,7] — R is even if f(—x) = f(x) for
all x € [0,7], and f is odd if f(—x) = —f(x) for all z € [0, 7].

Define the vector spaces:

Leven[_ﬂ-’ﬂ-] = all even elements in L2[—7r77r]

L2 [-m, 7] = all odd elements in L?[—, 7]

Recall (Theorem [[H on page [[2) that any function f has an even-odd decomposition. That
is, there is a unique even function f and a unique odd function f so that f = f+ f We indicate
this by writing: L*[—m, 7] = L2_ [-m, 7] @ L2 [—m, 7],

even

Lemma 9.10: For any n € N:
(a) The function C,(z) = cos(nzx) is even.
(b) The function S,,(z) = sin(nx) is odd.

Let f : [-m, ] — R be any function.

(c) If f(z ZA C,(z), then f is even.

(d) If f(x ZB S, (z), then f is odd.
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Proof: Exercise 9.7 O

In other words, cosine series are even, and sine series are odd. The converse is also true.
To be precise:

Proposition 9.11: Let f : [-7, 7] — R be any function, and suppose f has real Fourier
o0 oo

series f(x) = Ao + Z A,Cp(zx) + Z B,S,(z). Then:
n=1

(a) If f is odd, then A,, =0 for every n € N.
(b) If f is even, then B,, = 0 for every n € N.

Proof: Exercise 9.8 O

From this, it follows immediately:

Proposition 9.12:
(a) The set {Cy,Cq,Cs,...} is an orthogonal basis for szen[—w,w] (where Cyp = 1).
(b) The set {S1,S2,8s, ...} is an orthogonal basis for L2 [, ].

In either case, the Fourier series will converge pointwise or uniformly if the relevant conditions
from the earlier Fourier Convergence Theorems are satisfied. O

Exercise 9.9 Suppose f has even-odd decomposition f = f + f, and f has real Fourier series
(oo} oo

fz) = Ao+ Z A, Cp(z) + Z B, S, (z). Show that:

n=1

(a) If f(x ZA C,.(z), then f is even. If f(x ZB S,(z), then f is odd.

Suppose f : [0,7] — R. Recall from LA that we can “extend” f to an even function
fuen : [=m, 1] — R, or to an odd function f , : [-7, 7] — R.

Proposition 9.13:
(a) The Fourier cosine series for f is the same as the real Fourier series for f, . . In other

1 s
words, the nth Fourier cosine coefficient is given: A, = — / foen(@)Cp () dx.
m —T

(b) The Fourier sine series for f is the same as the real Fourier series for f_ . In other

1 K
words, the nth Fourier sine coefficient is given: B, = — / fowa (@)Sp(x) dx.
m —Tr

Proof: Exercise 9.10 O
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9.4 (%) Complex Fourier Series

Prerequisites: 74 70 L3 Recommended: 311

If f,9: X — C are complex-valued functions, then we define their inner product:
{f.9) ! / f(x)-g9(x) d
= — x) - g(x) dx
Y M Jy g

where M is the length/area/volume of domain X. Once again,

e = 1507 = (o [roor@a)” = (& [1so0 ax)

The concepts of orthogonality, L? distance, and L? convergence are exactly the same as before.

Let L%([—L, L]; C) be the set of all complex-valued functions f : [-L, L] — C with finite
L2-norm. What is the Fourier series of such a function?
For all n € Z, let

(thus, Eg = 1 is the constant unit function). For all n > 0, notice that the de Moivre Formulae
imply:
E,(x) = Cyu(z) + i-S,(z) (9.4)
and E_,(z) = Cux) —i-S '

Also, note that (E,,E;,) = 0 if n # m, and [|E,||, = 1 (Exercise 9.11 ), so these functions
form an orthonormal set.

If f: [-L, L] — Cis any function with || f||, < oo, then we define the (complex) Fourier
coefficients of f:

fo= 0 = |5 [ g en (TR @ (95)

The (complex) Fourier Series of f is then the infinite summation of functions:

> FuEn (9.6)

n=—oo

(note that in this sum, n ranges from —oo to o).



178 CHAPTER 9. REAL FOURIER SERIES AND COMPLEX FOURIER SERIES

Theorem 9.14: Complex Fourier Convergence

(a) The set {...,E_1,Eg,Eq,...} is an orthonormal basis for L*([~L, L]; C). Thus, if f €
L2([~L, L]; C), then the complex Fourier series (L) converges to f in L?-norm.

Furthermore, {fn}go: is the unique sequence of coefficients with this property.

—00
(b) If f is continuously differentiabld] on [—7, 7|, then the Fourier series (@H) converges

N
pointwise on (—m, ). In other words, if —m < x < m, then f(z) = lim Z ﬁlEn(x)
n=—N

N—oo

(c) If f is continuously differentiable on [—m, |, and f satisfies periodic boundary conditions
[i.e. f(—m) = f(n) and f'(—7) = f'(n)], then the series (@8] converges to f uniformly
on [—m, 7.

(d) ( The series ([@8l) converges to f uniformly on [—7, 7] > = < Z fn] < o0 )

Proof: Exercise 9.12 Hint: use Theorem [IJ] on page [[69, along with the equations (@d). O

9.5 (x) Relation between Real and Complex Fourier Coefficients

Prerequisites: §01 3.4

If f:[-m,n] — R is a real-valued function, then f can also be regarded as a complex
valued function, and we can evaluate its complex Fourier series. Suppose n > 0. Then:

(@) fo=1(Ay—iBy), and [y = fo = 3 (A, +iB,).
(b) Thus, Ay, = fo+ fon, and By, = i(f_n — fn).
(c) fo=Ao.

Proof: Exercise 9.13 Hint: use the equations (4]). O

2This means that f(z) = f-(x)+ifi(z), where f, : [-L,L] — Rand f; : [-L, L] — R are both continuously
differentiable, real-valued functions.
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10 Multidimensional Fourier Series

10.1 ...in two dimensions

Prerequisites: 4 g7 Recommended: §&7

Let X,Y > 0, and let X := [0, X]x[0,Y] be an X x Y rectangle in the plane. Suppose
f:[0,X]x[0,Y] — R is a real-valued function of two variables. For all n,m € N (both
nonzero), we define the two-dimensional Fourier sine coefficients:

Bym = % /OX/OY f(z,y)sin (%) sin (WTmy) dz dy
The two-dimensional Fourier sine series of f is the doubly infinite summation:
> ™ ™
3" Bum sin( = ) sin ( Yy) (10.1)
nm=

Notice that we are now summing over two independent indices, n and m.

Example 10.1: Let X =7 =Y, so that X = [0, 7] x [0, 7], and let f(z,y) =2 -y. Then f
has two-dimensional Fourier sine series:

e __1\n+m
4 Z %sin(nw) sin(my).

n,m=1

To see this, recall from By Example BI2(c) on page 57, we know that

2 (7 2(—1)"*!
—/ xsin(z) de = %

T Jo
4 s ™
Thus, Bnm = —2/ / xy - sin(nz) sin(my) dx dy
™ Jo Jo

- (% /O ﬂxsin(nw) dm) : (% /O ﬂysin(my) dy>

_ (2(—1)”“).(2(—1)"1“) 4= 5

n m nm

Example 10.2:

Let X =7 =Y, so that X = [0, 7] x [0, 7], and let f(x,y) = 1 be the constant 1 function.
Then f has two-dimensional Fourier sine series:

% Z 1= El—l)”] L= (ﬂ;l)m] sin(nz)sin(my) = % Z — sin(nx) sin(my)

n,m=1
both odd
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Cso(x,y) = cos (3z) cos (2y)

Cia(w, y) = cos (3) cos (3y)

Coo(z,y) = cos (2z) Cao(x,y) = cos (2z) cos (2y)

Cy3(x,y) = cos (2z) cos (3y)

Ll

Cy2(z,y) = cos (x) cos (2y)

)

Cy 5(z,y) = cos (x) cos (3y)

)

Ficure 10.1: C.. .. for n = 1..3 and m = 0..3 (rotate pace).
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Exercise 10.1 Verify this. &

For all n,m € N (possibly zero), we define the two-dimensional Fourier cosine coeffi-
cients of f:

1 X Y
Ay = | == dz d
0 % /0 /0 f(z,y) dxdy
2 Xy NI
Ao = |~ <—> f :
7,0 XY/O /0 f(z,y) cos e dxdy| forn > 0;
9 X Y
Apm = ﬁ/o /0 f(x,y) cos (%) drdy| for m > 0; and
4 Xy ™mT ™my
e = [ () o= (72) ] o
nm XY/O /0 f(z,y) cos ~ ) s v dxdy| for n,m >0
The two-dimensional Fourier cosine series of f is the doubly infinite summation:
> T T™my
Z An,mcos< e >cos< v ) (10.2)
n,m=0

In what sense do these series converge to f?7 For any n,m € N, define:

Crmlz,y) = cos<7TXﬂ).cos(”7m) and  Spn(z,y) = Sm(%’m).sm<%ﬂw)

(see Figures [Tl and [[I2)

Theorem 10.3: Two-dimensional Co/Sine Series Convergence on [0, X] %[0, Y]

(a) The set {Sy.m ; 0# n,m € N} is an orthogonal basis for L? ([0, X]x [0,Y]).

(b) The set {Cypm ; n,m € N} is an orthogonal basis for L2 ([0, X] x[0,Y]).

(c) Thus, if f € L2([0, X]x[0,Y]), then the series (ILT) and (2) both converge to f in
L?-norm. Furthermore, the coefficient sequences { A m}20,,—o and {Bpnm}3,—, are the
unique sequences of coefficients with this property.

(d) If f is continuously differentiable on [0, X] % [0,Y], then the two-dimensional Fourier
cosine series ([ILZ) converges to to f uniformly (and hence, pointwise) on [0, X]|x [0, Y].

(e) If f is continuously differentiable on [0, X]x[0,Y], then the two-dimensional Fourier sine
series ([L]) converges to to f pointwise on (0, X)x (0,Y). Furthermore, in this case,

f satisfies homogeneous Dirichlet boundary conditions:

(Tbe sine series ([LI) Converges> e | f@0) = f@Y) = 0, forallz € [0, X], and
to f uniformly on [0, X]x0,Y] FO.y) = f(X.y) = 0, forallye[0.Y].




184 CHAPTER 10. MULTIDIMENSIONAL FOURIER SERIES

. |~

/2

»
>

TU/2 n

Figure 10.3: The box function f(x,y) in Example [[{I4]

€3] ( The cosine series ([IL2) converges to f uniformly on [0, X]x[0,Y] ) = ( Z |Apm| < o0 )

n,m=0

f satisfies homogeneous Neumann boundary conditions:
(g) Oy f(z,0) = 0y, f(z,Y) = 0, forall z € [0,X], and
02 f(0,y) = 0, f(X,y) = 0, forallyel0,Y]

— < i n-|Apm| < oo and i m-[Apm| < o0 )

n,m=0 n,m=0

...and In this case, the cosine series ([ILA) converges uniformly to f on [0, X]x[0,Y].

(h) ( The sine series ([ILl) converges to f uniformly on [0, X]x[0,Y] ) = < Z |Bpm| < o0 )

n,m=1

In this case, f satisfies homogeneous Dirichlet boundary conditions.

Proof: (a,b,c) See [Kat76l p.29 of §1.5].  (d,e) See [FoI84] Theorem 8.43, p.256]. (f) is
Exercise 10.2. (g) is Exercise 10.3. (h) is Exercise 10.4. 0

o B 1 if 0<2z<3 and 0<y<3;
Example 10.4: Suppose X =7 =Y, and f(z,y) = { 0 fT<zor T<y.

(See Figure [I3). Then the two-dimensional Fourier cosine series of f is:

2k = 25+1

i + %i (_i)l; Cos ((Zk + 1)x> + = i (._1)j cos ((2j + 1)2/)
k=0 Jj=0

2 s 2k +1)(2j+1)

oS ((Qk; + 1)3@) - cos ((Qj + 1)y)

To see this, note that f(z,y) = g(z) - g(y), where g(z) = { (1) T <o 2 . Recall
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from Example on page that the (one-dimensional) Fourier cosine series of g(z) is

0 k
g(z) = % Z ;k31008(2k+1)$>
k=0

Thus, the cosine series for f(x,y) is given:

flxy) = g(x)-9(y)

cos( (25 +1)y) RS

N | —
:1

Cos ((2l<: + 1):6) .

9 oo
N
7=0

(x) Mixed series:

We can also define the mixed Fourier sine/cosine coefficients:

» ) X rY
Cr[z,o} = XY_/ / f(z,y) sin @) dx dy, forn > 0.
[sc] _ my
Crm XY/ / f(x,y)sin (—X )COS< ) dx dy, for n,m > 0.

[es] e
Com = XY/O/ fxysm(

4 X ™me Tmy
Clesl - — —/ / f(x,y) cos sin (—— ) dxdy, for n,m > 0.
! XY J, ( ( )

:]

my> dx dy, for m > 0.
)s

The mixed Fourier sine/cosine series of f are then:

i C T, sin (%) cos (ﬂTmy) and i C’T[fill cos (ﬂ;x> sin (ﬂﬁy) (10.3)
n=1,m

,m=0 n=0,m=1

Define

M[SC] | (z,y) = sin (m;x> cos (7”;&/2:1/) and Mf‘ﬂn(x,y) = Cos (7”;95) sin (m;/?y) '

Proposition 10.5: Two-dimensional Mixed Co/Sine Series Convergence on [0, X]x[0,Y]

The sets of “mixed” functions, {Mifcﬂn, n,m e N} and {Mgf‘ﬂn, n,m e N} are both

orthogonal basis for L? ([0, X]x[0,Y]). In other words, if f € L*([0,X]x[0,Y]), then the
series ([TL3)) both converge to f in L. O
Exercise 10.5 Formulate conditions for pointwise and uniform convergence of the mixed series.
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10.2 ...in many dimensions

Prerequisites: 4 A Recommended: {1
Let X1,...,Xp > 0, and let X := [0,X;] X --+ x [0,Xp] be an X; X --- X Xp box in
D-dimensional space. For any n € N, and all (z1,...,zp) € X, define:
C ( ) N1 TNoI2 TNpIp
T1,..., T = |cos cos ...COS
n\41, s D X1 X2 XD
S ) . (Tt . [ Tnaxs . (T™pxp
T1,.e.., T = |sin sin ...sin .
n\41, s D X1 X2 XD
Also, for any sequence w = (w1, ...,wp) of D symbols “s” and “c”, we can define the “mixed”

functions, M¥. For example, if D = 3, then define

e - () () ()

If f: X — R is any function with || f]|, < oo, then, for all n € N, we define the multiple
Fourier sine coefficients:

_ S | 2P
) ISall; [ X1 Xp

/X J(x) - Su(x) dx

The multiple Fourier sine series of f is then:

> BuSa (10.4)

neND

For all n € N, we define the multiple Fourier cosine coefficients:

1 (f,Cn) 2 /
Ay = ) = 7/ X) dx| and A, = = | —— x) - Cp(x) dx
o = ) = | [ | LG
where, for each n € N, the number d,, is the number of nonzero entries in n = (ny,ns,...,np).

The multiple Fourier cosine series of f is then:

> AnCa (10.5)

neND

Finally, we define the mixed Fourier Sine/Cosine coefficients:

M%) 20n
IR A s ol AR
where , for each n € N, the number d,, is the number of nonzero entries n; in n = (n1,...,np)
such that w; = ¢. The mixed Fourier Sine/Cosine series of f is then:
> ceMy (10.6)

neND
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Theorem 10.6: Multidimensional Co/Sine Series Convergence on X

(a) The set {Sy; 0# n e NP} is an orthogonal basis for L? (X).
(b) The set {Cyn ; n € NP} is an orthogonal basis for L? (X).

(c) For any sequence w of D symbols “s” and “c”, the set of “mixed” functions, {M¥ ; n € NP}
is an orthogonal basis for L? (X).

(d) In other words, if f € L?(X), then the series (IL4), (IIA), and (L) all converge
to f in L*-norm. Furthermore, the coefficient sequences {An}neno, {Bn}ognenr, and
{C&}nenp are the unique sequences of coefficients with these properties.

(e) If f is continuously differentiable on X, then the cosine series ([LH)) converges uniformly
(and hence pointwise) to f on X.

(f) If f is continuously differentiable on X, then the sine series (IL4]) converges pointwise to
f on the interior of X. Furthermore, in this case,

The sine series ([L4]) converges f satisfies homogeneous Dirichlet
to f uniformly on X boundary conditions on 0X '

(g) If f is continuously differentiable on X, then the mixed series ([ILOI) converges pointwise
to f on the interior of X. Furthermore, in this case,

conditions on the ith face of OX, for any

( The mixed series ([ILA) converges
i € [1...D] with w; = s.

f satisfies homogeneous Dirichlet boundary
to f uniformly on X >

(h) ( f satisfies homogeneous Neumann boundary conditions on 0X >

— < For all d € [1...D], we have Z ng - |An| < o0 >
neN

...and in this case, the cosine series ([ILH) converges uniformly to f on X.

Proof: (a,b,c,d) See [Kaf70, p.29 of §1.5].  (e,f,g) follow from [Fol84, Theorem 8.43,
p.256]. 0

Proposition 10.7: Differentiating Multiple Fourier (co)sine series

Let X := [0,X1] x -+ x [0,Xp]. Let f: X — R be differentiable, with Fourier series
f EE ~A0 + j{:«AncL1+ EE:ABnSn-

neND neND
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(a) Fix i€ [1..D]. Suppose that Z n?|An| + Z n?|By| < oo. Then

neND neND
2 7T7”LZ' 2
neND !

(b) Suppose that Z In|?|An| + Z In|?|Bn| < oo (where we define [n|? := n?+....4n2).

neNDP neNP
2 2
— 2 ni np
Then Af = —7° ) <71) SR <X—D> : (Ancn+ann>.
eNpb
Proof: Exercise 10.6 Hint: Apply Proposition [[7 on page [A O

Example 10.8: Fixne NP If f=A.C,+ B-Sy, then

Af - _W[<§(_)++<;—g)]f

In particular, if X1 = --- = Xp = 7, then this simplifies to:

Af = —m*nf- f.
In other words, any pure wave function with wave vector n = (n1,...,np) is an eigenfunction
of the Laplacian operator, with eigenvalue A\ = —72|n|%. &

10.3 Practice Problems
Compute the two-dimensional Fourier sine transforms of the following functions. For each

question, also determine: at which points does the series converge pointwise? Why? Does the
series converge uniformly? Why or why not?

L f(z,y) = 2*-y.
2. g(z,y) = z+y.
3. f(z,y) = cos(Nx)-cos(My), for some integers M, N > 0.

4. f(z,y) = sin(Nz) -sinh(Ny), for some integer N > 0.
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IV BVPs in Cartesian Coordinates

Fourier theory is relevant to boundary value problems because the
orthogonal trigonometric functions S,, and C,, in a Fourier series are eigen-
functions of the Laplacian operator /A. Thus, we can use these functions as
‘building blocks’ to construct a solution to a given partial differential equation
—a solution which also satisfies specified initial conditions and/or boundary
conditions. In particular, we will use Fourier sine series to obtain homoge-
neous Dirichlet boundary conditions [by Theorems B.IKd), B-(d), M03Ke)
and [[LBKf)] , and Fourier cosine series to obtain homogeneous Neumann
boundary conditions [by Theorems B4(f), BO(f), [ 3(g) and [[LBI(h)]. This
basic strategy underlies all the solution methods developed in Chapters [Tl
to [[3 and many of the methods of Chapter [[4
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11 Boundary Value Problems on a Line Segment

Prerequisites: &1 6.0

Fourier series can be used to find solutions to boundary value problems on the line segment
[0, L]. The key idea is that the functions S, (z) = sin (%Zz) and C,(z) = cos (%X x) are eigen-
functions of the Laplacian operator. Furthermore, S,, satisfies Dirichlet boundary conditions,
so any (uniformly convergent) Fourier sine series will also. Likewise, C,, satisfies Neumann
boundary conditions, so any (uniformly convergent) Fourier cosine series will also.

For simplicity, we will assume throughout that L = 7. Thus S,,(z) = sin (nz) and C,(x) =
cos (nz). We will also assume that the physical constants in the various equations are all set
to one. Thus, the Heat Equation becomes “0;u = Au”, the Wave Equation is “0? u = Au”,
etc.

This does not limit the generality of our results. For example, faced with a general heat
equation of the form “O,u(x,t) = k- Au” for z € [0, L], (with K # 1 and L # m) you can
simply replace the coordinate x with a new space coordinate y = 7 and replace ¢t with a new
time coordinate s = kt, to reformulate the problem in a way compatible with the following
methods.

11.1 The Heat Equation on a Line Segment

Prerequisites: 821 964 630 $£.2(a) 90 Recommended:

Proposition 11.1: (Heat Equation; homogeneous Dirichlet boundary)
Let X = [0, 7], and Iet f € L?[0, 7] be some function describing an initial heat distribution.

Suppose f has Fourier Sine Series f(x) = Z By, sin(nz), and define:
n=1

u(x;t) = Z By, sin(nz) - exp ( —n?. t) ) for all x € [0, 7] and t > 0.
n=1

Then u(x;t) is the unique solution to the one-dimensional Heat Equation “0;u = d2u”, with
homogeneous Dirichlet boundary conditions

u(0;t) = u(m;t) = 0, for all t > 0.

and initial conditions: wu(z;0) = f(z), for all x € [0, 7].
Furthermore, the series defining u converges semiuniformly on X x (0, 00).
Proof: Exercise 11.1 Hint:
(a) Show that, when ¢ = 0, the Fourier series of u(z;0) agrees with that of f(x); hence u(x;0) = f(x).

(oo}
(b) Show that, for all t > 0, Z ‘nQ - B, - et < oo

n=1
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o0
(c) For any T' > 0, apply Proposition[L7on pagell@to conclude that 9; u(x;t) = Z —n?B,, sin(nzx)-

n=1

exp(—n2 . t) = Auw(x;t) on [T, 00).

o0
(d) Observe that for all ¢ > 0, Z ‘Bne*”%‘ < oo.

n=1

(e) Apply part (c) of Theorem on page [[ZH to show that the Fourier series of u(x;t) converges
uniformly for all ¢ > 0.

(f) Apply part (d) of Theorem Bl on page [[ZH to conclude that u(0;¢) = 0 = u(n,t) for all ¢ > 0.
(g) Apply Theorem [ET6(a) on page [ to show that this solution is unique. O

Example 11.2: Consider a metal rod of length 7, with initial temperature distribution
f(z) = 7 -sinh(ax) (where 7, > 0 are constants), and homogeneous Dirichlet boundary
condition. Proposition [Tl tells us to get the Fourier sine series for f(z). In Example

27 sinh(a) f: n(—1)"+t

on page [[48, we computed this to be - sin(nz). The evolving

™ — o’ +n?
temperature distribution is therefore given:
27 sinh(ar) o= n(—1)"+1 2
u(x;t) = -sin(nzx) - e L.
(231 e o

Proposition 11.3: (Heat Equation; homogeneous Neumann boundary)
Let X = [0, 7], and let f € L2[0, ] be some function describing an initial heat distribution.

Suppose f has Fourier Cosine Series f(x) = Z Ay, cos(nx), and define:
n=0

u(z;t) = Z A, cos(nx) - exp ( —n?. t) , for all x € [0, 7] and t > 0.
n=0

Then u(x;t) is the unique solution to the one-dimensional Heat Equation “0;u = d2u”, with
homogeneous Neumann boundary conditions

0 u(0;t) = Oy u(m;t) = 0, for all t > 0.

and initial conditions: wu(xz;0) = f(z), for all x € [0, 7].
Furthermore, the series defining u converges semiuniformly on X x (0, 00).

Proof: Setting t = 0, we get:

u(z;t) = Z A, cos(nz) - exp ( —n?. 0) .= Z A,, cos(nz) - exp (0)
n=1 n=1

= i Ay cos(nx)-1 = i Ay cos(nz) = f(x),
n=1 n=1
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so we have the desired initial conditions.

Let M := max |Ap|. Then M < oo (because f € L?).
ne

o
Claim 1: For allt > 0, Z ‘nQ “Ap - et < 0.
n=0

Proof: Since M = max |An|, we know that |A,| < M for all n € N. Thus,
ne

o o0 (o]
_ 2 _ 2 _m2
E ‘nQ-An~e”t < E |n2‘-M-‘e”t = ME n?.e ™t

oo
Hence,it suffices to show that ZnQ Ce™ < 0. To see this, let £ = e!. Then F > 1

n=0
2
(because t > 0). Also, n? - et = n—2, for each n € N. Thus,
En
> 2 = n? = m
2 _—n“t _
Dot = Y mm S X (11.1)
n=1 n=1 m=1
We must show that right-hand series in ([[II]) converges. We apply the Ratio Test:
m+1 m
. E'm+1 _ . m + 1 E o . l
Hence the right-hand series in ([[II]) converges. O Claim 1

oo
Claim 2:  For any T > 0, we have 0, u(z;t) = — ZnAn sin(nz) - exp ( —n?. t) on

n=1

[T,00), and also 0Zu(w;t) = — ZnQAn cos(nx) - exp ( —n?. t) on [T, 00).

n=1

Proof:  This follows from Claim [l and two applications of Proposition [C7 on page

<>Claim 2

o0
Claim 3:  For any T > 0, we have Qju(x;t) = — ZnQAn cos(nz) - exp ( —n?. t) on
n=1

[T, 0).

Proof: 0O,u(z;t) = 0 i Ay, cos(nx) - exp ( —n?. t) = i Ay, cos(nx) - O exp ( —n?. t)

n—1 n=1
= 3 Aucos(na) - (—n?)exp (= n? 1),
n=1

where (x) is by Prop. [ on page [[6

<>Claim 3
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Combining Claims P and Bl we conclude that 0, u(z;t) = Au(x;t).
Finally Claim [0 also implies that, for any t > 0,

o

2
Z‘n-An-e nt
n=0

Hence, Theorem B4(d) on p[Id9 implies that u(x;t) satisfies homogeneous Neumann bound-
ary conditions for any ¢ > 0.

(o @]
2
< Z‘nQ-An-e*"t < 0.
n=0

Finally, Theorem ET6I(b) on page [T says this solution is unique. 0

Example 11.4: Consider a metal rod of length 7, with initial temperature distribution
f(z) = cosh(z) and homogeneous Neumann boundary condition. Proposition tells us
to get the Fourier cosine series for f(x). In Example on page [[A00, we computed this to

sinh(7) 2sinh(7) o= (—1)" - cos(nz)

+ 2

be 1 . The evolving temperature distribution is
™ ™ —t n +
therefore given:
sinh(m) 2sinh(7) o= (—1)" - cos(nz) 2,
) = —— e
u(x;t) = - + - Z P e O

n=1

Exercise 11.2 Let L > 0 and let X := [0, L]. Let x > 0 be a diffusion constant, and consider
the general one-dimensional Heat Equation

dhu = kO u. (11.2)

(a) Generalize Proposition [Tl to find the solution to eqn.[IIZ) on X satisfying prescribed initial
conditions and homogeneous Dirichlet boundary conditions.

(b) Generalize Proposition to find the solution to eqn.[I2) on X satisfying prescribed initial
conditions and homogeneous Neumann boundary conditions.

In both cases, prove that your solution converges, satisfies the desired initial conditions and boundary
conditions, and satisfies eqn.([[T2) (Hint: imitate the strategy suggested in Exercise [T))

Exercise 11.3 Let X = [0, 7], and let f € L*(X) be a function whose Fourier sine series satisfies

o0

Z n?|B,| < co. Imitate Proposition [Tl to find a ‘Fourier series’ solution to the initial value problem
n=1

for the one-dimensional free Schréodinger equation

0,0 = _703 w, (11.3)
on X, with initial conditions wg = f, and satisfying homogeneous Dirichlet boundary conditions. Prove

that your solution converges, satisfies the desired initial conditions and boundary conditions, and sat-
isfies eqn.([[T3). (Hint: imitate the strategy suggested in Exercise [T).
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11.2 The Wave Equation on a Line (The Vibrating String)

Prerequisites: 54 5 Recommended: {16.6(b)

Imagine a violin string stretched tightly between two points. At equilibrium, the string
is perfectly flat, but if we pluck or strike the string, it will vibrate, meaning there will be a
vertical displacement from equilibrium. Let X = [0, 7] represent the string, and for any point
x € X on the string and time ¢ > 0, let u(z;t) be the vertical displacement of the drum. Then
u will obey the two-dimensional Wave Equation:

OFu(x;t) = Au(x;t). (11.4)

However, since the string is fixed at its endpoints, the function u will also exhibit homogeneous
Dirichlet boundary conditions

u(0;t) = u(mt) = 0 (for all £ > 0). (11.5)

Proposition 11.5: (Initial Position Problem for Vibrating String with fixed endpoints)

fo : X — R be a function describing the initial displacement of the string. Suppose f
o0

has Fourier Sine Series fo(x) = Z By, sin(nz), and define:

n=1

w(z;t) = Z By, sin(nz) - cos (nt), for all z € [0, 7] and t > 0. (11.6)

n=1
Then w(x;t) is the unique solution to the Wave Equation ([IZl), satisfying the Dirichlet
boundary conditions (1), as well as

Initial Position: w(z,0) = fo

(),
Initial Velocity: 0, w(z,0) = 0, for all = € [0, ].

Proof: Exercise 11.4 Hint:

(a) Prove the trigonometric identity sin(nx) cos(nt) = 1 (sin (n(z —t)) +sin (n(xz + t)))

(b) Use this identity to show that the Fourier sine series ([[IH) converges in L? to the d’Alembert
solution from Theorem [[628(a) on page

(c¢) Apply Theorem on page to show that this solution is unique. O

Example 11.6: Let fo(z) = sin(5x). Thus, Bs =1 and B,, = 0 for all n # 5. Proposition [TH
tells us that the corresponding solution to the Wave Equation is w(x,t) = cos(5t) sin(5x).
To see that w satisfies the wave equation, note that, for any x € [0, 7] and ¢ > 0,

O, w(z,t) = —bsin(bt)sin(bx) and  5cos(bt)cos(bx) = 0, w(z,t);
Thus 07 w(z,t) = —25cos(5t)sin(5z) = —25cos(5t) cos(5x) = 02 w(x,t).



196 CHAPTER 11. BOUNDARY VALUE PROBLEMS ON A LINE SEGMENT

Figure 11.1: (A) A harpstring at rest. (B) A harpstring being plucked. (C) The harpstring vibrating.
(D) A big hammer striking a xylophone. (E) The initial velocity of the xylophone when struck.

Also w has the desired initial position because, for any = € [0,7], we have w(0,t) =
cos(0) sin(5x) = sin(bx) = fo(x), because cos(0) = 1.

Next, w has the desired initial velocity because for any = € [0,n], we have dyw(0,t) =
5sin(0) sin(5z) = 0, because sin(0) = 0.

Finally w satisfies homogeneous Dirichlet BC because, for any ¢ > 0, we have w(0,t) =
cos(5t) sin(0) = 0 and w(w,t) = cos(5t) sin(bm) = 0, because sin(0) = 0 = sin(5m). &

Example 11.7: (The plucked harp string)

A harpist places her fingers at the midpoint of a harp string and plucks it. What is the
formula describing the vibration of the string?

Solution: For simplicity, we imagine the string has length 7. The taught string forms a
straight line when at rest (Figure [I.IJA); the harpist plucks the string by pulling it away
from this resting position and then releasing it. At the moment she releases it, the string’s
initial velocity is zero, and its initial position is described by a tent function like the one
in Example on page

ar if 0<x<3
fol@) { a(m —x) if §<z<m

(Figure [[TIB)

where a > 0 is a constant describing the force with which she plucks the string (and its
resulting amplitude).

The endpoints of the harp string are fixed, so it vibrates with homogeneous Dirichlet bound-
ary conditions. Thus, Proposition [[TH tells us to find the Fourier sine series for fy. In
Example BT, we computed this to be:

Ao (DR
fo = — Zl — sin(nx).
nnc;dd;
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t=16~ /2

Figure 11.2: The plucked harpstring of Example [l From t = 0 to t = 7/2, the initially triangular shape
is blunted; at ¢t = 7/2 it is totally flat. From ¢ = 7/2 to t = 7, the process happens in reverse, only the triangle
grows back upside down. At ¢t = 7, the original triangle reappears, upside down. Then the entire process

happens in reverse, until the original triangle reappears at t = 27.

4 = (—1)F
Thus, the resulting solution is: wu(z;t) = -a Z ( 2) sin(nzx) cos(nt);
T n
nodd;
n=2k+1

(See Figure MT2). This is not a very accurate model because we have not accounted for
energy loss due to friction. In a real harpstring, these ‘perfectly triangular’ waveforms
rapidly decay into gently curving waves depicted in Figure ITC); these slowly settle down
to a stationary state. &

Proposition 11.8: (Initial Velocity Problem for Vibrating String with fixed endpoints)

f1 : X — R be a function describing the initial velocity of the string. Suppose f; has
oo
Fourier Sine Series fi(z) = ZB” sin(nx), and define:
n=1

o0
B
v(x;t) = Z — sin(nx) - sin (nt) , for all z € [0, 7] and t > 0. (11.7)
12 1 n
n—
Then v(x;t) is the unique solution to the Wave Equation ([LI4l), satisfying the Dirichlet bound-
ary conditions ([IH), as well as

Initial Position:  v(z,0) = 0;

Initial Velocity: 0;v(z,0) = fi(x), } for all z € [0, 7).
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Proof: Exercise 11.5 Hint:

(a) Prove the trigonometric identity — sin(na) sin(nt) = 1 (cos (n(z +t)) — cos (n(x — t)))

(b) Use this identity to show that the Fourier sine series () converges in L? to the d’Alembert
solution from Theorem [[G28(b) on page

(¢) Apply Theorem on page to show that this solution is unique. O

Example 11.9: Let fi(z) = 3sin(8x). Thus, Bg = 3 and B,, = 0 for all n # 8. Proposition[[TJ
tells us that the corresponding solution to the Wave Equation is w(x,t) = 2 sin(8t) sin(8z).
To see that w satisfies the wave equation, note that, for any x € [0, 7] and ¢t > 0,

O, w(xz,t) = 3sin(8t)cos(8r) and  3cos(8t)sin(8x) = 9, w(z,t);
Thus 0 w(z,t) = —24cos(8t)cos(8z) = —24 cos(8t) cos(8z) = D2 w(x,t).
Also w has the desired initial position because, for any = € [0,7], we have w(0,t) =
3 sin(0) sin(8z) = 0, because sin(0) = 0.
Next, w has the desired initial velocity because for any = € [0,n], we have dyw(0,t) =
38 cos(0) sin(8z) = 3sin(8z) = fi(z), because cos(0) = 1.

Finally w satisfies homogeneous Dirichlet BC because, for any ¢ > 0, we have w(0,1t)
3 sin(8t) sin(0) = 0 and w(,t) = 3 sin(8t) sin(87) = 0, because sin(0) = 0 = sin(8n).

<

Example 11.10: (The Xylophone)

A musician strikes the midpoint of a zylophone bar with a broad, flat hammer. What is the
formula describing the vibration of the string?

Solution: For simplicity, we imagine the bar has length 7 and is fixed at its endpoints
(actually most xylophones satisfy neither requirement). At the moment when the hammer
strikes it, the string’s initial position is zero, and its initial velocity is determined by the
distribution of force imparted by the hammer head. For simplicity, we will assume the
hammer head has width /2, and hits the bar squarely at its midpoint (Figure [IID).
Thus, the initial velocity is given by the function:

. s 3
Qo 1f1§:c§7

hw) = { 0 otherwise (Figure ITTIE)

where @ > 0 is a constant describing the force of the impact. Proposition tells us to
find the Fourier sine series for fi(z). From Example on page [[60 we know this to be

a 00 sin ( (4k — 1)z s sin ( (4k + 1)z
fiw) = 22 (i) + 1) (4k_1 ), S (-1 <4k+1 )

2
k=1 k=1

The resulting vibrational motion is therefore described by:
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v(z, t) = 262/5 sin(x) sin(t) + li(_l)k‘sm ((4k B ZZ)_ST)Q((Z% - 1)’5)
0o sin ( (4k + 1)z ) sin ( (4k + 1)t
+ k;l(_l)k ( (41<:>+ 1)2( ) o

Exercise 11.6 Let L > 0 and let X := [0, L]. Let A > 0 be a parameter describing wave velocity
(determined by the string’s tension, elasticity, density, etc.), and consider the general one-dimensional
Wave Equation

OFu = Nou (11.8)

(a) Generalize Proposition [TH to find the solution to eqn.[ILH) on X having zero initial velocity
and a prescribed initial position, and homogeneous Dirichlet boundary conditions.

(b) Generalize Proposition to find the solution to eqn.[IX) on X having zero initial position
and a prescribed initial velocity, and homogeneous Dirichlet boundary conditions.

In both cases, prove that your solution converges, satisfies the desired initial conditions and boundary
conditions, and satisfies eqn.([[L) (Hint: imitate the strategy suggested in Exercises [T and [[TH)

11.3 The Poisson Problem on a Line Segment

Prerequisites: &2 6.0 4 Recommended:

We can also use Fourier series to solve the one-dimensional Poisson problem on a line
segment. This is not usually a practical solution method, because we already have a simple,
complete solution to this problem using a double integral (see Example EZ7 on page 29).
However, we include this result anyways, as a simple illustration of Fourier techniques.

Proposition 11.11: Let X = [0, 7], and let ¢ : X — R be some function, with uniformly

oo
convergent Fourier sine series: q(x) = Z Qn sin(nx). Define the function u(zx) by

n=1

Z —@n sin(nx), for all z € [0, 7].

u(z) y

n=1

Then u(x) is the unique solution to the Poisson equation “Au(z) = q(z)” satisfying homoge-
neous Dirichlet boundary conditions: u(0) = u(w) = 0.

Proof: Exercise 11.7 Hint: (a) Apply Theorem Bl(c) (pIZH) to show that Z |Qn| < oo.
n=1

o0
(b) Apply Theorem B20 on page to conclude that Au(z) = Z Qnsin(nz) = q(z).
n=1
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o0

(c) Observe that Z

n=1

3
n2

< 0.

(d) Apply Theorem Bl(c) (pI[dH) to show that the given Fourier sine series for u(z) converges
uniformly.

(e) Apply Theorem BId) (pIZH) to conclude that w(0) = 0 = u(mw).
(f) Apply Theorem [ET4Y(a) on page [IH to conclude that this solution is unique. O

Proposition 11.12: Let X = [0,7], and let ¢ : X — R be some some function, with

o0
uniformly convergent Fourier cosine series: q(z) = Z @, cos(nzx), and suppose that Qy = 0.
n=1

Fix any constant K € R, and define the function u(z) by

o0
_Qn
u(r) = Z 3 cos(nz) + K, for all z € [0, 7. (11.9)
n=1
Then wu(z) is a solution to the Poisson equation “Au(x) = q(z)”, satisfying homogeneous
Neumann boundary conditions u'(0) = u/(w) = 0.

Furthermore, all solutions to this Poisson equation with these boundary conditions have
the form ([[TY) for some choice of K.
If Q¢ # 0, however, the problem has no solution.

Proof: Exercise 11.8 Hint: (a) Apply Theorem BZ(c) (pIZJ) to Z |Qn| < oc.

n=1

(b) Apply Theorem 20 on page to conclude that Awu(r) = Z Qncos(nz) = q(x).
n=1

o0

(c) Observe that Z

n=1

(d) Apply Theorem BZ(d) (p[Idd) to conclude that u'(0) = 0 = u/().

Qn

< 0.

(e) Apply Theorem ETd(c) on page [[IA to conclude that this solution is unique up to addition of a
constant. O

Exercise 11.9 Mathematically, it is clear that the solution of Proposition cannot be well-
defined if Qg # 0. Provide a physical explanation for why this is to be expected.

11.4 Practice Problems

{1 if 0<a<3

1. Let g(x) = 0 i< . (see problem #0l of §87)
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(a) Find the solution to the one-dimensional Heat Equation 0; u(z,t) = Au(z,t) on the
interval [0, ], with initial conditions u(z,0) = g(z) and homogeneous Dirichlet
Boundary conditions.

(b) Find the solution to the one-dimensional Heat Equation 0; u(x,t) = Awu(z,t) on the
interval [0, 7], with initial conditions u(z,0) = g(z) and homogeneous Neumann
Boundary conditions.

(c) Find the solution to the one-dimensional Wave Equation 07 w(z,t) = Aw(x,t)
on the interval [0, 7], satisfying homogeneous Dirichlet Boundary conditions, with
initial position w(z,0) = 0 and initial velocity dyw(x,0) = g(z).

2. Let f(x) =sin(3z), for z € [0, 7.

(a) Compute the Fourier Sine Series of f(z) as an element of L]0, ).
(b) Compute the Fourier Cosine Series of f(z) as an element of L2[0, 7].

(c) Solve the one-dimensional Heat Equation (0,u = Au) on the domain X = [0, 7],
with initial conditions u(z;0) = f(z), and the following boundary conditions:

i. Homogeneous Dirichlet boundary conditions.
ii. Homogeneous Neumann boundary conditions.

(d) Solve the the one-dimensional Wave Equation (0?v = Awv) on the domain
X = [0, 7], with homogeneous Dirichlet boundary conditions, and with
Initial position: v(xz;0) = 0,
Initial velocity: 0O;v(z;0) = f(z).

3. Let f:[0,7] — R, and suppose f has

oo
. . . 1
Fourier cosine series: f(z) = Z o cos(nx)
n=0
oo
Fourier sine series: f(x) = Z o sin(nx)
n=1
(a) Find the solution to the one-dimensional Heat Equation 0;u = Awu, with homo-
geneous Neumann boundary conditions, and initial conditions u(x;0) = f(x) for

all z € [0, 7).

(b) Verify your solution in part (a). Check the Heat equation, the initial conditions,
and boundary conditions. [Hint: Use Proposition [’ on page [[G]

(c) Find the solution to the one-dimensional wave equation 07 u(z;t) = Awu(x;t)
with homogeneous Dirichlet boundary conditions, and

Initial position wu(z;0) = f(z), for all z € [0,7].
Initial velocity O:u(z;0) = 0, forall z € [0,n].

4. Let f:]0,7] — R be defined by f(x) = x.
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(a) Compute the Fourier sine series for f.
(b) Does the Fourier sine series converge pointwise to f on (0,7)7 Justify your answer.

(c) Does the Fourier sine series converge uniformly to f on [0,7]? Justify your answer
in two different ways.

(d) Compute the Fourier cosine series for f.

(e) Solve the one-dimensional Heat Equation (0;u = Au) on the domain X := [0, 7],
with initial conditions u(z,0) := f(x), and with the following boundary conditions:

[i] Homogeneous Dirichlet boundary conditions.
[ii] Homogeneous Neumann boundary conditions.

(f) Verify your solution to question (e) part [i]. That is: check that your solution satis-
fies the heat equation, the desired initial conditions, and homogeneous Dirichlet BC.
[You may assume that the relevent series converge uniformly, if necessary. You may differentiate

Fourier series termwise, if necessary.]

(g) Find the solution to the one-dimensional Wave Equation on the domain X :=
[0, 7], with homogeneous Dirichlet boundary conditions, and with

Initial position wu(z;0) = f(x), forall z € [0,n].
Initial velocity 0Oy u(x;0) = 0, forall xz € [0,n].
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12 Boundary Value Problems on a Square

Prerequisites: {01 6.0 Recommended: {1

Multiple Fourier series can be used to find solutions to boundary value problems on a
box [0,X] x [0,Y]. The key idea is that the functions S, ,(z,y) = sin (%Fz)sin (5%y) and
Cm(z,y) = cos (@(—’T:c) cos (%y) are eigenfunctions of the Laplacian operator. Furthermore,
Sy.m satisfies Dirichlet boundary conditions, so any (uniformly convergent) Fourier sine series
will also. Likewise, C,, ,,, satisfies Neumann boundary conditions, so any (uniformly conver-
gent) Fourier cosine series will also.

For simplicity, we will assume throughout that X =Y = 7. Thus S,, ,,,(z) = sin (nx) sin (my)
and C,, () = cos (nx) cos (my). We will also assume that the physical constants in the var-
ious equations are all set to one. Thus, the Heat Equation becomes “0; u = Au”, the Wave
Equation is “0?2u = Awu”, etc. This will allow us to develop the solution methods in the
simplest possible scenario, without a lot of distracting technicalities.

The extension of these solution methods to equations with arbitrary physical constants
on an arbitrary rectangular domain [0, X] x [0,Y] (for some X,Y > 0) are left as exercises.
These exercises are quite straightforward, but are an effective test of your understanding of
the solution techniques.

Remark on Notation: Throughout this chapter (and the following ones) we will often
write a function u(z,y;t) in the form w;(x,y). This emphasizes the distinguished role of the
‘time’ coordinate ¢, and makes it natural to think of fixing ¢ at some value and applying the
2-dimensional Laplacian A = 92 + 85 to the resulting 2-dimensional function wu;.

Some authors use the subscript notation “u;” to denote the partial derivative 9 u. We
never use this notation. In this book, partial derivatives are always denoted by “0; u”, etc.

12.1 The (nonhomogeneous) Dirichlet problem on a Square

Prerequisites: {01l 23 91 Recommended:

In this section we will learn to solve the Dirichlet problem on a square domain X: that
is, to find a function which is harmonic on the interior of X and which satisfies specified
Dirichlet boundary conditions on the boundary X. Solutions to the Dirichlet problem have
several physical interpretations.

Heat: Imagine that the boundaries of X are perfect heat conductors, which are in contact with
external ‘heat reservoirs’ with fixed temperatures. For example, one boundary might be
in contact with a heat source, and another, in contact with a coolant liquid. The solution
to the Dirichlet problem is then the equilibrium temperature distribution on the interior
of the box, given these constraints.

Electrostatic: Imagine that the boundaries of X are electrical conductors which are held at
some fixed voltage by the application of an external electric potential (different bound-
aries, or different parts of the same boundary, may be held at different voltages). The



204 CHAPTER 12. BOUNDARY VALUE PROBLEMS ON A SQUARE

u(x, Mm=T
R | c =
o 2 . =
1] = <
— < < ~
> ~ = I
S & S 0
=1 =1
u(x, 0)=0 u(x, 0) =B

Figure 12.1: The Dirichlet problem on a square. (A) Proposition [ZI} (B) Propositions and 241

solution to the Dirichlet problem is then the electric potential field on the interior of the
box, given these constraints.

Minimal surface: Imagine a squarish frame of wire, which we have bent in the vertical
direction to have some shape. If we dip this wire frame in a soap solution, we can form
a soap bubble (i.e. minimal-energy surface) which must obey the ‘boundary conditions’
imposed by the shape of the wire. The differential equation describing a minimal surface
is not exactly the same as the Laplace equation; however, when the surface is not too
steeply slanted (i.e. when the wire frame is not too bent), the Laplace equation is a good

approximation; hence the solution to the Dirichlet problem is a good approximation of
the shape of the soap bubble.

We will begin with the simplest problem: a constant, nonzero Dirichlet boundary condition
on one side of the box, and zero boundary conditions on the other three sides.

Proposition 12.1: (Dirichlet problem; one constant nonhomogeneous boundary)

Let X = [0, 7] x [0, 7], and consider the Laplace equation “Au = 0”, with nonhomogeneous
Dirichlet boundary conditions [see Figure TZII(A)]:

u(0,y) = wu(m,y) = 0, forallye]|0,n). (12.1)
u(z,0) = 0 and w(x,m) = 1, forallz € [0,n]. (12.2)

The unique solution to this problem is the function

4 & 1
u(z,y) = = ; msin(nm) - sinh(ny), for all (z,y) € X.
n odd

[See Figures[[Z2A(a) and[[Z3a).] Furthermore, this series converges semiuniformly on int (X).
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0 0.5 1 1.5 2 2.5 3

Propositioxn Z1 Examplex Examf)le Za
T=1,R=L=B=0 T=-3,L=5 R=B=0 T = tent function , R=L=B=0

N N—

o 0.5 1 1.5 2 2.5 3

sin(2z) sinxh(Qy) sin(3x)xsinh(3y)
T(z)=sin(2z) , R=L=B=0 T(z) =sin(3z) , R=L=B=0

Figure 12.2: The Dirichlet problem on a box. The curves represent isothermal contours (of a temperature

distribution) or equipotential lines (of an electric voltage field).

Proof: Exercise 12.1

(a) Check that, for all n € N, the function u,(z,y) = sin(nx) - sinh(ny) satisfies the Laplace equation
and the first boundary condition ([[21]). See Figures [2Z2(d,e,f) and [Z3(d,e,f).

oo

(b) Show that Z n?

n=1
n odd

(¢) Apply Proposition [T on page [[@ to conclude that Au(x,y) = 0.

inh
M < o0, for any fixed y < 7.

n sinh(n)

> | sinh(ny)
(d) Observe that Z —
nno:dld

< 00, for any fixed y < 7.

n sinh(n)

(e) Apply part (c) of Theorem on page [[AH to show that the series given for u(z,y) converges
uniformly for any fixed y < .

(f) Apply part (d) of Theorem on page [ to conclude that «(0,y) = 0 = u(m,y) for all y < 7.
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Figure 12.3: The Dirichlet problem on a box: 3-dimensional plots. You can imagine these as soap films.

(g) Observe that sin(nz) - sinh(n - 0) = 0 for all n € N and all « € [0, 7]. Conclude that u(z,0) =0
for all x € [0, 7].

(h) To check that the solution also satisfies the boundary condition (ZZ), subsititute y = 7 to get:

@r = 2 s = 23 L =
w(r,m) = — —————sin(nx) - sinh(nw) = — —sin(nz) = 1.
’ 7 4= nsinh(n) T~ n I2
n ;dd n ;dd

o0

because — Z — sin(nz) is the (one-dimensional) Fourier sine series for the function b(z) =1 (see
7 n
n=1
n odd

Example B2(b) on page [Z6]).
(i) Apply Theorem EI4l(a) on page to conclude that this solution is unique. O
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Proposition 12.2: (Dirichlet Problem; four constant nonhomogeneous boundaries)

Let X = [0, 7] x [0, 7], and consider the Laplace equation “A\u = 0”, with nonhomogeneous
Dirichlet boundary conditions [see Figure [ZI(B)]:

u(0,y) = L and wu(my) = R, for all y € (0, m);
) = T and u(z,00) = B, forallze (0,m).

where L, R, T, and B are four constants. The unique solution to this problem is the function:
u(z,y) = Uz,y) +r(x,y) + t(z,y) + b(z,y), forall (x,y) € X.

where, for all (z,y) € X,

l(z,y) = L Z ¢p sinh (n(w — x)) - sin(ny), r(z,y) =~ R Z ¢p sinh(nx) - sin(ny),
nnzja nnzjﬂ
t(z,y) = T Z ¢p sin(nx) - sinh(ny), b(x,y) = B Z ¢p sin(nx) - sinh (n(w - y)) .
nnzdld nnjdld
4
where ¢, ;= —— , for alln € N.

nm sinh(n)
Furthermore, these four series converge semiuniformly on int (X).

Proof: Exercise 12.2

(a) Apply Proposition 21l to show that each of the functions I(x,y), r(z,v), t(x,y), b(x,y) satisfies
a Dirichlet problem where one side has nonzero temperature and the other three sides have zero
temperature.

(b) Add these four together to get a solution to the original problem.
(¢) Apply Theorem BT4(a) on page to conclude that this solution is unique. O

Exercise 12.3 What happens to the solution at the four corners (0,0), (0,7), (m,0) and (7, 7)?

Example 12.3: Suppose R=0= B, T = -3, and L = 5. Then the solution is:

u(z,y) =1L Z ¢p sinh (n(ﬂ — x)) -sin(ny) + T Z ¢ sin(nz) - sinh(ny)

n odd n odd

90 &, sinh (n(w—:c))-sin(ny) 12 0 Sin(nx)-sinh(ny).

T nsinh(n) T nsinh(nr)
n gdd n gdd

See Figures TZ2(b) and [Z3Db). &
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Proposition 12.4: (Dirichlet Problem; arbitrary nonhomogeneous boundaries)

Let X = [0, 7] x [0, 7], and consider the Laplace equation “A\u = 0”, with nonhomogeneous
Dirichlet boundary conditions [see Figure [ZI(B)]:

u(0,y) = L(y) and wu(my) = R(y), for all y € (0,);
u(z,m7) = T(x) and w(z,0) = B(z), forallze (0,n).

where L(y), R(y), T(z), and B(z) are four arbitrary functions. Suppose these functions have
(one-dimensional) Fourier sine series:

L(y) = Z L, sin(ny), R(y) = Z R, sin(ny), for ally € [0,7];
n=1 n=1

T(x) = ZTn sin(nz),  and  B(z) = Z By, sin(nx), for all z € [0, 7].
n=1 n=1

The unique solution to this problem is the function:
u(z,y) = lz,y) + r(z,y) + t(z,y) + b(x,y), forall (z,y) e X.
where, for all (z,y) € X,

o0 [e.9]

l(z,y) = Z smlf#ﬂ) sinh (n(ﬂ — x)) - sin(ny), r(z,y) = Zl smfﬁ sinh(nx) - sin(ny),
o~ T . & B, .
t(z,y) =~ Z Snh () sin(nz) - sinh(ny), b(x,y) = Zl Snh () sin(nx) - sinh (n(w - y)) .

Furthermore, these four series converge semiuniformly on int (X).

Proof: Exercise 12.4 First we consider the function ¢(x,y).
(a,b) Same as Exercise [ZIa,b)
(¢) Apply Proposition [ on page [[H to conclude that ¢(z,y) is harmonic —i.e. At(z,y) = 0.

Through symmetric reasoning, conclude that the functions ¢(z,y), r(x,y) and b(z,y) are also har-
monic.

(d) Same as Exercise [ZIYd)

(e) Apply part (c) of Theorem on page [[Z3 to show that the series given for ¢(x,y) converges
uniformly for any fixed y < 7.

(f) Apply part (d) of Theorem Bl on page [ to conclude that ¢(0,y) = 0 = t(m,y) for all y < 7.

(g) Observe that sin(nx) - sinh(n - 0) = 0 for all n € N and all « € [0,n]. Conclude that ¢(x,0) =0
for all z € [0, 7).

(h) To check that the solution also satisfies the boundary condition [[ZZ), subsititute y = 7 to get:

t(x,m) = leingﬁsin(nx%sinh(mr) = %ZlTnsin(mc) = T(x).

(j) At this point, we know that ¢(x,7) = T'(z) for all z € [0, 7], and ¢ = 0 on the other three sides of
the square. Through symmetric reasoning, show that:
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e 0(0,y) = L(y) for all y € [0, 7], and £ = 0 on the other three sides of the square.
e r(m,y) = R(y) for all y € [0, 7], and r = 0 on the other three sides of the square.
e b(z,0) = B(z) for all z € [0, 7], and b = 0 on the other three sides of the square.
(k) Conclude that u =t + b+ r + ¢ is harmonic and satisfies the desired boundary conditions.
(1) Apply Theorem [ET4)(a) on page [[0d to conclude that this solution is unique. O

Example 12.5: If T'(z) =sin(3z), and B =L = R =0, then u(z,y) =

sin(3z) sinh(3y) o
sinh(3w)

Example 12.6: Let X = [0, 7] x [0,7]. Solve the 2-dimensional Laplace Equation on X, with
inhomogeneous Dirichlet boundary conditions:

U(O’y) = 0 u(ﬂ-’y) = 0 U(SC’O) = 0
u(z,m) = T(z) = {ﬂ_i Z%

5N v

<z
<

IAIA

(see Figure BH(B) on page [[63))

Solution: Recall from Example on page that T'(z) has Fourier series:

4 &K (-1)F
T(z) 5 - Zl — sin(nz).
nn&ld;

n=2k+1

4\ (-n*
Thus, the solution i = = E ——————si inh(ny).
us, the solution is u(z,y) 5 or X Zsinh () sin(nx) sinh(ny)
n odd;
n=2k+1
See Figures [ZA(c) and [CZ3c).

conditions on the four sides of 0X.

¢
Exercise 12.5 Let X,Y > 0 and let X := [0, X] x [0,Y]. Generalize Proposition [Z4 to find
the solution to the Laplace equation on X, satisfying arbitrary nonhomogeneous Dirichlet boundary

12.2 The Heat Equation on a Square
12.2(a)

Homogeneous Boundary Conditions

Prerequisites: {01 64 650 qra

Recommended: {1
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Proposition 12.7: (Heat Equation; homogeneous Dirichlet boundary)

Consider the box X = [0,7] x [0, 7], and let f : X — R be some function describing an
initial heat distribution. Suppose f has Fourier Sine Series

f(.%', y) % Z Bn,m sin(nm) Sin(my)
n,m=1

and define:

oo
ut(,y) > Z By, m sin(na)-sin(my)-exp ( — (n*4+m?) - t) , for all (x,y) € X and t > 0.

n,m=1

Then w;(x,y) is the unique solution to the Heat Equation “O;u = Au”, with homogeneous
Dirichlet boundary conditions

ur(x,0) = w(0,y) = w(my) = u(z,m) = 0, for all z,y € [0, 7] and t > 0.

and initial conditions: wug(x,y) = f(x,y), for all (z,y) € X.
Furthermore, the series defining u converges semiuniformly on X x (0, c0).

Proof: Exercise 12.6 Hint:

(a) Show that, when t = 0, the two-dimensional Fourier series of ug(z,y) agrees with that of f(z,y);
hence ug(z,y) = f(x,y).

o0
(b) Show that, for all ¢ > 0, Z ‘(nQ +m2) - By - e_(n2+'rn2)t‘ < oo.

n,m=1
(c) For any T > 0, apply Proposition [ on page [[A to conclude that

oo

Z —(n?+m?) B, m sin(nz) -sin(my) - exp ( — (n®> 4+ m?)- t)

n,m=1

at Ut(xay) Aut(zay)a

unif

for all (z,y;t) € X x [T, 00).

(d) Observe that for all ¢ > 0, Z }Bn,,me—(nz-i-m?)t < 0.

n,m=1

(e) Apply part (e) of Theorem on page to show that the two-dimensional Fourier series of
ut(z,y) converges uniformly for all ¢ > 0.

(f) Apply part (e) of Theorem I3 on page [[X3 to conclude that u; satisfies homogeneous Dirichlet
boundary conditions, for all ¢ > 0.

(g) Apply Theorem ETH(a) on page [[I7 to show that this solution is unique. O
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Figure 12.4: (A) A hot metal rod quenched in a cold bucket. (B) A cross section of the rod
in the bucket.

Example 12.8: (The quenched rod)

On a cold January day, a blacksmith is tempering an iron rod. He pulls it out of the forge
and plunges it, red-hot, into ice-cold water (Figure [ZAA). The rod is very long and narrow,
with a square cross section. We want to compute how the rod cooled.

Answer: The rod is immersed in freezing cold water, and is a good conductor, so we can
assume that its outer surface takes the the surrounding water temperature of 0 degrees.
Hence, we assume homogeneous Dirichlet boundary conditions.

Endow the rod with coordinate system (z,y, z), where z runs along the length of the rod.
Since the rod is extremely long relative to its cross-section, we can neglect the z coordinate,
and reduce to a 2-dimensional equation (Figure [ZZB). Assume the rod was initially uni-
formly heated to a temperature of 7. The initial temperature distribution is thus a constant
function: f(x,y) =T. From Example [[L2 on page [[80, we know that the constant function
1 has two-dimensional Fourier sine series:

o0

16 1
1 = - n;I p— sin(nx) sin(my)
both odd

167 — 1
Thus, f(z,y) =~ —5 Z sin(nz) sin(my). Thus, the time-varying thermal profile

2 g2 L= n-m
bo‘éh ;dd
of the rod is given:
167 < 1
ut(, y) = 2 n%; p— sin(nzx) sin(my) exp ( — (n®* 4+ m?) -t>. &
both odd

Proposition 12.9: (Heat Equation; homogeneous Neumann boundary)
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Consider the box X = [0,7] x [0, 7], and let f : X — R be some function describing an
initial heat distribution. Suppose f has Fourier Cosine Series

f(z,y) = Z Ay m cos(nx) cos(my)

n,m=0

and define:

ug(x,y) = Z Ay, m cos(nax)-cos(my)-exp ( — (n?4+m?)- t) , for all (x,y) € X and t > 0.

n,m=0

Then w;(x,y) is the unique solution to the Heat Equation “O;u = Au”, with homogeneous
Neumann boundary conditions

Oyu(2,0) = Oyu(x,m) = O, u(0,y) = Opwy(m,y) = O, for all x,y € [0,7] and t > 0.
and initial conditions: wug(x,y) = f(x,y), for all (z,y) € X. O
Furthermore, the series defining u converges semiuniformly on X x (0, c0).

Proof: Exercise 12.7 Hint:

(a) Show that, when ¢ = 0, the two-dimensional Fourier cosine series of ug(x,y) agrees with that of
F(@,y); hence ug(w,y) = f(z,y).

o0
(b) Show that, for all ¢ > 0, Z ‘(nQ +m2) - Apm .e_(n2+m2)t’ < oo.

n,m=0
(¢) Apply Proposition [ on page [[@ to conclude that

Z —(n?+m?) Ay cos(nx) - cos(my) -exp ( — (n®> 4+ m?)- t) = Auy(z,y),

n,m=0

at Ut (l‘, y)

for all (z,y) € X and t > 0.
(d) Observe that for all t > 0, Z n- ‘Anymef("Q*"ﬁ)t

n,m=0 n,m=0

‘Anme (n4m?)t|

Q.

(e) Apply part (g) of Theorem [ on page [[Z3 to conclude that u; satisfies homogeneous Neumann
boundary conditions, for all ¢ > 0.

(f) Apply Theorem ETI6(b) on page M7 to show that this solution is unique. a

Example 12.10: Suppose X = [0, 7] x [0, 7]

(a) Let f(z,y) = cos(3z)cos(dy) + 2cos(bx)cos(6y). Then A3y = 1 and Ase = 2,
and all other Fourier coefficients are zero. Thus, u(x,y;t) = cos(3x)cos(4y) - e~ 2% +

cos(5x) cos(6y) - e =99,
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B 1 if 0<z<3 and 0<y<7F;
(b) Suppose f(z,y) = 0 if T<zor I<y. We know from Exam-

ple 4 on page [[84 that the two-dimensional Fourier cosine series of f is:

1

f(xvy) —~ Z + lz(_

2 7T_2k:+1

’ cos ((Qk: + 1)90) + %i 2(;1)]1 cos ((2] + 1)9)
=0

_l’_
+ i k1) ];J;]+1)cos((2k+1)) (2]—1—1 )

Thus, the solution to the heat equation, with initial conditions ug(z,y) = f(z,y) and
homogeneous Neumann boundary conditions is given:

ut(x,y) ~

12

e

T

] cos ((Qk: + 1)30) —(2k+1)? % i 7 cos ( 25 + 1)y) e (212t
j=0

>~ =

4 o k:+]
w2 Z 2k:+1 )(25 + 1)

a

Ccos ((Qk + 1)90) - cos ((Qj + 1)y) o [ERH)? 2 +1)?)

o

Exercise 12.8 Let X,Y >0 and let X := [0, X] x [0,Y]. Let & > 0 be a diffusion constant, and
consider the general two-dimensional Heat Equation

Oru = K Au. (12.3)

(a) Generalize Proposition [[Z7 to find the solution to eqn.[Z3) on X satisfying prescribed initial
conditions and homogeneous Dirichlet boundary conditions.

(b) Generalize Proposition [2Z to find the solution to eqn.([TZ3)) on X satisfying prescribed initial
conditions and homogeneous Neumann boundary conditions.

In both cases, prove that your solution converges, satisfies the desired initial conditions and boundary
conditions, and satisfies eqn.([2Z3) (Hint: imitate the strategy suggested in Exercise [2.8)

Exercise 12.9 Let f: X — R and suppose the Fourier sine series of f satisfies the constraint
o0

Z (n% +m?)|Bpm| < oo. Imitate Proposition [Z to find a Fourier series solution to the initial value
n,m=1
problem for the two-dimensional free Schrodinger equation

-1
iw = 7Aw (12.4)

on the box X = [0, 7r]2, with homogeneous Dirichlet boundary conditions. Prove that your solution
converges, satisfies the desired initial conditions and boundary conditions, and satisfies eqn.([Z4).
(Hint: imitate the strategy suggested in Exercise [[ZZH and also Exercise [ZTH on page Z2Z2).
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12.2(b) Nonhomogeneous Boundary Conditions
Prerequisites: {12.2(a)| 271 Recommended: {12.3(b)|

Proposition 12.11: (Heat Equation on Box; nonhomogeneous Dirichlet BC)

Let X = [0,7] x [0,7]. Let f : X — R and let L,R,T,B : [0,71] — R be functions.
Consider the heat equation
atu(xvyat) = Au(xvyvt)v

with initial conditions

u(z,y;0) = f(z,y), for all (z,y) € X, (12.5)

and nonhomogeneous Dirichlet boundary conditions:

u(z,mt) = T(x) and wu(z,0;t) = B(z), forallzel0,n]
u(0,y;1) and  u(m,y;t) = R(y), forallye[0,n] for all t > 0.

(12.6)

I
=
=

This problem is solved as follows:

1. Let w(x,y) be the solutionl to the Laplace Equation “Aw(z,y) = 07, with the nonho-
mogeneous Dirichlet BC (ZH).

2. Define g(z,y) = f(z,y) —w(x,y). Let v(x,y;t) be the solutiorl to the heat equation
“Opv(z,y;t) = Awv(x,y;t)” with initial conditions v(z,y;0) = g(x,y), and homogeneous
Dirichlet BC.

3. Define u(x,y;t) = v(x,y;t)+w(z,y). Then u(x,y;t) is a solution to the Heat Equation
with initial conditions ([ZH) and nonhomogeneous Dirichlet BC ([Z2.0)).

Proof: Exercise 12.10 O

Interpretation: In Proposition [[ZZTI] the function w(x,y) represents the long-term thermal
equilibrium that the system is ‘trying’ to attain. The function g(z,y) = f(z,y) — w(z,y)
thus measures the deviation between the current state and this equilibrium, and the function
v(x,y;t) thus represents how this ‘transient’ deviation decays to zero over time.

Example 12.12: Suppose T'(z) = sin(2z) and R = L =0 and B = 0. Then Proposition [ZZ4]
on page says
sin(2x) sinh(2y)
sinh(27)

w(x,y) =

!Obtained from Proposition [ZA on page B0, for example.
2Obtained from Proposition [Z77 on page EI0, for example.
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Figure 12.5: The temperature distribution of a baguette

Suppose f(z,y) := sin(2z) sin(y). Then

ses) = flow)—uley) = sin2o)singy) - )
) . sin(2x) 25inh(27)\ = m(—1)"*t |
= sin(2x) sin(y) — (sinh(27r)>( - )gm.sm(my)
sin(2z) o= m(—1)m+!
= sin(2z)sin(y) — 2 71_(2 ) Z Z(l+17)712 - sin (my) .
m=1

2 sinh(27) i m(—1)m+t
T — 22 + m?2

Here (x) is because Example on page says sinh(2y) =

sin (my). Thus, Proposition [[Z7 on page says that

2s5in(27) o= m(—1)""1
v(x,y;t) = sin(2z)sin(y)e 5t — SH;( z) mg_l mi n 3n2 -sin (mx) exp(—(4 + m?)t).
in(2z) sinh(2
Finally, Proposition [ZZTTl says the solution is u(z,y;t) = v(x,y;t) + sin x) sinh(2y)
sinh(27)
¢

Example 12.13: A freshly baked baguette is removed from the oven and left on a wooden
plank to cool near the window. The baguette is initially at o uniform temperature of 90° C;
the air temperature is 20° C, and the temperature of the wooden plank (which was sitting in
the sunlight) is 30° C'.

Mathematically model the cooling process near the center of the baguette. How long will it
be before the baguette is cool enough to eat? (assuming ‘cool enough’ is below 40° C'.)

Answer: For simplicity, we will assume the baguette has a square cross-section (and di-
mensions 7 X 7, of course). If we confine our attention to the middle of the baguette, we are
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far from the endpoints, so that we can neglect the longitudinal dimension and treat this as
a two-dimensional problem.

Suppose the temperature distribution along a cross section through the center of the baguette
is given by the function w(z,y;t). To simplify the problem, we will subtract 20° C' off all
temperatures. Thus, in the notation of Proposition [[ZT1] the boundary conditions are:

Lly) = Rly) = T(x) = 0 (the air)
and B(z) = 10. (the wooden plank)

and our initial temperature distribution is f(x,y) = 70 (see Figure [ZHl).

From Proposition TZT on page B4, we know that the long-term equilibrium for these bound-
ary conditions is given by:
40 & 1

w(z,y) 5 o snh () sin(nx) - sinh(n(r — y)),

n odd

We want to represent this as a two-dimensional Fourier sine series. To do this, we need
the (one-dimensional) Fourier sine series for sinh(nz). We set & = n in Example on

page [[48 and get:

. 2sinh(nm) > m( 1) m+l

sinh(nz) = Z 3 -sin (mx) . (12.7)
m=1
Thus,
) __ 2sinh(nw) = m(=1)™t
sinh (n(ﬂ — y)) = — mz: ol (mm —my)
2sinh(nm) > m .

because sin (mm — ny) = sin(mn)cos(ny) — cos(mm)sin(ny) = (—1)"*sin (ny). Substi-

tuting this into (LX) yields:

8 & m- smh(mr) ) )
w(z,y) S = Z Z - sh () (2 + 72 sin(nz) - sin (my)
nodd
80 ) - sin(my)
= 2{: j{: n2_%7n2) (12.8)
nodd

Now, the initial temperature distribution is the constant function with value 70. Take the
two-dimensional sine series from Example I02 on page [80, and multiply it by 70, to obtain:

o0

1120 1 ,
fly) = 70 = 3 Z nimsm(nm)sm(my)

n,m=1
both odd
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Thus,
g(z,y) = flzy) —w(z,y)
1120 i sin (nz) - sin (my) 80 i i m - sin(nz) - sin(my)
w2 L n-m U Bt n- n2—|—m2)
both odd nodd
Thus,
1120 X sin (nx) - sin (my) 9 9
vz, yt) = — exp(—(n +m )t>
12 2 n%; n-m
both odd

T 3 e e (- o7 )

n odd

If we combine the second term in this expression with ([ZH]), we get the final answer:

u(z,y;t) = w(z,y;t) +w(z,y)

1120 X sin(nz) - sin (my)
5o X o (= m)

i i m :n n2+8;lnz() )[1—exp<—(n2+m2)t)]

both odd
n odd

&

12.3 The Poisson Problem on a Square

12.3(a) Homogeneous Boundary Conditions

Prerequisites: 0.1 6.0 &4 Recommended: T3]

Proposition 12.14: Let X = [0, 7] x [0, 7], and let ¢ : X — R be some function. Suppose q
o0

has Fourier sine series: q(z,y) = Z Qn,m sin(nz) sin(my), and define the function u(z,y)

n,m=1
— —Q
by u(z,y) = n;1 W% sin(nz) sin(my), for all (z,y) € X.
Then u(x,y) is the unique solution to the Poisson equation “Au(x,y) = q(z,y)”, satisfying
homogeneous Dirichlet boundary conditions u(x,0) = u(0,y) = u(z,7) = u(m,y) = 0.

Proof: Exercise 12.11 (a) Use Proposition [ on page [[8 to show that u satisfies the Poisson

equation.
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Figure 12.6: A jettisoned fuel rod in the Arctic Ocean

(b) Use Proposition [[lI3)(e) on page to show that wu satisfies homogeneous Dirichlet BC.
(¢) Apply Theorem [ET2(a) on page [[H to conclude that this solution is unique. a

Example 12.15: A nuclear submarine beneath the Arctic Ocean has jettisoned a fuel rod
from its reactor core (Figure [ZA). The fuel rod is a very long, narrow, enriched uranium
bar with square cross section. The radioactivity causes the fuel rod to be uniformly heated
from within at a rate of Q, but the rod is immersed in freezing Arctic water. We want to
compute its internal temperature distribution.

Answer: The rod is immersed in freezing cold water, and is a good conductor, so we can
assume that its outer surface takes the the surrounding water temperature of 0 degrees.
Hence, we assume homogeneous Dirichlet boundary conditions.

Endow the rod with coordinate system (z,y, z), where z runs along the length of the rod.
Since the rod is extremely long relative to its cross-section, we can neglect the z coordinate,
and reduce to a 2-dimensional equation. The uniform heating is described by a constant
function: ¢(z,y) = Q. From Example on page 80, know that the constant function 1
has two-dimensional Fourier sine series:

1 = 16 i ! sin(nx) sin(my)
2 7T2 n,m=1 n-m
both odd
16Q : : e
Thus, q(z,y) S 2 Z n.msm(mc) sin(my). The temperature distribution must
n,m=1

both odd
satisfy Poisson’s equation. Thus, the temperature distribution is:

(z,y) 10 E ! in(nx) sin(my)
u(z 4 sin(nz) sin(my). O
Y 2 — n-m-(n? 4+ m?) Y

both odd
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Example 12.16: Suppose ¢(x,y) = x-y. Then the solution to the Poisson equation Au = ¢
on the square, with homogeneous Dirichlet boundary conditions, is given by:

> (_1)n+m+1 ] ]
u(r,y) = 4 Z msm(nm) sin(my)

n,m=1

To see this, recall from Example [T on page IR0 that the two-dimensional Fourier sine
series for ¢(z,y) is:

e _1\n+m
4 Z Lsin(nm) sin(my).

nm

U

Ty

12
n,m=1

Now apply Proposition [ZZT41 %

Proposition 12.17: Let X = [0, 7] x [0, 7], and let ¢ : X — R be some function. Suppose q
o0

has Fourier cosine series: q(z,y) = Z Qn,m cos(nz) cos(my), and suppose that Qoo = 0.

2
n,m=0

Fix some constant K € R, and define the function u(z,y) by

= _Qn,m
u(z,y) 4 Z T tm? cos(nx)cos(my) + K, for all (xz,y) € X. (12.9)

n,m=0
not both zero
Then u(x,y) is a solution to the Poisson equation “Au(z,y) = q(x,y)”, satisfying homogeneous
Neumann boundary conditions 9, u(z,0) = 0, u(0,y) = 9, u(z,7) = d, u(r,y) = 0.
Furthermore, all solutions to this Poisson equation with these boundary conditions have

the form ([Z9).

If Qoo # 0, however, the problem has no solution.

Proof: Exercise 12.12 (a) Use Proposition [ on page [[A to show that u satisfies the Poisson
equation.

(b) Use Proposition on page to show that u satisfies homogeneous Neumann BC.

(¢) Apply Theorem BT c) on page [[0A to conclude that this solution is unique up to addition of a
constant. O

Exercise 12.13 Mathematically, it is clear that the solution of Proposition [ZI7 cannot be
well-defined if Qg0 # 0. Provide a physical explanation for why this is to be expected.

Example 12.18: Suppose ¢(x,y) = cos(2z)-cos(3y). Then the solution to the Poisson equation
Au = ¢ on the square, with homogeneous Neumann boundary conditions, is given by:

— cos(2z) - cos(3y)
13

’UJ(.T, y) =
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To see this, note that the two-dimensional Fourier Cosine series of ¢(z,y) is just cos(2z) -
cos(3y). In other words, Ass = 1, and A, ,, = 0 for all other n and m. In particular,
App = 0, so we can apply Proposition [ZI7 to conclude: u(z,y) = w

— cos(2x)- 3
cos( 1écos( y). <>

12.3(b) Nonhomogeneous Boundary Conditions
Prerequisites: {12.3(a)] 211 Recommended:

Proposition 12.19: (Poisson Equation on Box; nonhomogeneous Dirichlet BC)

Let X =[0,7] x [0,7]. Let ¢ : X — R and L, R, T, B : [0,71] — R be functions. Consider
the Poisson equation

Aulz,y) = q(z,y), (12.10)

with nonhomogeneous Dirichlet boundary conditions:

w(z,m) = T(x) and wu(z,0) = B(z), forallzel0,n] (12.11)
u(0,y) = L(y) and wu(my) = R(y), forallyel0,n] '
(see Figure [ZZ1(B) on page2IH). This problem is solved as follows:

1. Let v(z,y) be the solutiort] to the Poisson equation (ZI0) with homogeneous Dirichlet
BC: v(z,0) = v(0,y) = v(z,7) =v(m,y) = 0.

2. Let w(x,y) be the solutiorfl to the Laplace Eqation “Aw(x,y) = 0", with the nonhomo-
geneous Dirichlet BC' (IZI).

3. Define u(x,y) = wv(x,y)+ w(x,y); then u(x,y) is a solution to the Poisson problem
with the nonhomogeneous Dirichlet BC' [LZT).

Proof: Exercise 12.14 O

Example 12.20: Suppose q(x,y) = x -y. Find the solution to the Poisson equation Au = ¢
on the square, with nonhomogeneous Dirichlet boundary conditions:

u©,y9) = 0;  w(my) = 0;  u(z,0) = 0; (12.12)
_ _ T if 0<z<73 .
u(z,m) = T(x) = { Ty fI<z<n (see Figure BH(B) on page [[63))

(12.13)

30Obtained from Proposition [ZI4 on page BT, for example.
4Obtained from Proposition [Z4] on page BOR for example.
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Solution: In Example [ZT6 we found the solution to the Poisson equation Av = ¢, with
homogeneous Dirichlet boundary conditions; it was:

n+m+1
v(z,y) = 4 Z msm(na@) sin(my).

n,m=1

In Example [[Z6 on page P09, we found the solution to the Laplace equation Aw = 0, with
nonhomogeneous Dirichlet boundary conditions ([ZI2)) and ([ZI3); it was:

1§ (1
w(z,y) = - ; msm(nm)smh(ny).
n&id;
n=2k+1

Thus, according to Proposition on the preceding page, the solution to the nonhomo-
geneous Poisson problem is:

u(z,y) = v(z, y)+w(:v Y)

n+m+1 4 o] (_1)k;
: 4 Z e 2) SIH(TLJ,‘) Sln(my) + ; Z m sin(nm) smh(ny)
n,m=1 n—=
n odd;
n= 2k;+1

&

12.4 The Wave Equation on a Square (The Square Drum)

Prerequisites: 0.1 6.4 §65 g4 Recommended: {17

Imagine a drumskin stretched tightly over a square frame. At equilibrium, the drumskin
is perfectly flat, but if we strike the skin, it will vibrate, meaning that the membrane will
experience vertical displacements from equilibrium. Let X = [0, 7] x [0, 77| represent the square
skin, and for any point (x,y) € X on the drumskin and time ¢ > 0, let u(z, y;t) be the vertical
displacement of the drum. Then u will obey the two-dimensional Wave Equation:

OFu(x,y;t) = Au(z,y;t). (12.14)

However, since the skin is held down along the edges of the box, the function u will also exhibit
homogeneous Dirichlet boundary conditions

and  u(z,0;t) = 0, forall z e [0,n]
and  u(m,y;t) = 0, forallye[0,n]

u(z,m;t)

0

Proposition 12.21: (Initial Position for Drumskin)
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Let X = [0, 7] x [0, 7], and let fy : X — R be a function describing the initial displacement

o0
of the drumskin. Suppose fy has Fourier Sine Series fo(x,y) = Z By, m sin(na) sin(my),

n,m=1
suh that:
o
> (0*+m®)|Buml| < o0 (12.16)
n,m=1
Define:

o
w(z,y;t) = Z By, m sin(nx)-sin(my)-cos (\/ n?4+m? - t) , for all (z,y) € X andt > 0.
n,m=1
(12.17)
Then series ([[ZIM) converges uniformly, and w(z,y;t) is the unique solution to the Wave
Equation (ZZI4), satisfying the Dirichlet boundary conditions ([[Z30), as well as

Initial Position: w(z,y,0) = fo(z,y),
Initial Velocity: 0, w(z,y,0) = 0, for all (z,y) € X.

Proof: Exercise 12.15 (a) Use the hypothesis (ZI6) and Proposition[Aon page[[ to conclude

that
oo
8t2w(:£,y;t) = - Z (n2+m2)~Bn7mSin(naz).sin(my).cos (\/n2+m2 .t) = Aw(r,y;t)
n,m=1

for all (x,y) € X and t > 0.

(b) Check that the Fourier series (ZId) converges uniformly.

(¢c) Use Theorem[[3(e) on page[[XJto conclude that u(x, y; t) satisfies Dirichlet boundary conditions.
(d) Set ¢ = 0 to check the initial position.
(
(

e) Set t = 0 and use Proposition [ on page [[@ to check initial velocity.

)
f) Apply Theorem I8 on page to show that this solution is unique. O

Example 12.22: Suppose fy(x,y) = sin(2z) - sin(3y). Then the solution to the wave equation
on the square, with initial position fj, and homogeneous Dirichlet boundary conditions, is
given by:

w(z,y;t) = sin(2zx) - sin(3y) - cos(V'13 t)
To see this, note that the two-dimensional Fourier sine series of fo(x,y) is just sin(2x)-sin(3y).
In other words, By 3 = 1, and B, ,, = 0 for all other n and m. Apply Proposition [CZZ1] to
conclude: w(z,y;t) = sin(2x) - sin(3y) - cos (\/ 22 + 32 t) = sin(2z) - sin(3y) - cos(v/13 t).
¢
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Proposition 12.23: (Initial Velocity for Drumskin)

Let X = [0, 7] x [0,7], and let f; : X — R be a function describing the initial velocity of

o0
the drumskin. Suppose f1 has Fourier Sine Series fi(x,y) = Z By, m sin(nx) sin(my),

n,m=1

[e.e]
> Vn2+m? - By < oo (12.18)

n,m=1

such that

Define:

[o¢]
v(z,yt) = n’%:l \/% sin(nx)-sin(my)-sin (\/ n? + m? -t) , forall (z,y) € X andt > 0.
(12.19)
Then the series (I2ZI9)) converges uniformly, and v(z,y;t) is the unique solution to the Wave
Equation ([ZZI4), satisfying the Dirichlet boundary conditions ([Z30), as well as

Initial Position:  v(z,y,0) = 0;

Initial Velocity: 0,v(z,y,0) = fi(z,y). } for all (x,y) € X.

Proof: Exercise 12.16 (a) Use the hypothesis (IZIX) and Proposition[Aon page[[ to conclude
that

oo
Ru(z,yt) = - Z n2 + m2-By, m, sin(nx)-sin(my)-cos (\/ n2+m?2 - t)

n,m=1

Aw(z,y;t)

unif

for all (z,y) € X and t > 0.
b) Check that the Fourier series (CZId) converges uniformly.

(

(¢c) Use Theorem[MI3(e) on pageXJto conclude that u(x, y; t) satisfies Dirichlet boundary conditions.
(d) Set t = 0 to check the initial position.

(e) Set t = 0 and use Proposition [T on page [[@ to check initial velocity.

(f)

f) Apply Theorem [B.I8 on page to show that this solution is unique O

Remark: Note that it is important in these theorems not only for the Fourier series ([ZI)
and ([ZTY) to converge uniformly, but also for their formal second derivative series to converge
uniformly. This is not guaranteed. This is the reason for imposing the hypotheses ([ZIH) and

[ZIF).

Example 12.24: Suppose fi(z,y) = 1. From Example [[[L2 on page [80, we know that f; has
two-dimensional Fourier sine series

(e 9]

16 1
1 = - Z nimsin(nm)sin(my)

n,m=1
both odd
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Thus, the solution to the two-dimensional Wave equation, with homogeneous Dirichlet
boundary conditions and initial velocity fo, is given:

[e.9]

16 1
, 16 : . . 3 7
w(z,y; t) = Zl Y e sin(nx) sin(my) sin (\/ n?+m t).

both odd

Remark: This example is somewhat bogus, because condition ([[ZI) is not satisfied, <

Question: For the solutions of the Heat Equation and Poisson equation, in Propositions
27 23, and [ZT4, we did not need to impose explicit hypotheses guaranteeing the uniform
convergence of the given series (and its derivatives). But we do need explicit hypotheses to get
convergence for the Wave Equation. Why is this?

12.5 Practice Problems
1. Let f(y) = 4sin(5y) for all y € [0, 7].

(a) Solve the two-dimensional Laplace Equation (Au = 0) on the square domain
X = [0, 7] x [0, 7], with nonhomogeneous Dirichlet boundary conditions:

u(z,0) = 0 and wu(z,m) = 0, for all = € [0, 7]
u(0,y) = 0 and wu(my) = f(y), forallye|0,n].

(b) Verify your solution to part (a) (ie. check boundary conditions, Laplacian, etc.).
2. Let fi(x,y) = sin(3x)sin(4y).
(a) Solve the two-dimensional Wave Equation (07 v = Au) on the square domain
X = [0, 7] x [0, 7], with on the square domain X = [0, 7| x [0, 77|, with homogeneous

Dirichlet boundary conditions, and initial conditions:

Initial position: u(z,y,0) = 0 for all (z,y) € X
Initial velocity: Oy u(x,y,0) = fi(z,y) forall (z,y) € X

(b) Verify your that solution in part (a) satisfies the required initial conditions (don’t
worry about boundary conditions or checking the Wave equation).

3. Solve the two-dimensional Laplace Equation Ah = 0 on the square domain X =
[0,7]?, with inhomogeneous Dirichlet boundary conditions:

(a) h(m,y) = sin(2y) and h(0,y) = 0, for all y € [0, n];
h(z,0) = 0 = h(z,m) forall z € [0,n].

(b) h(m,y) = 0and h(0,y) = sin(4y), for all y € [0,7];
h(z,m) = sin(3z); h(z,0) = 0, forall z € [0,7].
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4. Let X = [0,7])* and let ¢(z,y) = sin(z) - sin(3y) + 7sin(4z) - sin(2y). Solve the Poisson
Equation Au(z,y) = ¢(z,y). with homogeneous Dirichlet boundary conditions.

5. Let X = [0,7]%. Solve the Heat Equation 8, u(z,y;t) = Au(x,y;t) on X, with initial
conditions u(z,y;0) = cos(5x) - cos(y). and homogeneous Neumann boundary
conditions.

6. Let f(z,y) = cos(2x)cos(3y). Solve the following boundary value problems on the
square domain X = [0, 7] (Hint: see problem #8 of §II3).

(a) Solve the two-dimensional Heat Equation 0,u = Aw, with homogeneous Neu-
mann boundary conditions, and initial conditions u(z,y;0) = f(z,y).

(b) Solve the two-dimensional Wave Equation 9?u = Au, with homogeneous Dirich-

let boundary conditions, initial position w(z,y;0) = f(z,y) and initial velocity
dw(z,y;0) = 0.
(c) Solve the two-dimensional Poisson Equation Au = f with homogeneous Neu-

mann boundary conditions.

(d) Solve the two-dimensional Poisson Equation Au = f with homogeneous Dirich-
let boundary conditions.

(e) Solve the two-dimensional Poisson Equation Av = f with inhomogeneous
Dirichlet boundary conditions:

v(m,y) = sin(2y); v(0,y) = 0 forall y €[0,n].
v(z,0) = 0 = v(z,m) for all z € [0, 7).

7. X = [0,7]? be the box of sidelength 7. Let f(z,y) = sin(3z) - sinh(3y). (Hint: see
problem #7 of JII3T).

(a) Solve the Heat Equation on X, with initial conditions u(z,y;0) = f(x,y), and
homogeneous Dirichlet boundary conditions.

(b) Let T'(x) = sin(3z). Solve the Laplace Equation Au(z,y) = 0 on the box, with
inhomogeneous Dirichlet boundary conditions: u(z,7) = T'(z) and u(z,0) = 0
for x € [0,7]; uw(0,y) = 0 = wu(m,y), for y € [0, 7.

(c) Solve the Heat Equation on the box with initial conditions on the box X, with ini-
tial conditions u(x,y;0) = 0, and the same inhomogeneous Dirichlet boundary
conditions as in part (b).
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13 BVP’s on a Cube

The Fourier series technique used to solve BVPs on a square box extends readily to 3-
dimensional cubes, and indeed, to rectilinear domains in any number of dimensions. As in
Chapter [[2, we will confine our exposition to the cube [0,7r]3, and assume that the physical
constants in the various equations are all set to one. Thus, the Heat Equation becomes
“Opu = Au”, the Wave Equation is “02 u = Au”, etc. This allows us to develop the solution
methods with minimum technicalities. The extension of each solution method to equations
with arbitrary physical constants on an arbitrary rectangular domain [0, X] x [0, Y] (for some
X,Y > 0) is left as a straightforward (but important!) exercise.

We will use the following notation:
e The cube of dimensions m x m x 7 is denoted X = [0,7] x [0,7] x [0,7] = [0,7]>.

e A point in the cube will be indicated by a vector x = (x1,x2,x3), where 0 < x1,x9, x5 <
.

o If f: X — R is a function on the cube, then
Af(x) = 01f(x) + 05 f(x) + 35 f(x).

e A triple of natural numbers will be denoted by n = (n1,n2,n3), where ny,ng,n3 € N =
{1,2,3,4,...}. Let N3 be the set of all such triples. Thus, an expression of the form

Z (something about n)
neN3

should be read as: Z Z Z (something about (n1,n2,n3))”.

ni=1 ng=1 nz=1

Let Ng = {0,1,2,3,4,...}, and let N} be the set of all triples n = (n1,n2,n3) in Ny.
Thus, an expression of the form

Z (something about n)

neN3

should be read as: Z Z Z (something about (n1,n2,n3))”.

n1=0 ng=0 n3=0

e For any n € N3, S, (x) = sin(njx1) - sin(naxs) - sin(nzxs). The Fourier sine series of a
function f(x) thus has the form: f(x) = Z BnSna(x)
neN3
e For any n € N}, Cp(x) = cos(nix1) - cos(naws) - cos(ngzs). The Fourier cosine series

of a function f(x) thus has the form: f(x) = Z AnChp(x)

neNg
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XM el
TG TRy
%, (A -
. (%,%,0)

Figure 13.1: Boundary conditions on a cube: (A) Dirichlet. (B) Neumann.

e For any n € N, let |n|| = /n? +n3 + n3. In particular, note that:

ASy = — |0/ - Sn, and ACp=—|n|*  Cy (Exercise 13.1)

13.1 The Heat Equation on a Cube

Prerequisites: 0.2 6.4 §65 Recommended: Tl §12.2(a)l

Proposition 13.1: (Heat Equation; homogeneous Dirichlet BC)

Consider the cube X = [0,7]*, and let f : X — R be some function describing an initial

heat distribution. Suppose f has Fourier sine series f(x) = Z BnSn(x). Define:
neN3

u(x;t) = Z BnSn(x) - exp ( — |In|?- t) .
neNs

Then u(x;t) is the unique solution to the Heat Equation “O;u = Awu”, with homogeneous
Dirichlet boundary conditions

u(xy,®2,0;t) = w(wy,wo,mt) = u(x,0,23;1)
= w(xy,m xs;t) = u(0, 29, x3;t) = u(m,x9,x3,;t) = 0, (see Figure [[31A)

and initial conditions: u(x;0) = f(x).
Furthermore, the series defining u converges semiuniformly on X x (0, 00).

Proof: Exercise 13.2 O
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Example: An ice cube is removed from a freezer (ambient temperature —10° C) and dropped
into a pitcher of freshly brewed tea (initial temperature +90°C). We want to compute how long
it takes the ice cube to melt.

Answer: We will assume that the cube has an initially uniform temperature of —10°C
and is completely immersed in the teal. We will also assume that the pitcher is large enough
that its temperature doesn’t change during the experiment.

We assume the outer surface of the cube takes the temperature of the surrounding tea.
By subtracting 90 from the temperature of the cube and the water, we can set the water to
have temperature 0 and the cube, —100. Hence, we assume homogeneous Dirichlet boundary
conditions; the initial temperature distribution is a constant function: f(x) = —100. The
constant function —100 has Fourier sine series:

—6400 G 1 :
—100 = 3 ZN;S - Sn(x) (Exercise 13.3)
ne

n1,ng,n3 all odd

Let k be the thermal conductivity of the ice. Thus, the time-varying thermal profile of the
cube is givenE

6400 1 )
u(x;t) S 3 ZNS — Sn(x)exp ( —|nl|* - & - t) .
nl,ng,nneg all odd

Thus, to determine how long it takes the cube to melt, we must solve for the minimum value
of ¢t such that u(x,t) > —90 everywhere (recall than —90 corresponds to 0°C.). The coldest

point in the cube is always at its center (Exercise 13.4), which has coordinates (%, o %), SO
we need to solve for ¢ in the inequality u (( 55 %) ;t) > —90, which is equivalent to
90 - 73 > 1 TTw 9
> S (—,—,—)ex (— n -n-t)
6400 — ZN; o (20207 e (il
nl,ng,nneg all odd
o.0]
1 . /MIT\ . (MoT\ . [N3T 2
= Z sin ( > sin (—) sin (—) exp ( — |n||*- k- t)
" ninaons 2 2 2

ni,ng,n3 all odd

(_1)k1+k2+k3 exp ( — k- [(le +1)% 4 (2ka + 1) + (2ks3 + 1)2] . t>

B . |
ST kaksen (2k1 +1) - 2k +1) - (2k3 + 1)

where (B.8) is by eqn. (B on p. G The solution of this inequality is Exercise 13.5 .

!Unrealistic, since actually the cube floats just at the surface.

2 Actually, this is physically unrealistic for two reasons. First, as the ice melts, additional thermal energy is
absorbed in the phase transition from solid to liquid. Second, once part of the ice cube has melted, its thermal
properties change; liquid water has a different thermal conductivity, and in addition, transports heat through
convection.
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Exercise 13.6 Imitating Proposition [3], find a Fourier series solution to the initial value
problem for the free Schrodinger equation

-1
iw = TAW’

on the cube X = [0, 77]3, with homogeneous Dirichlet boundary conditions. Prove that your solution
converges, satisfies the desired initial conditions and boundary conditions, and satisfies the Schrodinger
equation.

Proposition 13.2: (Heat Equation; homogeneous Neumann BC)

Consider the cube X = [0,7]*, and let f : X — R be some function describing an initial
heat distribution. Suppose f has Fourier Cosine Series f(x) = Z AnCh(x). Define:
neNd

u(xit) = ZAnCn(X)-exp(—HnH2-t>
neNg

Then u(x;t) is the unique solution to the Heat Equation “O,u = Au”, with homogeneous
Neumann boundary conditions

Oz u(w1,2,05t) = O3 u(x1,x2, m5t) = oy u(x1,0,x3;1)
a2 u(x177T7x3; t) = 61 u(0,$2,$3;t) = 81 U(7T,.’IJ2’.%'3, ; t) = 0 (See Fjgure mB)

and initial conditions: u(x;0) = f(x).
Furthermore, the series defining u converges semiuniformly on X x (0, 00).

Proof: Exercise 13.7 O

13.2 The (nonhomogeneous) Dirichlet problem on a Cube

Prerequisites: {02 23 Recommended: IRl

Proposition 13.3: (Laplace Equation; one constant nonhomogeneous Dirichlet BC)

Let X = [0,%]3, and consider the Laplace equation “Au = 07, with nonhomogeneous
Dirichlet boundary conditions (see Figure [[32A):

u(zy, x2,0) = u(x1,0,23) = u(z1, 7, x3) = u(0, 22, 23) = u(m,29,23,) = 0; (13.1)
u(zy, o, m) = 1. (13.2)

The unique solution to this problem is the function

.- 16
wx,y,z) = sin(nz) sin(my) - sinh(v/n2 + m?2 - 2).
(z,y,2) 2 Z nmwsinh(w\/m) (nz) sin(my) (\/7 )

n,m=1
n,m both odd

Furthermore, this series converges semiuniformly on int (X).
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Nor t h

vest s (A L (B)
south <0 < B

Figure 13.2: Dirichlet boundary conditions on a cube (A) Constant; Nonhomogeneous on one
side only. (B) Arbitrary nonhomogeneous on all sides.

Proof: Exercise 13.8 (a) Check that the series and its formal Laplacian both converge uniformly.
(b) Check that each of the functions w, ., (x) = sin(nz) sin(my)-sinh(v'n? + m?2z) satisfies the Laplace
equation and the first boundary condition ([[ZJ). (¢) To check that the solution also satisfies the
boundary condition ([[32), subsititute y = 7 to get:

[e.e]
16
u(z,y, ™) = sin(nz) sin(my) - sinh(v/n2 + m2n
(a7 n;l nmﬁsinh(w\/m) (nx) sin(my) ( )
n,m both odd
oo
16
= . . .
Z pp—— sin(nx) sin(my) >

n,m=1
n,m both odd

because this is the Fourier sine series for the function b(x,y) = 1, by Example on page [[R0

(d) Apply Theorem [ET4a) on page [[H to conclude that this solution is unique. O

Proposition 13.4: (Laplace Equation; arbitrary nonhomogeneous Dirichlet BC)

Let X = [O,7r]3, and consider the Laplace equation “Ah = 0”, with nonhomogeneous
Dirichlet boundary conditions (see Figure [[32B):

h(z1,22,0) = D(x1,72) h(zy,22,7) = U(xy,22)
h(z1,0,23) = S(x1,73) h(zy,m,23) = N(w1,23)
h(0,z9,23) = W(x2,23) h(m,x9,23,) = FE(x2,73)

where D(x1,x2), U(z1,22), S(x1,23), N(z1,23), W(x2,23), and E(xa,x3) are six func-
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tions. Suppose that these functions have two-dimensional Fourier sine series:

D(xl, 1‘2)

S(x1,x3)

W(an 563)

o0 o0

Z Dy, ny sin(nyz) sin(nazs); Uz, m2) = Z Uny no sin(nizy) sin(ngas);
ni,ng=1 ni,na2=1

o0 o0

Z Sy g sin(nixy) sin(ngzs); N(zi,w3) = Z Ny mg sin(nizy) sin(nzxs);
ni,n3=1 ni,n3=1

o0 o0

Z Wi ng sin(neze) sin(nsxs); E(zy,x3) = Z Eny ng sin(noxs) sin(nsxs).
ng,nz=1 na,n3=1

Then the unique solution to this problem is the function:

d(‘Tl, T2, IE3)

U(Cﬂl, 2, IE3)

S(CCl,.’EQ,ng)

n(Cﬂl, 2, IE3)

w(zy, x2,x3)

e(x1,x2,23)

h(x) = d(x)+ u(x) + s(x) + n(x) + w(x) + e(x)

oo
Z Drymg sin(niz1) sin(naws) sinh ( n? 4+ n3
ni,mna=1 Sinh (71' n% + n%)
G U,
Z T sin(niz1) sin(naws) sinh ( n? +n3
ni,nz—=1 sinh <7r n? + n%)
> S
el sin(niz1) sin(ngrs) sinh ( n? + n?
ni,nz—=1 sinh <7r n% + n%)
- Nn1,n3 . . . ( 2 9
sin(nq21) sin(ngxs) sinh | 1/ny + n3
ni,nz—=1 sinh <7r n% + n%)
= W,
203 sin(ngx2) sin(ngxs) sinh ( n3 + n?
ne,nz—=1 sinh <7r n% + n%)
> EnQ,n?, . . . < 2 2
sin(ngx2) sin(ngxs) sinh | 1/ns5 + n3
na,nz—=1 sinh <7r n3 + n%)

Furthermore, these six series converge semiuniformly on int (X).

Proof: Exercise 13.9

13.3 The Poisson Problem on a Cube

Prerequisites: 0.2 6.3 4 Recommended: {13 23

)
‘(W—$3)> ;
.x2>;
'(W—$2)> ;
.x1>;
-(7r—x1)>.
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Proposition 13.5: Poisson Problem on Cube; Homogeneous Dirichlet BC

Let X = [0,77]3, and let g : X — R be some function. Suppose q has Fourier sine series:
q(x) = Z @nSn(x), and define the function u(x) by

neN3

—Cn Sa(x).

-
[[n]]

u(x) — Z

neN3

Then u(x) is the unique solution to the Poisson equation “Au(x) = ¢(x)”, satisfying homoge-
neous Dirichlet boundary conditions u(z1,z2,0) = u(xy,x9,m) = u(x1,0,23) = u(r, ™ 23) =
u(0, x9, x3) = u(m, 2, 3,) = 0.

Proof: Exercise 13.10 O

Proposition 13.6: Poisson Problem on Cube; Homogeneous Neumann BC

Let X = [0, 7r]3, and let ¢ : X — R be some function. Suppose q has Fourier cosine series:

q(x) = Z @QnCn(x), and suppose that Qo0 = 0.

neN3
Fix some constant K € R, and define the function u(x) by

$ O 0% + K (13.3)

.
]l

u(x)
nENg
ni,n2,n3 not all zero
Then u(x) is a solution to the Poisson equation “Au(x) = ¢(x)”, satisfying homogeneous
Neumann boundary conditions 05 u(x1,x2,0) = 03 u(z1,z2, ) = dp u(x1,0,23) = dyu(xy, 7, 23) =
61 u(O, o, .%'3) = 61 ’U,(7T, Iro,x3, ) =0.
Furthermore, all solutions to this Poisson equation with these boundary conditions have

the form (I33).

If Qo,0,0 # 0, however, the problem has no solution.

Proof: Exercise 13.11 O
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V BVPs in other Coordinate
Systems

In Chapters[[Ilto[[3] we used Fourier series to solve partial differential
equations. This worked because the orthogonal trigonometric functions C,,
and S,, were eigenfunctions of the Laplacian. Furthermore, these functions
were “well-adapted” to domains like the interval [O, 7T] or the square [0, 7T]2,

for two reasons:

® The trigonometric functions and the domains are both easily expressed

in a Cartesian coordinate system.

® The trigonometric functions satisfied desirable boundary conditions (e.g.
homogeneous Dirichlet/Neumann) on the boundaries of these domains.

When we consider other domains (e.g. disks, annuli, balls, etc.), the trigono-
metric functions are no longer so “well-adapted”. Thus, instead of using
trigonometric functions, we must find some other orthogonal system of
etgenfunctions with which to construct something analogous to a Fourier
series. This system of eigenfunctions should be constructed so as to be
“well-adapted” to the domain in question, in the above sense, so that we can
mimic the solution methods of Chapters[[lto This is the strategy which
we will explore in Chapter [[4
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A
v

| h : j
A) .

Figure 14.1: (A) Polar coordinates; (B) The disk D; (C) The codisk D%; (D) The annulus
A.

14 BVPs in Polar Coordinates

14.1 Introduction

Prerequisites: {1.6(b)

When solving a boundary value problem, the shape of the domain dictates the choice
of coordinate system. Seek the coordinate system yielding the simplest description of the
boundary. For rectangular domains, Cartesian coordinates are the most convenient. For disks
and annuli in the plane, polar coordinates are a better choice. Recall that polar coordinates
(r,0) on R? are defined by the transformation:

x=r-cos(f) and y=r-sin(h). (Figure MTZTIA)
with reverse transformation:

r=+22+y? and 6 = arctan (%) )

Here, the coordinate r ranges over [0,00), while the variable 6 ranges over [—m, 7). (Clearly,
we could let 0 range over any interval of length 27; we just find [—7, 7) the most convenient).
The three domains we will examine are:

e D = {(r,0); r <R}, the disk of radius R; see Figure [Z1B. For simplicity we will
usually assume R = 1.

e D¢ = {(r,6) ; R < r}, the codisk or punctured plane of radius R; see Figure [ZZIC.
For simplicity we will usually assume R = 1.

e A={(rn): R
Figure [ZTD.

<r<R,_,.}, the annulus, of inner radius p and outer radius R; see

min max
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The boundaries of these domains are circles. For example, the boundary of the disk D of

radius R is the circle:
oD =S = {(r,0); r=R}

The circle can be parameterized by a single angular coordinate § € [—m, 7). Thus, the boundary
conditions will be specified by a function b : [—m, m) — R. Note that, if b() is to be continuous
as a function on the circle, then it must be 27-periodic as a function on [—m, 7).

In polar coordinates, the Laplacian is written:

1 1
Au = 0u + ~0u + — OF u (Exercise 14.1) (14.1)
T T

14.2 The Laplace Equation in Polar Coordinates

14.2(a) Polar Harmonic Functions
Prerequisites: 3

The following important harmonic functions separate in polar coordinates:

O, (r,0) = cos(nb)-r" U, (r,0) = sin(nd)-r*; forn=1,2,3,... (Figure [Z2)

bn(,0) = COS(SH); Un(r,0) = Sm(fe); forn=1,2,3,... (Figure [Z3)
r r

Qo(r,0) = 1. and ¢o(r,0) = log(r) (Figure [[Z4)

Proposition 14.1: The functions ®,,, ¥, ¢,, and v, are harmonic, for all n € N.

Proof: See practice problems #41l to #H in T4 a

Exercise 14.2 (a) Show that ®;(r,0) = z and ¥1(r,0) = y in Cartesian coordinates.

(b) Show that ®5(r,6) = 22 — y? and V(r, ) = 2zy in Cartesian coordinates.

(¢c) Define F,, : C — C by F,(z) := z". Show that ®,(z,y) = re[F,(z+yi)] and ¥,(z,y) =
im [F, (z + yi)].

(d) (Hard) Show that ®,, can be written as a homogeneous polynomial of degree n in = and y.

(e) Show that, if (z,y) € OD (i.e. if 22 +y? = 1), then ®n(z,y) = (n(z), where

(n(z) = 20NN 4 (_1)”2(N71—2n)g (anl) L(N=2n)
n n —

is the Nth Chebyshev polynomial. (To learn more about Chebyshev polynomials, see [Bro89, §3.4].

We will solve the Laplace equation in polar coordinates by representing solutions as sums
of these simple functions. Note that ®,, and ¥,, are bounded at zero, but unbounded at infinity
(Figure [ZHIA) shows the radial growth of ®,, and ¥,,). Conversely, ¢,, and 1,, are unbounded
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TN 0 J. 4,4

o (r,0) = r? cos (20) | ®3(r,0) = r3cos (30) | P4(r,0) = r* cos (

Dy (r,0) = r?sin (20) | ®3(r,0) = r3sin (30) 5 (r,0) = r°sin (50)

®5(r,0) = rbsin (60)

Figure 14.2: ®,, and ¥, for n = 2..6 (rotate page).
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l

i

it

A

ooN 7 oo o

d1(r,0) =r~tcos(20) | ¢a(r,0) =12

cos (360)

Nvoto

Nvoto

Pa(r, 0) = r~2sin (36)

P3(r,0) = r~3sin (40) | Y4(r,0) = r~*sin (50)

Figure 14.3: ¢, and v, for n = 1..4 (rotate page). Note that these plots have been ‘truncated’
to have vertical bounds £3, because these functions explode to +oo at zero.
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Figure 14.4: ¢o(r,6) = log |r| (vertically truncated near zero).
. 51

1]
o 0.2 0.4 O.‘G XO 8 1 1.2 1.4 h
Legend Legend
— " ——————— -log()
ffffffffffffffff xXN2 R 1/x
xX"3 1/x"2
———————————————————— x~a e 1AXAT
(A): z™, for n = 1,2,3,4; (B): —log(z) and xln, forn=1,2,3

(these four plots are vertically truncated).

Figure 14.5: Radial growth/decay of polar-separated harmonic functions.

at zero, but bounded at infinity) (Figure [ZIIB) shows the radial decay of ¢,, and v,,). Finally,
®( being constant, is bounded everywhere, while ¢y is unbounded at both 0 and oo (see
Figure [Z0B). Hence, when solving BVPs in a neighbourhood around zero (eg. the disk), it
is preferable to use ®g, ®, and ¥,. When solving BVPs on an unbounded domain (ie. one
“containing infinity”) it is preferable to use ®g, ¢, and 1,,. When solving BVP’s on a domain
containing neither zero nor infinity (eg. the annulus), we use all of ®,,, ¥,,, ¢y, ¥, o, and ¢y

14.2(b) Boundary Value Problems on a Disk
Prerequisites: §6.0 471 911 9ra

Proposition 14.2: (Laplace Equation on Unit Disk; nonhomogeneous Dirichlet BC)

Let D = {(r,0) ; v < 1} be the unit disk, and let b € L2[—, ) be some function. Consider
the Laplace equation “Au = 07, with nonhomogeneous Dirichlet boundary conditions:

u(1,0) = b(0), for all 0 € [—m, ). (14.2)
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s
T [SN=Y

(B): A bubble in the frame:
u(r,0) = r3sin(30).

(A): A bent circular wire frame:

b(0) = sin(30).

Figure 14.6: A soap bubble in a bent wire frame.

Suppose b has real Fourier series: b(0) = Ao+ Z Ay, cos(nf) + Z B, sin(nd).
=1

n=1
Then the unique bounded solution to this problem is the function

u(r,0) = Ag+ Y An®a(r0) + D Ba¥u(r,0)

n=1 n=1
= Ap+ Z A, cos(nf) -r" + Z By, sin(nf) - r" (14.3)
n=1 n=1

Furthermore, the series ([IZ3)) converges semiuniformly to u on int (D).

Proof: Exercise 14.3 (a) To show that u is harmonic, apply eqn.([[ZJ]) on page to get

oo oo 1 oo oo
Nu(r,0) = 82 <Z Anp cos(nb) -r™ + Z B, sin(nf) - r") + —Or <Z Ap cos(nb) - r™ + Z By, sin(nd) - r")
n=1 n=1 r n=1 n=1
1 oo oo
+ T—Qag <n2_:1 Ay cos(nf) - ™ + nZ::an sin(nf) -7"”) . (14.4)

Now let R < 1. Check that, on the domain D(R) = {(r,0) ; r < R}, the conditions of Proposition[[]

on page [ are satisfied; use this to simplify the expression (IZ4). Finally, apply Proposition [Z1]
0 for all » < R. Since this works for any R < 1, conclude

on page to deduce that Au(r,0) =

that Au =0 on D.
(b) To check that u also satisfies the boundary condition ([[ZZ), substitute » = 1 into ([[Z3) to get:
(o)

u(1,0) = Ao—i—ZAn cos(nf) + ianin(nG) = b(0).

n=1

(¢) Use Proposition BId(a) on page A to conclude that this solution is unique.

Example 14.3: Take a circular wire frame of radius 1, and warp it so that its vertical distortion
is described by the function b(0) = sin(30), shown in Figure [IZ.0(A). Dip the frame into a
soap solution to obtain a bubble with the bent wire as its boundary. What is the shape of the

bubble?
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Solution: A soap bubble suspended from the wire is a minimal surfac&ﬂ. Minimal surfaces
of low curvature are well-approximated by harmonic functions, so it is a good approximation
to model the bubble by a function with zero Laplacian.

Let u(r,0) be a function describing the bubble surface. As long as the distortion b(f) is
relatively small, u(r,d) will be a solution to Laplace’s equation, with boundary conditions
u(1,0) = b(f). Thus, as shown in Figure [ZB(B), wu(r,f) = r3sin(30). &

Remark: There is another “formal solution” to the Dirichlet problem on the disk, given by:

u(r,0) = Ag+ ZA cos(n ZB sin(n
n=1

The problem with this solution is that it is unbounded at zero, which is unphysical, and also

means we can’t use Proposition [[7differentiate the series and verify that it satisfies the Laplace

equation. This is why Proposition specifically remarks that ([Z3]) is a bounded solution.
Exercise 14.4 Let u(z,0) be a solution to the Dirichlet problem with boundary conditions

1 ™
u(1,0) = b(#). Use Proposition [[ZA to prove that u(0) = %/ b(0) do

Proposition 14.4: (Laplace Equation on Unit Disk; nonhomogeneous Neumann BC)

Let D = {(r,0); r <1} be the unit disk, and let b € L?[—m, 7). Consider the Laplace
equation “Au = 0”, with nonhomogeneous Neumann boundary conditions:

0y u(1,0) = b(6) (14.5)

o
Suppose b has real Fourier series: b(f) = Ao + Z Ay, cos(nb) Z B, sin(nd).

If Ay = 0, then the bounded solutions to this prob]em are all funcmons of the form

a)AAR “)‘Bn
u(r,) = O+ Y E(n6) + Y EU(r,0)
n=1 n=1
= C + iﬁcos(nﬁ)-r” + i&sin(nﬂ)-r” (14.6)
n=1 " n=1 n

where C' is any constant. Furthermore, the series ([[ZH) converges semiuniformly to u on
int (D).
However, if Ay # 0, then there is no bounded solution.

Proof:

A o
Claim 1: For anyr <1, Z 2| | Z -r" < 00.

n=1

1 This means that it is the surface with the minimum possible area, given that it must span the wire frame.
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Proof: Let M = max{max{]An\}SLo:l, max{\Bn\}fle}. Then

2|4 o 2|Byl 2 — 2 M -
Sliln Sl o SEeMn S - S
n=1 n n=1 n n=1 n n=1 n=1
(14.7)
o
Let f(r) = ——. Then f'(r) = TEE Recall that, for |r| < 1, f(r) = n
—r —
00 n=0
Thus, f'(r) = Z nr’"” Z nr". Hence, the right hand side of eqn.([[Z7) is equal
=1
to ! -
1
QMZTL’I“n = 2Mr-f'(r) = 2Mr 5 < 00
=1 (1—r7)
for any " < 1 <>Claim 1

Let R < 1 and let D(R) = {(r,0) ; » < R} be the disk of radius R. If u(r,§) = C +

27%(7«,9) + ;7%(7«,9), then

pufr) = ST ARm0) + Y P Au ) = Z’% Z% _—
n=1 n=1 _ _

on D(R). Here, “ =" is by Proposition [C7 on page and Claim 1, while (%) is by
Proposition [[Z1] on page

To check boundary conditions, observe that, for all (r,

0) € D(R),
L oo A o0
O u(r,0) = 278@ Z r,0)

n=1
o o

_ ATL n—1 Bn n—1 _:

= Z o cos(nf) + Z o sin(nf)
n=1 n=1
o

= Z Apr™ 1 cos(nf) Z B,r"lsin(nf).
n=1

="

Here “=="is by Proposition [C7 on page [[8 Hence, letting R — 1, we get

0, u(l,0) = 0,u(l1,0) ZA )"t cos(nd) ZB )"~ Lsin(nd)

= ZAncos(nH) + Zanin(nH) = b(0),
n=1 n=1

W~ "

as desired. Here, is because this is the Fourier Series for b(#), assuming Ay = 0. (If
Ap # 0, then this solution doesn’t work.)
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|

s

(A) Contour plot (B) Surface plot

Figure 14.7: The electric potential deduced from Scully’s voltage measurements in Example

Finally, Proposition E14)(c) on page implies that this solution is unique up to addition
of a constant. a

Remark: Physically speaking, why must Ag =07

If u(r,0) is an electric potential, then 9, u is the radial component of the electric field.
The requirement that Ay = 0 is equivalent to requiring that the net electric fluz entering the
disk is zero, which is equivalent (via Gauss’s law) to the assertion that the net electric charge
contained in the disk is zero. If Ag # 0, then the net electric charge within the disk must be
nonzero. Thus, if ¢ : D — R is the charge density field, then we must have ¢ #Z 0. However,
q = Au (see Example on page 2)), so this means Awu # 0, which means u is not harmonic.

Example 14.5: While covertly investigating mysterious electrical phenomena on a top-secret
military installation in the Nevada desert, Mulder and Scully are trapped in a cylindrical
concrete silo by the Cancer Stick Man. Scully happens to have a voltimeter, and she notices
an electric field in the silo. Walking around the (circular) perimeter of the silo, Scully
estimates the radial component of the electric field to be the function b(f#) = 3sin(760) —
cos(260). Estimate the electric potential field inside the silo.

Solution: The electric potential will be a solution to Laplace’s equation, with boundary
conditions 9, u(1,0) = 3sin(70) — cos(260). Thus,

u(r,0) = C + %sin(?@) - %cos(%?) 72 (see Figure [[Z7)

Question: Moments later, Mulder repeats Scully’s experiment, and finds that the perimeter
field has changed to b(0) = 3sin(70) — cos(26) + 6. He immediately suspects that an Alien
Presence has entered the silo. Why? &
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14.2(c) Boundary Value Problems on a Codisk
Prerequisites: §6.0 471 9T 9ra Recommended:

We will now solve the Dirichlet problem on an unbounded domain: the codisk

D¢ = {(rn6);1<r}.

Physical Interpretations:

Chemical Concentration: Suppose there is an unknown source of some chemical hidden
inside the disk, and that this chemical diffuses into the surrounding medium. Then the
solution function u(r, @) represents the equilibrium concentration of the chemical. In this
case, it is reasonable to expect u(r, 6) to be bounded at infinity, by which we mean:

lim |u(r,0)] # oo. (14.8)
T—00
Otherwise the chemical concentration would become very large far away from the center,
which is not realistic.

Electric Potential: Suppose there is an unknown charge distribution inside the disk. Then
the solution function u(r, 8) represents the electric potential field generated by this charge.
Even though we don’t know the exact charge distribution, we can use the boundary
conditions to extrapolate the shape of the potential field outside the disk.

If the net charge within the disk is zero, then the electric potental far away from the
disk should be bounded (because from far away, the charge distribution inside the disk
‘looks’ neutral); hence, the solution u(r, #) will again satisfy the Boundedness Condition
(L.
However, if there is a nonzero net charge within the the disk, then the electric potential
will not be bounded (because, even from far away, the disk still ‘looks’ charged). Never-
theless, the electric field generated by this potential should still be decay to zero (because
the influence of the charge should be weak at large distances). This means that, while
the potential is unbounded, the gradient of the potential must decay to zero near infinity.
In other words, we must impose the decaying gradient condition:

lim Vu(r,8) = 0. (14.9)

r—00

Proposition 14.6: (Laplace equation on codisk; nonhomogeneous Dirichlet BC)

Let Db = {(r,6) ; 1 <r} be the codisk, and let b € L2[—m, ). Consider the Laplace
equation “Au = 07, with nonhomogeneous Dirichlet boundary conditions:

u(1,0) = b(6) (14.10)

Suppose b has real Fourier series: b(0) = Ao+ Z Ay, cos(nf) + Z B, sin(nd).
n=1

n=1
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(A) Contour plot (B) Surface plot
(unit disk occulted) (unit disk deleted)

Figure 14.8: The electric potential deduced from voltage measurements in Example 27

Then the unique solution to this problem which is bounded at infinity as in (IZS) is the
function

o0 6 o0 . 6
u(r,6) = Ay + ZAnCOS;f: ) 4 ZBHSIHS ) (14.11)
n=1 n=1

Furthermore, the series (IZI1l) converges semiuniformly to u on int (]D)C).

Proof: Exercise 14.5 (a) To show that u is harmonic, apply eqn.([ZI]) on page to get

[eS) 0 oo . 0 1 oo 0 [eS) . 0
sueo) = o (S0 S0 Ly (0,000 S o)
n=1 n=1 n=1

r n=1

1 > cos(nf > sin(nd
+ T—Qag (Z An% + ZBn%) (14.12)

n=1 n=1

Now let R > 1. Check that, on the domain D¢(R) = {(r,0) ; r > R}, the conditions of Proposi-
tion [ on page [[A are satisfied; use this to simplify the expression (IZIZ). Finally, apply Proposi-
tion ATl on page to deduce that Au(r,) = 0 for all » > R. Since this works for any R > 1,
conclude that Au = 0 on DE.

(b) To check that the solution also satisfies the boundary condition ([ZIM), subsititute » = 1 into
(o) (o)

(XTI to get: u(1,6) =~ Ao+ Z Ay cos(nf) + Z B, sin(nf) = b(0).
n=1 n=1

(¢) Use Proposition BId(a) on page [ to conclude that this solution is unique. O

Example 14.7: An unknown distribution of electric charges lies inside the unit disk in the
plane. Using a voltimeter, the electric potential is measured along the perimeter of the circle,
and is approzimated by the function b(0) = sin(20) + 4 cos(50). Far away from the origin,
the potential is found to be close to zero. Estimate the electric potential field.
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Solution: The electric potential will be a solution to Laplace’s equation, with boundary
conditions u(1, 0) = sin(20)+4 cos(50). Far away, the potential apparently remains bounded.
Thus, as shown in Figure [£3,

u(r,0) = sin(220) n 4 cos(50) o

r 7o

Remark: Note that, for any constant C' € R, another solution to the Dirichlet problem with
boundary conditions ([IZI0) is given by the function

TL

o0 . 9
u(r,0) = Ay + Clog(r) + ZA cos(nd) Zanmjf ). (Exercise 14.6)

However, unless C' = 0, this will not be bounded at infinity.

Proposition 14.8: (Laplace equation on codisk; nonhomogeneous Neumann BC)

Let Db = {(r,0); 1 <r} be the codisk, and let b € L2[—m, ). Consider the Laplace
equation “Au = 07, with nonhomogeneous Neumann boundary conditions:

0, u(1,0) = Ou(l,0) = bo) (14.13)

Suppose b has real Fourier series: b(0) = Ao + Z Ay, cos(nf) + Z B, sin(n@).
n=1 n=1

Fix a constant C € R, and define u(r,0) by:

o A o —B .

no o = n T
Then u is a solution to the Laplace equation, with nonhomogeneous Neumann boundary condi-
tions ([Z13), and furthermore, obeys the Decaying Gradient Condition (IZ9) on pZZ4 Fur-
thermore, all harmonic functions satisfying equations (IZI3) and ([[Z9) must be of the form
(IZT4). However, the solution ([[ZI4)) is bounded at infinity as in ([Z8) if and only if Ay = 0.

Finally, the series (IZId]) converges semiuniformly to u on int (]DC>.

Proof: Exercise 14.7 (a) To show that u is harmonic, apply eqn.([[ZJ]) on page 230 to get

Au(r,0) = 83 <A0 log(r) — Z An" COS("9 Z B_Slnn ))

n=1 n=1 n 7-71
1 >\ Ap cos(nb) >, By sin(nd) 1 ., >\ An >\ By sin(nd)
+ ;ar (Ao log(r) — ;7 o z:: o + 7239 Ag log(r z:: 7 Tn Z:: B . (14.15)

Now let R > 1. Check that, on the domain D¢(R) = {(r,0) ; r > R}, the conditions of Proposi-
tion [ on page [[A are satisfied; use this to simplify the expression ([ZIH). Finally, apply Proposi-
tion ATl on page to deduce that Au(r,) = 0 for all » > R. Since this works for any R > 1,
conclude that Au = 0 on DE.
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(A) Contour plot (B) Surface plot
(unit disk occulted) (unit disk deleted)

Figure 14.9: The electric potential deduced from field measurements in Example

(b) To check that the solution also satisfies the boundary condition ([[ZI3)), subsititute » = 1 into
([[XTA) and compute the radial derivative (using Proposition [T on page @) to get: 0, u(1,0) =
A + Z Ay, cos(nf) + Z By, sin(nf) = b(h).

n=1 n=1
(c¢) Use Proposition BI2(c) on page A to show that this solution is unique up to addition of a

constant.

(d) What is the physical interpretation of Ay = 07? O

Example 14.9: An unknown distribution of electric charges lies inside the unit disk in the
plane. The radial component of the electric field is measured along the perimeter of the
circle, and is approzimated by the function b(6) = 0.9 + sin(20) + 4 cos(50). Estimate the
electric potential potential (up to a constant).

Solution: The electric potential will be a solution to Laplace’s equation, with boundary

conditions 9, u(1,0) = 0.9 + sin(260) + 4 cos(50). Thus, as shown in Figure [Z3,

—sin(20)  —4cos(56)
272 5.1d

u(r,d) = C + 09log(r)+

14.2(d) Boundary Value Problems on an Annulus
Prerequisites: 5.0 211 71 972 Recommended:

Proposition 14.10: (Laplace Equation on Annulus; nonhomogeneous Dirichlet BC)
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Let A = {(r,0); R, <r<R__} bean annulus, and let b,B : [-m,m) — R be two
functions. Consider the Laplace equation “Aw = 0”7, with nonhomogeneous Dirichlet boundary
conditions:

max

u(R_. ,0) = b(0); and w(R,, . ,0) = B(0); (14.16)
Suppose b and B have real Fourier series:
o) = ao+t Z:l an cos(nd) + Z:l by, sin(nf);
B(9) = Ao+t Z:l A, cos(nf) + Z:l By, sin(nb);

Then the unique solution to this problem is the function

u(r,0) = = U + uolog(r) + Z(Unr”+z—2) cos(n@)

n=1

= n, Un\ .
+ ngl (Vnr + 1“_") sin(nd) (14.17)

where the coefficients {u,, Uy, vyn, VN }72, are the unique solutions to the equations:

Up+uglog(R_..) = ao; Up+uglog(R,,.) = Ao;
U, R' + = — g U R + =" = Ay

Furthermore, the series (IZI1) converges semiuniformly to u on int (A).
Proof: Exercise 14.8 (a) To check that u is harmonic, generalize the strategies used to prove
Proposition on page and Proposition [[Z0 on page

(b) To check that the solution also satisfies the boundary condition ([[ZIH]), subsititute »r = 1 into
(TZID) to get the Fourier series for b and B.

(c) Use Proposition [EI4(a) on page [[A to show that this solution is unique. O

Example: Consider an annular bubble spanning two concentric circular wire frames. The
inner wire has radius R_. = 1, and is unwarped, but is elevated to a height of 4cm, while
the outer wire has radius R, = 2, and is twisted to have shape B(0) = cos(30) — 2sin(0).

Estimate the shape of the bubble between the two wires.
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Figure 14.10: A bubble between two concentric circular wires

Solution: We have b(0) = 4, and B(#) = cos(30) — 2sin(f). Thus:
ag = 4 A = 1; and By = -2

and all other coefficients of the boundary conditions are zero. Thus, our solution will have the
form:

w(r,0) = Uy + uplog(r) + <U3r3+%)-cos(3«9) + (Vﬁ—k%)-sinw),

where Uy, ug, Us, ug, V1, and vy are chosen to solve the equations:

Uy + ug lOg(l) = 4 Uy + ug lOg(Q) = 0
Us+us = 0 Us + % = 1
Vi+vy = 0 2V; + % = —2.

which is equivalent to:

Uy —4
UO = 4a Uy = = 5
log(2) log(2)
ug = —Us; 1-— 1 U3 = 1 and thus Uz = é
3 - 39 ] 3 - ; 3 - 637
1 —4
vy = —=Vi; <2 — 5) Vi = -2 and thus V; = 3

so that |u(r,0) = 4 — 4log(r) + 5 (?"3 — %) -cos(30) — g <r - 1) -sin(0) |
r r
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| x-s]

proporti onal
to 1-|x|2

(A) ()

Figure 14.11: The Poisson kernel (see also Figure on page B3T)

14.2(e) Poisson’s Solution to the Dirichlet Problem on the Disk
Prerequisites: §14.2(b) Recommended: {67

Let D = {(r,0) ; r < R} be the disk of radius R, and let 0D = S = {(r,0) ; r = R} be
its boundary, the circle of radius R. Recall the Dirichlet problem on the disk from § [[6.1 on
page B30 In 167, we solved this problem using the Poisson kernel, P : D xS — R, defined:

R” —||x|*
Px,s) = ———— foranyxeDandseS
Ix — s

In polar coordinates (Figure [ZTIB), we can parameterize s € S with a single angular coor-
dinate o € [—m, ), and assign x the coordinates (r,6). Poisson’s kernel then takes the form:

RZ o T2
R? —2rRcos(0 — o) + 12

P(x,s) = P(r,0; o) = (Exercise 14.9)

In § M6 on page B30, we stated the following theorem, and sketched a proof using ‘impulse-
response’ methods. Now we are able to offer a rigorous proof using the methods of §14.2(b)|

Proposition 14.11: Poisson’s Integral Formula

Let D = {(r,0) ; r < R} be the disk of radius R, and let B € L?|—m, 7). Consider the
Laplace equation “Au = 0”, with nonhomogeneous Dirichlet boundary conditions u(R,0) =
B(#).  The unique bounded solution to this problem satisfies:

For any r € [0,R) and 0 € [—m, ), u(r,0) = QL/ P(r,0;0) - B(o) do. (14.18)
™ —T

1
or, more abstractly, u(x) = o /P(X,s) - B(s) ds, for any x € int (D).
™ Js

Proof: For simplicity, assume R = 1 (the general case can be obtained by rescaling). From
Proposition on page B39, we know that

u(r,0) = Ao+ Z Ay cos(nf) -r"™ + Z By, sin(nd) - r",

n=1 n=1
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where A,, and B,, are the (real) Fourier coefficients for B(6). Substituting in the definition
of these coefficients (see § [l on page [69), we get:

u(r,0) = % ZB(J) do + icos(n@)-r"-(l /7r B(o) cos(no) da>

T™J—x

+ isin(nﬁ)'rn- (% _ZB(J) sin(no) d(f)

1
= 5 - (1 + 22 - cos(n#) cos(no) +2; - sin(nd) s1n(na)> do
1
© o)., <1 + 22 - cos ( 0))) (14.19)
where (%) is because cos(nf) cos(no) + sin(nf) sin(no) = cos (n(@ - a)),

It now suffices to prove:

Claim 1: 1 + 2ir”-cos (n(@—a)) = P(r,0;0).

Proof: By de Moivre’s formulefl, 2 cos (n(@ - 0)) = ¢0-0) 4 ¢=1(0-9)  Hence,

o0 o
1+ 2 Zr” - cos (n(@ — 0’)) = 1+ Z r'. (ei”w_a) + e_in(6_0)> : (14.20)
n=1 n=1
Now define complex number z = r - el(®=9); then observe that r™ - ei™?=9) = 7 and
. e n(0=9) — 7" Thus, we can rewrite the right hand side of (TZ20) as
oo
1 + Z . n(6—o) + Z fm(G o)
n=1
SRR I v P
(a) 1-=2 1-%
n=1 n=1
- 14 2—2Z+Z— 22 o 2re [2] — 2|z
B l-2z2—-Z+42Z ®) 1—2relz] + |22
_ 1-—2re[z] + 7|2 2re 2] — 2|z|?
1—2re(z] + |22 1—2re(z] + |22
1—|z)? 1—r?
1—2relz] + |2]? © 1 — 2rcos(0—o) + r2 (r,0;0)
(a) is because Z " = 1 f - for any z € C with |z| < 1. (b) is because z +% = 2re [z] and 2Z = |z|?
for any z € C. B (¢) is because |z| = r and re [z] = cos(6 — o) by definition of z. O laim 1

2See the formula sheet.
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Friedrich Wilhelm Bessel
Born: July 22, 1784 in Minden, Westphalia
Died: March 17,1846 in Koénigsberg, Prussia

Now, use Claim 1 to substitute P(r, 6; o) into ([ZI9); this yields the Poisson integral formula

([E.20). 0

14.3 Bessel Functions

14.3(a) Bessel’s Equation; Eigenfunctions of A in Polar Coordinates

Prerequisites: §.2 4T Recommended: {53l

Fix n € N. The (2-dimensional) Bessel’s Equation (of order n) is the ordinary differen-

tial equation
?*R"(x) + 2R'(x) + (22 —n?) -R(z) = 0 (14.21)

where R : [0,00] — R is an unknown function. In §I53), we will explain how this equation
was first derived. In the present section, we will investigate its mathematical consequences.
The Bessel equation has two solutions:

R(z) = Tn(z) the nth order Bessel function of the first kind.
[See Figures TZTA(A) and [LT3(A)]
R(z) = Yn(x) the nth order Bessel function of the second kind, or

Neumann function. [See Figures [ZI2A(B) and [ZI3IB)]

Bessel functions are like trigonometric or logarithmic functions; the ‘simplest’ expression for
them is in terms of a power series. Hence, you should treat the functions “7,” and “)),” the
same way you treat elementary functions like “sin”, “tan” or “log”. In JIZ47 we will derive an
explicit power-series for Bessel’s functions, and in JI4.8 we will derive some of their important
properties. However, for now, we will simply take for granted that some solution functions
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—1 I”

—1.54| | i

(A) (B)
jo(.%'), \71('%')’ \72(1')7 and jg(.%‘), yO(x)7 yl(x)a yg(.%'), and yg(.%') for z € [07 12]
for x € [0,12]; (these four plots are vertically truncated).

Figure 14.12: Bessel functions near zero.
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(A): Jo(z), for = € [0,100].
The z-intercepts of this graph are the roots kg1, K02, K03, K04, - - -

/\\//1\9 \?6\ % A soN_ oo =

(B): Yo(x), for = € [0,80].

Figure 14.13: Bessel functions are asymptotically periodic.
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Jn exists, and discuss how we can us these functions to build eigenfunctions for the Laplacian
which separate in polar coordinates....

Proposition 14.12: Fix A > 0. For any n € N, define
Py a(r,0) = Tn(A-7)-cos(nb); Upa(r,0) = TJn(A-7)-sin(nd);
O A(1,0) = Vu(A-r)-cos(nb); and Y a(r,0) = Vp(X-r)-sin(nd).

(see Figures [ZT4] and [LTH). Then ®,, 5, Y, \, ¢nr, and ¥y, » are all eigenfunctions of the
Laplacian with eigenvalue —\?:

A(I)n)\ = _)‘2(1)71,)\; All’n)\ = _)‘2an,)\; A¢n,A = _)\2¢n,)\; and A¢n,k = _)\2¢n,>\~

Proof: See practice problems #I2 to #4IH of YT O

We can now use these eigenfunctions to solve PDEs in polar coordinates. Notice that 7,
—and thus, eigenfunctions ®,, y and W,, y —are bounded around zero (see Figure [ZI2A). On
the other hand, ),, —and thus, eigenfunctions ¢, x and v,y —are unbounded at zero (see
Figure [ZT2B). Hence, when solving BVPs in a neighbourhood around zero (eg. the disk), it
is preferable to use [J,, ®, » and ¥,, ». When solving BVPs on a domain away from zero (eg.
the annulus), we can also use YV, ¢y, and 9, 5.

14.3(b) Boundary conditions; the roots of the Bessel function
Prerequisites: 6.0

To obtain homogeneous Dirichlet boundary conditions on a disk of radius R, we need an
eigenfunction of the form ®,,  (or ¥, ) such that ®, z(R,6) = 0 for all § € [—7, 7). Hence,
we need:

In(A-R) = (14.22)

0
The roots of the Bessel function are the values k € [0, 00) such that 7, (k) = 0. These roots
form an increasing sequence

0 < Kpi < Kpo < EKpg < Bpa <

of irrational valued]. Thus, to solve ([[X22), we must set A = Kpm /R for some m € N. This
yields an increasing sequence of eigenvalues:

() <) < me () < () |

which are the eigenvalues which we can expect to see in this problem. The corresponding
eigenfunctions will then have the form:

Py (r,0) = Tn(Anm 1) - cos(nd) Upm(r,0) = Tn(Apm-r)-sin(nd) (14.23)
(see Figures [[ZT4l and [LTH).

3Computing these roots is difficult; tables of k., can be found in most standard references on PDEs.
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®o1(r, 0) = Jo(Xo1m)

Qo2(r, 0) = Jo(Mo27)

Qo3 (7, 0) = Jo(Mo3T)

Qo4 (r, 0) = Jo(Moar)

Qo5 (7, 0) = Jo(AosT)

Figure 14.14: ®,, ,, for n =0,1,2 and for m = 1,2, 3,4,5 (rotate page).




256

CHAPTER 14. BVPS IN POLAR COORDINATES

#%
l

il

y

/[

N\

\

@31 (r, 0) = J3(Az17) cos (30)

P32(r, 0) = J3(Az2r) cos (30)

@33(r, 0) = J3(A337) cos (30)

@34 (7, 0) = T3(A347) cos (30)

@35 (r, 0) = J3(Ag57) cos (30)

Figure 14.15: ®,, ., for n = 3,4,5 and for m = 1,2,3,4,5 (rotate page).
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14.3(c) Initial conditions; Fourier-Bessel Expansions
Prerequisites: 5.4 73

To solve an initial value problem, while satisfying the desired boundary conditions, we
express our initial conditions as a sum of the eigenfunctions from expression ([[ZZ3)). This is
called a Fourier-Bessel Expansion:

i iAnm nmre + i iBnm nmre)
n=0 m=1

n=1 m=1

+ Z Zanm G (1, 0) Z Z wm - U (7,0), (14.24)

n=0 m=1

where Aum, Bum, @nm, and by, are all real-valued coefficients. Suppose we are considering
boundary value problems on the unit disk ID. Then we want this expansion to be bounded at
0, so we don’t want the second two types of eigenfunctions. Thus, expression ([Z24]) simplifies

to:
Z Z Anm - P (1, 0) Z Z Bpm - Y (r,0). (14.25)

n=0 m=1 n=1 m=1

If we substitute the explicit expressions from ([[ZZ3)) for ®,,,,,(r, 0) and ¥, (7, 0) into expression

([IZZ3), we get:
S Rnm =T KRpm T .
Z:O leAnm “JIn ( R ) cos(nf) + Z Z B - In ( R ) -sin(n#). (14.26)

Now, if f : D — R is some function describing initial conditons, is it always possile to express
f using an expansion like (IZZA)? If so, how do we compute the coefficients A, and By, in
expression ([[Z20])? The answer to these questions lies in the following result:

Theorem 14.13:  The collection {®y, y, ¥, ; 1 =0...00, £ € N,m € N} is an orthogonal basis
for L2(D). Thus, suppose f € L?(D), and for all n,m € N, we define

<f’ (I)"m> / / Iinm .

HfI)an% mR? ‘7+1 Knm 777 f T ) COS(n ) r dr
<f’ \Ijnm> / / Knm . .

H\I’ang TR2 ‘7+1 KVnm f L > Sln(n ) r dr

Then the Fourier-Bessel series ([ZZQ) converges to f in L%-norm.

Proof: (sketch) The fact that the collection {®, , Yo ; 7 =0...00, £ € N,;m € N} is an
orthogonal set will be verified in Proposition on page of JTZ8 The fact that this
orthogonal set is actually a basis of L2(ID) is too complicated for us to prove here. Given
that this is true, if we define A, == (f, @pm)/[®nml|3 and Bpm == (f, Ypn) /|| Tnmlf3,
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then the Fourier-Bessel series (TZZH]) converges to f in L2-norm, by definition of “orthogonal
basis” (see § on page [[33).

It remains to verify the integral expressions given for the two inner products. To do this,
recall that

1
(I)nm = T 'q)nm d
U %) = e [ 160 B0 dx
1 2w R K oy
= —75 ) Tn [ —= . 0)-r dr db
7TRQ/O /Of(r,)j< n L) - cos(nf) - dr
1T (R o
and H‘I’ang = <q)nma (I)nm> = ?/ / j,?(fi R 7“) 'COSQ(TL@)-TdT do
Q - J0
1 R 9 (Knm T 1 (7
= - m T edr) [ = 2(n0) do
(R2/0 Jn< i ) r 7“> (ﬂ/_ﬂcos(n) >
1 R’ nm °
= e Iz (K R T) - dr. (By Proposition [0 on page [[TH)
1
= jﬁ(ﬁnm‘s)’SdS. (s = ; dr = Rds)
0
1
© ijr%Jrl(’fnm)
here, (*) is by Lemma [[Z28(b) on page of JIZY 0

To compute the integrals in Theorem [[Z13] one generally uses ‘integration by parts’ tech-
niques similar to those used to compute trigonometic Fourier coefficients. However, instead
of the convenient trigonometric facts that sin’ = cos and cos’ = —sin, one must make use of
slightly more complicated recurrence relations of Proposition on page of JIZ8 See
Remark on page

We will do not have time to properly develop integration techniques for computing Fourier-
Bessel coeflicients in this book. Instead, in the remaining discussion, we will simply assume
that f is given to us in the form ([[Z2Z0).

14.4 The Poisson Equation in Polar Coordinates

Prerequisites: §Z41 §14.3(b)l 97 Recommended: T3 23 133 143

Proposition 14.14: (Poisson Equation on Disk; homogeneous Dirichlet BC)

Let D = {(r,0) ; r < R} be a disk, and let ¢ € L*(D) be some function. Consider the
Posson equation “Au(r,0) = q(r,0)”, with homogeneous _Dirichlet boundary conditions.
Suppose q has Fourier-Bessel series:

q(r,0) = i iAnm'jn(KnTE.T)'COS(TLH) +

n=0 m=1 n

Nk

i Bom - Tn (KW}”% r) - sin(nd)

1 m=1
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Then the unique solution to this problem is the function

J— R? Anm RKnm - e R?. Brm Rpm T .
u(r,0) = —Z Z Jn( ) -cos(nf) — Z Z — .jn< = )-sm(nH)
n=0 m=1 n=1 m=1 nm
Proof: Exercise 14.10 O
Remark: If R =1, then the initial conditions simplify to:
o o o0 o0
q(r,0) = Z Apm » In (Kpm - 1) - cos(nf)  + Z Z B - Tn (Kpm, - 1) - sin(n@)
n=0 n=1 m=1
and the solution simplifies to
o0 o0 A o o
u(r,d) = - Z ;m « TIn (Kpm - 1) - cos(nb) Z Z « TIn (K - 1) - sin(nf)
n=0 m=1 Rim n=1 m= nm

Example 14.15: Suppose R =1, and ¢(r,0) = Jo (ko3 7)+ T5 (ko5 - 1) - sin(26). Then

u(r,0) = -Jo (/;0,3 -r) B NAGTER 72«) . sin(26)' ,

Ko,3 K35

Proposition 14.16: (Poisson Equation on Disk; nonhomogeneous Dirichlet BC)

Let D = {(r,0) ; » < R} be a disk. Let b € L?[—n,7) and q € L?(D). Consider the Poisson
equation “Au(r,0) = q(r,0)”, with nonhomogeneous Dirichlet boundary conditions:

u(R,0) = b(0) for all € [—m, ) (14.27)

1. Let w(r,0) be the solutiorl to the Laplace Equation; “Aw(r,0) = 0”, with the nonho-
mogeneous Dirichlet BC ([ZZ1).

2. Let v(r,0) be the solutior] to the Poisson Equation; “Av(r,0) = q(r,0)”, with the
homogeneous Dirichlet BC.

3. Define u(r,0) = v(r,0;t) +w(r,d). Then u(r,0) is a solution to the Poisson Equation
with inhomogeneous Dirichlet BC' ([Z21).

Proof: Exercise 14.11 O

4Obtained from Proposition [Z2 on page B39, for example.
5Obtained from Proposition [ZI4] for example.
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Example 14.17: Suppose R = 1, and ¢(r,0) = Jo(koz 1)+ J2 (k25 1) - sin(20). Let
b(f) = sin(36).

From Example on page 240 we know that the (bounded) solution to the Laplace
equation with Dirichlet boundary w(1,0) = b(0) is:

w(r,d) = r3sin(36).

From Example [£T0, we know that the solution to the Poisson equation “Av = ¢”, with
homogeneous Dirichlet boundary is:

Jo (ko3 1) | J2(kes-7)-sin(20)

o(r,0) = + .
“(2),3 “%,5
Thus, by Proposition [ZI6l the the solution to the Poisson equation “Au = ¢”7, with
Dirichlet boundary w(1,0) = b(#), is given:
. ) - sin(20
u(r,0) = o(r6)+w(rb) = Jo (’ig’g r) + I (25 2) sin(26) + r¥sin(36). ¢
Kp,3 K35

14.5 The Heat Equation in Polar Coordinates

Prerequisites: 2 §14.3(c)| 91 Recommended: T 22 13T 142

Proposition 14.18: (Heat Equation on Disk; homogeneous Dirichlet BC)

Let D = {(r,0) ; » < R} be a disk, and consider the Heat equation “O,u = Au”, with
homogeneous Dirichlet boundary conditions, and initial conditions u(r,8;0) = f(r,0).
Suppose f has Fourier-Bessel series:

fr0) = i iAnm.jn(”""é'T).cos(ne) + i iBnm.jn(”""é'r).sin(ne)

n=0 m=1 n=1 m=1

u(r, 0; t) = i i Apm - I (Km;z T) - cos(nf) exp ( Z%m >
+ i i Bom - T (%) - sin(nf) exp (_;émt>

Furthermore, the series defining u converges semiuniformly on I x (0, 00).

Proof: Exercise 14.12 O
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Remark: If R =1, then the initial conditions simplify to:

= i io: finm 7”) COS n@ + io: iBnm jn Knm - 7“) sin(n@)
n=0 n=1 m=1

m=1

and the solution simplifies to:

u(r,0; t) i i ApmTn (Kpm - 7)-cos(nf)-e~ Kim + i Z B Tn (Kpm - 7)-sin(nf)-e~
n=0 m=1 n=1 m=1

Example 14.19: Suppose R =1, and f(r,0) = Jo (ko7 1) — 4T3 (k32 - 1) - cos(36). Then

u(r,0; 1) = Jolkog-r)-e "0 — 475 (ksp - 7) - cos(30) - el %

Proposition 14.20: (Heat Equation on Disk; nonhomogeneous Dirichlet BC)

Let D = {(r,0); r < R} be a disk, and let f : D — R and b : [-m,7m) — R be given
functions. Consider the heat equation

Owu(r,0;t) = Au(r,6;t)

with initial conditions u(r,0) = f(r,0), and nonhomogeneous Dirichlet boundary conditions:

u(R,0) = b(0) for all € [—m, ) (14.28)

1. Let w(r,0) be the solutiofl to the Laplace Equation; “Av(r,0) = 07, with the nonho-
mogeneous Dirichlet BC ([Z28).

2. Define g(r,0) = f(r,0) —w(r,0). Let v(r,0;t) be the solutio] to the heat equation
“Oo(r,0;t) = Awv(r,0;t)” with initial conditions v(r,0) = g(r,0), and homogeneous
Dirichlet BC.

3. Define u(r,0;t) = v(r,0;t) + w(r,0). Then u(r,0;t) is a solution to the Heat Equation
with initial conditions u(r,0) = f(r,0), and inhomogeneous Dirichlet BC ([Z25).

Proof: Exercise 14.13 O

50Obtained from Proposition [Z2 on page B39, for example.
"Obtained from Proposition [ZI8, for example.
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14.6 The Wave Equation in Polar Coordinates

Prerequisites: 32 §14.3(b)] 414.3(c)l 94 Recommended: T2 24 T2

Imagine a drumskin stretched tightly over a circular frame. At equilibrium, the drumskin
is perfectly flat, but if we strike the skin, it will vibrate, meaning that the membrane will
experience vertical displacements from equilibrium. Let D = {(r,60) ; » < R} represent the
round skin, and for any point (r,6) € D on the drumskin and time ¢ > 0, let u(r,0;t) be the
vertical displacement of the drum. Then u will obey the two-dimensional Wave Equation:

OF u(r,0;t) = Au(r,0;t). (14.29)

However, since the skin is held down along the edges of the circle, the function u will also
exhibit homogeneous Dirichlet boundary conditions:

u(R,0;t) = 0, forall e [—m,m) andt>0. (14.30)

Proposition 14.21: (Wave Equation on Disk; homogeneous Dirichlet BC)

Let D = {(r,0); » < R} be a disk, and consider the wave equation “0?u = Au”, with
homogeneous Dirichlet boundary conditions, and

Initial position: u(r,0;0) = fo(r,0);
Initial velocity: 0O, u(r,0;0) = fi(r,0)

Suppose fo and f; have Fourier-Bessel series:

fO(T"g) 5 Z Z Apm - In (KWE r) COS ’mg + Z Z Bum - I (’%RTE r) ) Sin(ne);
n=0 m=1 n=1 m=1

and fi(r,0) = i iAilm Jn<mng T) cos(nf) + i iB (ﬁn’;{'r) - sin(n#).
n=0 m=1 n=1 m=1

Assume that

o0 o0 o0 o0
oY Al + DD kel Buml < oo,

n=0 m=1 n=1 m=1
co o0 oo 00
’ ’
and g g Knm| A |+ g g Knm|Bpm| < 00.
n=0 m=1 n=1 m=1

Then the unique solution to this problem is the function

i Anm - Tn (KWE T) - cos(n@) - cos (K;%m t>

0 m=1

Nk

u(r, 0; t) =

n
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Proof: Exercise 14.14 O

Remark: If R =1, then the initial conditions would be:

fo(r0) = D A Tu (K1) -cos(nb) + Y Bum - T (Kum - 7) - sin(nd),
n=0 m=1 n=1 m=1

and fi(r,0) = Z Z Al T (Fpm - 1) - cos(nf)  + Z Z Bl TIn (Knm - 7) - sin(nd).
n=0 m=1 n=1 m=1

and the solution simplifies to:
u(r, 0; t) = Z Z Apm - Tn (Kpm - 1) - cos(n@) - cos (Kpmt)
+ Z Z B - Tn (Epm, - 1) - sin(n@) - cos (Kpmt)

+ Z Z “ L T (K - 1) - cos(nf) - sin (Kpmt)

+ Z Z Bnm “In (Knm : T) : Sln(ne) - sin (Knmt) )

Acoustic Interpretation: The vibration of the drumskin is a superposition of distinct
modes of the form

S, (r,0) = Tp ("im]n% T) - cos(nd) and Y (r,0) = Jn (K”% r) - sin(nf),

for all m,n € N. For fixed m and n, the modes ®,,, and and V¥,,, vibrate at (temporal)
Rnm

frequency A, = . In the case of the wibrating string, all the different modes vibrated
at frequences that were integer multiples of the fundamental frequency; musically speaking,

this means that they ‘harmonized’. In the case of a drum, however, the frequencies are all
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irrational multiples (because the roots iy, are all irrationally related). Acoustically speaking,
this means we expect a drum to sound somewhat more ‘discordant’ than a string.

K
Notice also that, as the radius R gets larger, the frequency A, = % gets smaller. This

means that larger drums vibrate at lower frequencies, which matches our experience.

Example 14.22: A circular membrane of radius R =1 is emitting a pure pitch at frequency
k3s. Roughly describe the space-time profile of the solution (as a pattern of distortions of
the membrane).

Answer: The spatial distortion of the membrane must be a combination of modes vibrating
at this frequency. Thus, we expect it to be a function of the form:

u(r,0; t) = J3(1<L35-r)[<A-cos(39)+ B~sin(39))-cos(/<;35t) +

<i/ - cos(36) + B sin(39)) - sin (’i35t)}

K35 K35

By introducing some constant angular phase-shifts ¢ and ¢’, as well as new constants C' and
C’, we can rewrite this (Exercise 14.15 ) as:

u(r,0; t) = J3(kss-T) (C - cos(3(0 + ¢)) - cos (kast) + % -cos(3(0 + ¢')) - sin (m35t)>.
¢

Example 14.23: An initially silent circular drum of radius R = 1 is struck in its exact center
with a drumstick having a spherical head. Describe the resulting pattern of vibrations.

Solution: This is a problem with nonzero initial velocity and zero initial position. Since
the initial velocity (the impact of the drumstick) is rotationally symmetric (dead centre,
spherical head), we can write it as a Fourer-Bessel expansion with no angular dependence:

[l 0) = f(r) = ZA;n-jo(nom-r) (A}, AL, AL, ... some constants)

m=1

(all the higher-order Bessel functions disappear, since 7, is always associated with terms of
the form sin(nf) and cos(n#), which depend on #.) Thus, the solution must have the form:

u(r,0; t) = wu(rt) = Z Am ~ Jo (Kom - 7) - sin (ko). &

K
m—1 Om

14.7 The power series for a Bessel Function

Recommended:
In JTA3YTLE, we claimed that Bessel’s equation had certain solutions called Bessel func-

tions, and showed how to use these Bessel functions to solve differential equations in polar
coordinates. Now we will derive an an explicit formula for these Bessel functions in terms of
their power series.



14.7. THE POWER SERIES FOR A BESSEL FUNCTION 265

Proposition 14.24: Set A\ := 1. For any fixed m € N there is a solution 7, : [0,00) — R
to the Bessel Equation

22T @) +a- T (@) + @2 -m?) - J@@) = 0, foralz>0. (14.31)

with a power series expansion:

Tnlz) = (g)miix% (14.32)

2 — 22k |l (m + k)!

(Jm is called the mth order Bessel function of the first kind.)
Proof: = We will apply the Method of Frobenius to solve ([[Z3I]). Suppose that J is is
o
a solution, with an (unknown) power series J(z) = xMZak:ck, where ag,aq,... are

=0
unknown coefficients, and M > 0. We assume that ag # 0. We substitute this power series
into eqn.([Z3T]) to get equations relating the coefficients. If

M+k

T(x) = agz™  + ajzM+t 4 agz™M*2 4.4 apx
Then

—m2T(@) = —mZ2age™M = m2a aM+T mZaga™Mt2 .. m2apeMth
2J(e) = ageM+2 4.4 aj_gaMtE
zJ'(z) = Magz™ 4+ (M + Daz™M+t 4 (M + 2)asz™M*2 ... 4 (M + k)apzM+tFE
227" (z) = M(M —1)aga™ + (M +1)MajaM+L 4 (M +2)(M + DagzM+2 4. 4 (M4 k) (M+k — 1)apaMtFk

Thus 0 =az2J"(z) 4z T (z) + (% — m?) - T ()
= (]VI2 — m2)lagz]\4 + (M + 1)2 — m2)lalz]w+1 —+ (<<M+2?3jm2)a2 ) M2 g b Mtk

(a) (©)

where
2
by = ap_9+ (M—i—k)ak + (M+k)(M+k — 1)ak. — m-ag
2 2 2
= apo2+M+E)(1+M+Ek—1a,—ma, = ak,Q—l—((M—i—k) -m )ak.

Claim 1: M =m.

Proof: If the Bessel equation is to be satisfied, the power series in the bottom row of
the tableau must be identically zero. In particular, this means that the coefficient labeled

‘(a)’ must be zero; in other words ag(M? —m?) = 0.
Since we know that ag # 0, this means (M? —m?) = 0 —ie. M? =m?2. But M >0, so
this means M = m. O Claim 1

Claim 2: a1 =0.

Proof: If the Bessel equation is to be satisfied, the power series in the bottom row of
the tableau must be identically zero. In particular, this means that the coeflicient labeled
“(b)’ must be zero; in other words, a; [(M +1)* —m?] = 0.

Claim 1 says that M = m; hence this is equivalent to ay [(m +1)2 - mz} = 0. Clearly,
[(m+1)*> —m?] # 0; hence we conclude that a; = 0. Octaim 2

+

+ 4+

+
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Claim 3: For all k > 2, the coefficients {az, a3, a4, . . .} must satisfy the following recurrence
relation:
—1

ap = mak,z, for all even k € N with k > 2. (14.33)

In particular, ap = 0 for all odd k € N.

Proof: If the Bessel equation is to be satisfied, the power series in the bottom row of
the tableau must be identically zero. In particular, this means that all the coefficients by,
must be zero. In other words, a,_s + ((M + k)% — m2) ar, = 0.

From Claim 1, we know that M = m; hence this is equivalent to ak_g—l—((m + k)% — m2) ap =
0. In other words, ay = —ap_o/ ((m + k)% — m2) ag.
From Claim 2, we know that a; = 0. It follows from this equation that ag = 0; hence

as = 0, etc. Inductively, a,, = 0 for all odd n. O Gl 3
Claim 4: Assume we have fixed a value for ag. Define
—1) .
ag; = (=1) - g , for all j € N.

22l (m+1)(m +2)--- (m+j)
Then the sequence {ag, a2, a4, ...} satisfies the recurrence relation ([[Z33).

Proof: Set k = 2j in eqn.[[&33). For any j > 2, we must show that ay; =
—a2;j—2
T 27—

Now, by definition,

(=1))~"-ag
G2i—2 = Qg(;_ .
v 0y 2772 = Dim + )(m+2) -+ (m+j—1)°
Also,
(m+2))2—m? = m?>4+4m+472-—m?> = 4m+472 = 2%(m+7).
Hence
—az;2 _ i (=D(=1)’""-ag
(m+ 25)? —m? 22j(m + j) 2j(m+j) - 222G = Dm+ (m+2)--- (m+j—1)
_ (=1) -ag
2222 G- D) - (m+D)(m+2) - (m 4+ — 1) (m+ )
(_1)j - ap
= — - - = Qagy,
22 j)(m +1)(m +2) -+ (m +j = )(m + ) K
as desired. ©Claim 4
_ 11 . . . .
By convention we define ag := om T We claim that that the resulting coefficients yield
m

the Bessel function J;,(z) defined by ([[@3Z) To see this, let by, be the 2kth coefficient of
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Ferdinand Georg Frobenius
Born: October 26, 1849 in Berlin-Charlottenburg, Prussia
Died: August 3, 1917 in Berlin

the Bessel series. By definition,

b 1 (-1 _ 1 (-1
2k om KR (m+ k) 27 2%k kIml(m A+ D(m+2)- - (m+k—1)(m+ k)
_ 1 (=)
2mm! 226kl (m+1)(m+2)---(m+k —1)(m + k)
o ( (_1)k+1 ) .
O \2%KI(m + 1)(m+2) - (m+ k — 1)(m + k) 2k
as desired. O

Corollary 14.25: Fix m € N. For any A > 0, the Bessel Equation ([[LI2) has solution
R(r) = Tm(Ar).

Proof: Exercise 14.16. O

Remarks: (a) We can generalize the Bessel Equation be replacing m with an arbitrary
real number p € R with g > 0. The solution to this equation is the Bessel function

_ (VN (=1)*
Julx) = (5) 'k2_022kk!1“(u+k+1)x%

Here, I is the Gamma function; if p =m € N, then I'(m+k+1) = (m+k)!, so this expression
agrees with (IZ£32).

(b) There is a second solution to ([Z31); a function V,,(x) which is unbounded at zero.
This is called a Neumann function (or a Bessel function of the second kind or a Weber-Bessel
function). It’s derivation is too complicated to discuss here. See [Bro89, §6.8, p.115] or [CB8T,
§68, p.233].




268 CHAPTER 14. BVPS IN POLAR COORDINATES

14.8 Properties of Bessel Functions

Prerequisites: {47 Recommended: §14.3(a)

Let J,(z) be the Bessel function defined by eqn.([[Z3Z) on page of I In this
section, we will develop some computational tools to work with these functions. First, we will
define Bessel functions with negative order as follows: for any n € N, we define

Ton(z) = (=1)"Tn(z). (14.34)

We can now state the following useful recurrence relations

Proposition 14.26: For any m € Z,
(a) 2%”Jm(oc) = Tn-1(2) + Tmi1(2).
(b) 275 (2x) = Tn-1(x) = Tmt1().
(c) Jplx) = ~Fi(z).

(d) 0 (2" Tn(®)) = 2™ Ta(a).

© 0. (5 90®)) = S -Tnnr(o)
(f) Tn(z) = Tn-1(x) —%Jm(:c).

(8) Tn(@) = —Tns1(2) + = Tun(@).

Proof: Exercise 14.17 (i) Prove (d) for m > 1 by substituting in the power series ([£32) and
differentiating.

(i) Prove (e) for m > 0 by substituting in the power series ([Z3J) and differentiating.
(iil) Use the definition (IZ34) and (i) and (ii) to prove (d) for m < 0 and (e) for m < —1.
(iv) Set m = 0 in (e) to obtain (c).

(v) Deduce (f) and (g) from (d) and (e).

(vi

vi) Compute the sum and difference of (f) and (g) to get (a) and (b). O
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Remark 14.27: (Integration with Bessel functions)
The recurrence relations of Proposition can be used to simplify integrals involving
Bessel functions. For example, parts (d) and (e) immediately imply that

1 -1
/xm-Jml(az) de = 2 Jn(z)+C and /:C—m’jm+1($) dr = — JIm(z) +C.

xm
The other relations are sometimes useful in an ‘integration by parts’ strategy. &

For any n € N, let 0 < A\, 1 < A\p2 < Ap3 < --- be the zeros of the nth Bessel function 7,
(ie. Jn(Anm) = 0 for all m € N). Proposition on page P54 of §14.3(a)] says we can use
Bessel functions to define a sequence of polar-separated eigenfunctions of the Laplacian:

Dy (r,0) = Tn(Apm - 1) - cos(nb); Uym(r,0) = Tn(Anpm 1) - sin(nf).

In the proof of Theorem on page 207 of §14.3(c)l, we claimed that these eigenfunctions
were orthogonal as elements of L?(D). We will now verify this claim. First we must prove a
technical lemma.

Lemma 14.28: Fixn € N.

1
(a) If m # M, then / TP 1) - Tnpar-r) rdr = 0.
0

1
1
(b) /0 jn()\n,m : T)z - rdr = §u7n+1()\n,m)2-

Proof: (a) Let a = A\, and 8 = A\, ». Define f(z) := Jn(ax) and g(z) = Jn(Bz).
Hence we want to show that

1
/f(x)g(x):c dr = 0.
0

Define h(z) =z (f(2)g/(z) - 9(x)f'(x) ).
Claim 1:  H(2) = (o = B)f(@)g(a).
Proof: First observe that
W) = @0 (f0)g @) - g(@) @) + (F@)g (@)~ g@)f (@)
= o (J@)g"@) + M@ @) - § @) @) - 9@)f"@)) + (F@)g @) - 9(@)f' (@)
= 2 (f@)9' @) — @) @) + (F@)d (@) - g(@)f
By setting R = f or R = g in Corollary [Z2H, we obtain:

2 f'(x) + zf () + (P2® —n?) f(x) = 0,
and 2%¢"(z) + zg () + (%2 — n?)g(z) =

—~
8
~—
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We multiply the first equation by g(z) and the second by f(z) to get

2 f//
and 2%¢”

(2)g(x) + zf'(x)g(x) + a®a® f(x)g(x) — n’f(z)g(z) = O,
() f(2) + zg'(x) f(z) + F2’g(z) f(x) — n?g(x) f(z) = O

We then subtract these two equations to get

o (f'(@)g(@) — ¢'@)f @) +a (£ @)g(@) - g (@) (@) + (o = B) f@)gl@)s® = 0.

Divide by x to get

z (f"(2)g(x) —g"(@)f(2)) + (f(2)9(x) — ¢ () f(2)) + (o® = §°) f(x)g(z)z = 0.
( )+ )+ (o)

Hence we conclude
- ) J(@)g(@)z

as desired

G

It follows from Claim 1 that

(0 — 7). /f

To see (x), observe that h(0) =0 - (f(O)g’(O) - g(O)f’(O)) = 0, Also,

But f(1) =

1
Do dr = /Oh(x)dx — R1)—h0) = 0-0 = o

In(Anm) = 0and g(1) = Tp(An) = 0.

(b) Let a = A\ and f(z) := Jn(ax). Hence we want to evaluate

/0 1 f(z)z d.

Define h(z) := 22(f'(x))? + (a?2? — n?) f2(x)

Claim 2:

Proof:

B'(z) = 2a%f(x)%x

By setting R = f in Corollary [Z25], we obtain:

0 = 2%f"(z)+af(z)+ (a’2® —n?)f(z)

We multlply by f'(z) to get

0

f(@) " (=
(

)
2f'(@)f" (@)

z))? (a x —nZ)f(w)f’(w)

+z(f(
+a(f'(2))? + (a?2? = n®) f(2) f'(2) + o’z f*(x) — o?x f*(x)

(f
(f

18[ P+ 020712 )| @) = (@) - 0% @), Ca .
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It follows from Claim 2 that

271

——
[0ifn=0] [0ifn 0

1 1
OZQ .CCQCC X = /IE X = —
2 /Of() d /Ohmd h(1) — h(0)
= ()2 + (@212 —n?) f2(1) —02(f(0))2 + (0202 —n?)  £3(0)
T2 (n,m) ?)r
= S = (aZil@) = a’Fi(e)?
Hence

(Bm(@) = Tuss(@))

2

jn()\n,m) _jn—f—l()\n,m) =
———

=0

DN | =

1
/0 f@iede = STie) =

n

1
M 2

)\n,m

where (x) is by Proposition TZ26(g) and (t) is because o := A ;.

1
§jn+1 ()‘n,m)2

Proposition 14.29: Let D = {(r,0) ; » < 1} be the unit disk. Then the collection

{®pm, Yom; n=0..00, £ € N,;m € N}

is an orthogonal set for L2(D). In other words, for any n,m, N, M € N,

1 T
(a) (Prm, YN M) = l// Py (1, 0) - Uy ar(r,0) df rdr = 0.
T™Jo J-x

Furthermore, if (n,m) # (N, M), then

(b) <(I)n,mv (I)N,M> =

1

N 3=

S— S—

\Ijnm ’r’

)

(c) (Yom, Unm) =

I
.

Finally, for any (n,m),

Dy (r,0) - Py a(r,0) dO r dr = 0.
(r,0)

WU (r,0)ddrdr = 0.

1 [t 1
@) [Bmll, = — / / B (r 02 A0+ dr = L 701 ()
TJo J-rx 2
1 1 T 9 1 5
(e) H\Ilan2 = - \Iln,m(r,ﬁ) do r dr = §jn+1()\n7m).
0 —T



272 CHAPTER 14. BVPS IN POLAR COORDINATES

Proof: (a) ®,,, and ¥y ) separate in the coordinates (r,6), so the integral splits in two:

1 ™
/ / Dy (1,0) - Un A (1, 0) db 7 dr
0 -7

1 ™
= / TInAnm - 7) - cos(nd) - InAnar - 1) - sin(NO) do r dr
0 J—-m

1 T
= / TInPAnm 1) - INANM - 7) 7 dr - / cos(nf) -sin(N@) dd = 0.
0

—T

= 0 by Prop. 9.3(c), p.147

(b) or (c) (Case n # N). Likewise, if n # N, then
1 prr
/ / @pn(r,0) - Py (r,0) db v dr
0 J—-m

1 0
= / Tn(Anm - 1) - cos(nb) - In(Anar - ) - cos(NO) db r dr
0 J—-m

1 ™
= / TP 1) - INANM - 7) 7 dr - / cos(nf) - cos(N@) dd = 0.
0

-7

=0 by Prop. 9.3(a), p.147
the case (c) is proved similarly.

(b) or (c) (Case n = N but m # M). If n = N, then

1
/ / @n,m(r, ‘9) : (I)n,M(T, 9) do r dr
0 -

™

1
= / jn()\n,m : 7“) : COS(TLH) : jn()\n,M : 7") : COS(n@) do r dr
0

-7

1 T
= / TInPnm 1) - Tn(Apps 7)) 7 drr - / cos(nf)>?dd = 0-7 = 0.
0 —T
=0 by Lem\;na [[28]a) = 7 by Prop 9.3(d)
on p. 147.

(d) and (e): If n = N and m = M then

1 s 1 T
/ / Oy (r,0)* db v dr = / T M - 7)? - cos(nd)? do r dr
0 J—m 0 J—-m
1 s
= / TN - 1) 7 dr - / cos(nf)? df = gjn+1()\n7m)2_ 0
0 g
= 1T041(Anm)? = by P\rrop Z8(d)

by Lemma [[ZZ8(b) on p. [TH of 73

Exercise 14.18 (a) Use a ‘separation of variables’ argument (similar to Proposition [5H) to
prove:




14.9. PRACTICE PROBLEMS 273

Proposition: Let f : R?> — R be a harmonic function —in other words suppose Af = 0.
Suppose [ separates in polar coordinates, meaning that there is a function © : [-w,7] — R
(satisfying periodic boundary conditions) and a function R : [0,00) — R such that

f(r,0) = R(r)-0(0), forallr>0andfe|—mn,mn].
Then there is some m € N so that
©#) = Acos(mb) + Bsin(m#), (for constants A, B € R.)
and R is a solution to the Cauchy-Euler Equation:

PR'(r) +r-R'(r)—m*-R(r) = 0, forallr>O0. (14.35)

(b) Let R(r) = r* where & = +m. Show that R(r) is a solution to the Cauchy-Euler equation

([CZ35).
(c) Deduce that U, (r,0) = r™ - sin(mb); @, (r,0) =r™ - cos(mb); ¥y, (r,0) =r~™ -sin(md); and
Gm(r,0) = r~™ - cos(mf) are harmonic functions in R2.

14.9 Practice Problems
1. For all (r,0), let ®,,(r,0) = r™cos(nf). Show that ®,, is harmonic.

2. For all let U, (r,0) = r"sin(nd). Show that ¥, is harmonic.

(
3. For all (r,0) with r > 0, let ¢,,(r,0) = r~"cos(nf). Show that ¢, is harmonic.
) =

~"sin(nf). Show that v, is harmonic.

5. For all (r,0) with r > 0, let ¢o(r,0) = log|r|. Show that ¢¢ is harmonic.

(),
(r,6)
4. For all (r,0) with r > 0, let ¢, (r, 0
(r,0)
)=

6. Let b(0) = cos(30) + 2sin(50) for 0 € [—m, 7).

(a) Find the bounded solution(s) to the Laplace equation on D, with nonhomogeneous
Dirichlet boundary conditions u(1,8) = b(f). Is the solution unique?

(b) Find the bounded solution(s) to the Laplace equation on D, with nonhomoge-
neous Dirichlet boundary conditions u(1,6) = b(0). Is the solution unique?

(c) Find the ‘decaying gradient’ solution(s) to the Laplace equation on DC, with
nonhomogeneous Neumann boundary conditions 9, u(1,6) = b(6). Is the solution
unique?

7. Let b(0) = 2cos(f) — 6sin(20), for § € [—m, ).

(a) Find the bounded solution(s) to the Laplace equation on D, with nonhomogeneous
Dirichlet boundary conditions: u(1,6) = b(f) for all § € [—m, 7). Is the solution
unique?

(b) Find the bounded solution(s) to the Laplace equation on DD, with nonhomogeneous
Neumann boundary conditions: 9, u(1,6) = b(#) for all @ € [—m, 7). Is the solution
unique?
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8. Let b(0) = 4cos(50) for 6 € [—m, ).

(a) Find the bounded solution(s) to the Laplace equation on the disk D = {(r,0) ; r < 1},

with nonhomogeneous Dirichlet boundary conditions u(1,0) = b(f). Is the solution
unique?

(b) Verify your answer in part (a) (ie. check that the solution is harmonic and satisfies
the prescribed boundary conditions.)
(Hint: Recall that & = 0?4+ 10, + T%@g.)

9. Let b(f) = 5+ 4sin(30) for 6 € [—m, 7).

10.

11.

12.

13.

14.

15.

(a) Find the ‘decaying gradient’ solution(s) to the Laplace equation on the codisk

Dt = {(r,0) ; r > 1}, with nonhomogeneous Neumann boundary conditions 9, u(1,0) =

b(0). Is the solution unique?

(b) Verify that your answer in part (a) satisfies the prescribed boundary conditions.
(Forget about the Laplacian).

Let b(6) = 2cos(50) + sin(30), for 6 € [—m, 7).

(a) Find the solution(s) (if any) to the Laplace equation on the disk D = {(r,0) ; r < 1},

with nonhomogeneous Neumann boundary conditions: 9, u(1,0) = b(), for
all § € [—m, ).
Is the solution unique? Why or why not?

(b) Find the bounded solution(s) (if any) to the Laplace equation on the codisk D¢ =
{(r,0) ; r > 1}, with nonhomogeneous Dirichlet boundary conditions: w(1,0) =
b(#), for all § € [—m, ).

Is the solution unique? Why or why not?

Let D be the unit disk. Let b : 0D — R be some function, and let u : D — R be the
solution to the corresponding Dirichlet problem with boundary conditions b(c). Prove
that
L[ b(o) d
0,00 = — :
u0.0) = 5[ bo)do
Remark: This is a special case of the Mean Value Theorem for Harmonic Functions
(Theorem T3 on page B3)), but do not simply ‘quote’ Theorem ZT3 to solve this problem.

Instead, apply Proposition [ZTI1 on page

Let ®,\(r,0) := Jn(X-7) - cos(nf). Show that A®, , = —I2P, ;.
Let W, z(r,0) = Jp(X-7)-sin(nf). Show that AW, , = —A2U,, ).
Let ¢na(r,0) := Yn(A-7) - cos(nb). Show that Ad,r = =A%y .

Y (r,0) == V(X -7)-sin(nd). Show that Ay, x = =A%y, .
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VI Miscellaneous Solution
Methods

In Chapters [l to [[4, we saw how initial/boundary value problems
for linear partial differential equations could be solved by first identifying
an orthogonal basis of eigenfunctions for the relevant differential operator
(usually the Laplacian), and then representing the desired initial conditions
or boundary conditions as an infinite summation of these eigenfunctions. For
each bounded domain, each boundary condition, and each coordinate system
we considered, we found a system of eigenfunctions that was ‘adapted’ to
that domain, boundary conditions, and coordinate system.

This method is extremely powerful, but it raises several questions:

1. What if you are confronted with a new domain or coordinate system,
where none of the known eigenfunction bases is applicable? Theo-
rem [L31] on page of JTH says that a suitable eigenfunction basis
for this domain always exists, in principle. But how do you go about
discovering such a basis in practice? For that matter, how were eigen-
functions bases like the Fourier-Bessel functions discovered in the first

place? Where did Bessel’s equation come from?

2. What if you are dealing with an unbounded domain, such as diffusion in
R3? In this case, Theorem [.31lis not applicable, and in general, it may
not be possible (or at least, not feasible) to represent initial/boundary
conditions in terms of eigenfunctions. What alternative methods are

available?

3. The eigenfunction method is difficult to connect to our physical intu-
itions. For example, intuitively, heat ‘seaps’ slowly through space, and
temperature distributions gradually and irreversibly decay towards uni-
formity. It is thus impossible to send a long-distance ‘signal’ using heat.
On the other hand, waves maintain their shape and propagate across
great distances with a constant velocity; hence they can be used to send
signals through space. These familiar intiutions are not explained or
justified by the eigenfunction method. Is there an alternative solution

method where these intuitions have a clear mathematical expression?

Part [Vl provides answers to these questions. In Chapter [[A] we intro-
duce a powerful and versatile technique called separation of variables, to

construct eigenfunctions adapted to any coordinate system. In Chapter [[G]
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we develop the entirely different solution technology of impulse-response
functions, which allows you to solve differential equations on unbounded

domains, and which has an an appealing intuitive interpretation.
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15 Separation of Variables

15.1 Separation of variables in Cartesian coordinates on R?

Prerequisites: 2 3

A function u : R?> — R is said the separate if we can write u(z,y) = X(x) - Y (y) for
some functions X,Y : R — R. If u is a solution to some partial differential equation, we call
say u is a separated solution.

Example 15.1: The Heat Equation on R
We wish to find u(z,y) so that 9, u = 02 u. Suppose u(x;t) = X (x) - T(t), where

X(z) = exp(ipz) and T(t) = exp(—p’t).

Then u(z;t) = exp(piz — p?t), so that 92 u = —p?-u = 0, u. Thus, u is a separated solution
to the Heat equation. O

Separation of variables is a strategy for for solving partial differential equations by specif-
ically looking for separated solutions. At first, it seem like we are making our lives harder
by insisting on a solution in separated form. However, often, we can use the hypothesis of
separation to actually simplify the problem.

Suppose we are given some PDE for a function u : R? — R of two variables. Separation
of variables is the following strategy:

1. Hypothesize that u can be written as a product of two functions, X (z) and Y (y), each
depending on only one coordinate; in other words, assume that

u(z,y) = X(x)-Y(y) (15.1)

2. When we evaluate the PDE on a function of type (l), we may find that the PDE
decomposes into two separate, ordinary differential equations for each of the two functions
X and Y. Thus, we can solve these ODEs independently, and combine the resulting
solutions to get a solution for wu.

Example 15.2: Laplace’s Equation in R?
Suppose we want to find a function u : R? — R such that Au = 0. If u(z,y) = X(z)-Y(y),

then
Au = O(XY) + 0(XY) = (@X)Y + X-(0}Y) = X"Y+XY"
where we denote X” = 07 X and Y” = 92Y. Thus,

X
Mu(zy) = X'(2)-Y(y) + X(2)-Y'(y) = (X”(w)-Y(y) + X(w)-Y”(y)) (DT

_(X@) YWY
- <X<x> *Y@)) (.9).
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Thus, dividing by u(z,y), Laplace’s equation is equivalent to:
Au(zy)  _ X'(z)  Y'(y)
u(z,y) X(x)  Y(y)
This is a sum of two functions which depend on different variables. The only way the sum
can be identically zero is if each of the component functions is constant:
X// Y//
X Y

So, pick some separation constant )\, and then solve the two ordinary differential equa-
tions:

0

= A, = -

X"(z) =X X(z) and Y'(y) = -\-Y(y) (15.2)

The (real-valued) solutions to (IZ) depends on the sign of A. Let u = /|A|. Then the
solutions of (.2)) have the form:

Asinh(px) + Bcosh(px) if A >0
X(z) = Az +B ifA=0
Asin(ux) + Beos(uzx) if A <0

where A and B are arbitrary constants. Assuming A < 0, and p = \/W , we get:
X(x) = Asin(pz) + B cos(ux) and Y(y) = Csinh(ux) + D cosh(pz).
This yields the following separated solution to Laplace’s equation:
u(z,y) = X(x)-Y(y) = (A sin(pz) + B cos(,ux)) . (C sinh(ux) + Dcosh(ux)) (15.3)
Alternately, we could consider the general complex solution to ([22), given by:

X(x) = exp (\/Xx),

where /A € C is some complex number. For example, if A < 0 and g = /[A], then
VA = i are imaginary, and

X1(z) = exp(ipx) = cos(ux)-+isin(ux) and Xo(z) = exp(—ipz) = cos(pux)—isin(uzx)

are two solutions to ([[Z). The general solution is then given by:

X(x) = a-Xi(x)+b-Xo(x) = (a+0b)-cos(uzx) + i-(a—0)-sin(uz).
Meanwhile, the general form for Y (y) is
Y(y) = c-exp(py)+d-exp(—py) = (c+d)cosh(py) + (c — d) sinh(uy)

The corresponding separated solution to Laplace’s equation is:
u(z,y) = X(z)-Y(y) = (A sin(ux) + Bi cos(ux)) . (C sinh(ux) + Dcosh(um)) (15.4)

where A = (a+b), B=(a—b), C = (c+d), and D = (¢ —d). In this case, we just
recover solution ([23]). However, we could also construct separated solutions where A € C
is an arbitrary complex number, and VA is one of its square roots. O
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15.2 Separation of variables in Cartesian coordinates on R”

Recommended: ATl
Given some PDE for a function u : RP? — R, we apply the strategy of separation of
variables as follows:

1. Hypothesize that u can be written as a product of D functions, each depending on only
one coordinate; in other words, assume that

u(z1,...,xp) = ui(z1) - ue(xe)...up(xp) (15.5)

2. When we evaluate the PDE on a function of type (), we may find that the PDE
decomposes into D separate, ordinary differential equations for each of the D functions
u1,...,up. Thus, we can solve these ODEs independently, and combine the resulting
solutions to get a solution for w.

Example 15.3: Laplace’s Equation in R :

Suppose we want to find a function v : RP? — R such that Au = 0. As in the two-
dimensional case (Example [5.2), we reason:

X// X// X/l
If ulx) = Xi(xy) - Xao(z2)...Xp(xp), then Au = <711+72+”'+X—§>.u'
Thus, Laplace’s equation is equivalent to:
AU Xl/ X/l X//
0 = Mn = A X ot ZDp,
—(x) X, (z1) + X, (w2) + ... + . (zp)

This is a sum of D distinct functions, each of which depends on a different variable. The
only way the sum can be identically zero is if each of the component functions is constant:

X{ Xy Xy
— = —= = — = 15.
X1 )\17 X2 )‘27 3 XD )‘Dv ( 5 6)
such that
M+X+...+Ap=0. (15.7)

So, pick some separation constant A = (A, \a,...,Ap) € R satisfying (I51), and then
solve the ODEs:
X” = )\d . Xd for d:172,. . ,D (15.8)

The (real-valued) solutions to ([.8]) depends on the sign of A (and clearly, if ([[2.1) is going
to be true, either all \; are zero, or some are negative and some are positive). Let u = /||
Then the solutions of (I58) have the form:

Aexp(pz) + Bexp(—px) if A >0
X(z) = Az + B ifA=0
Asin(pz) + Beos(ux) if A <0

where A and B are arbitrary constants. We then combine these as in Example &
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15.3 Separation in polar coordinates: Bessel’s Equation

Prerequisites: {1.6(b)| §23 Recommended: {43 511

In JIL3YTLE we explained how to use solutions of Bessel’s equation to solve the Heat
Equation or Wave equation in polar coordinates. In this section, we will see how Bessel derived
his equation in the first place: it arises naturally when one uses ‘separation of variables’ to
find eigenfunctions of the Laplacian in polar coordinates. First, a technical lemma from the
theory of ordinary differential equations:

Lemma 15.4: Let © : [—m, 7] — R be a function satisfying periodic boundary conditions
fie. ©(—7) = O(w) and ©'(—7) = ©'(w)]. Let u > 0 be some constant, and suppose © satisfies
the linear ordinary differential equation:

0"(0) = —u-6(0), for all 0 € [—m,n]. (15.9)
Then p = m? for some m € N, and © must be a function of the form:

©) = Acos(mb)+ Bsin(mb), (for constants A,B € C.)

Proof:  Eqn.([[23) is a second-order linear ODE, so the set of all solutions to eqn.([[2.9)
is a two-dimensional vector space. This vector space is spanned by functions of the form
() = €, where r is any root of the characteristic polynomial p(z) = 22 4+ u. The two
roots of this polynomial are of course r = &,/pi. Let m = /it (it will turn out that m is an
integer, although we don’t know this yet). Hence the general solution to ([23) is

0(0) = Cre™’ + Coe™ ™,
where C] and (5 are any two constants. The periodic boundary conditions mean that
O(-m)=0(r) and O'(—7)=0'(n),

which means

Cre™™™ 4 Coe™™ = C1e™™ 4 Che ™7, (15.10)
and miCie ™7™ — miCye™™ = miCie™™ — miCye ™7, (15.11)
If we divide both sides of the eqn.([[EI1]) by mi, we get
Clefmiﬂ . Cgemiﬂ — Clemiﬂ . Cngmiﬂ.

If we add this to eqn. (1), we get

201 e_miﬂ = 201 emiw’
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which is equivalent to €27 = 1. Hence, m must be some integer, and p = m?.

Now, let A := C1+Cs and B’ := C1 —Cy. Then C; = %(A—i—B’) and Cy = %(A—B’). Thus,

@(9) — ClemiG + CngmiG (A+B/)€mi9 + (A_B/)efmie

A . . Bi . .
= 3 (emle + 67”“9) + 2—11 (emle - e*m‘9> = Acos(mf) + B'isin(m0)

because of the Euler formulas: cos(z) = 3(e!” + e7'7) and sin(z) = 5 (e'* — e717).

Now let B = B'i; then ©(0) = A cos(mf) + Bsin(m#), as desired. O

Proposition 15.5: Let f : R? — R be an eigenfunction of the Laplacian [ie. Af = —)\2. f
for some constant A € R]|. Suppose f separates in polar coordinates, meaning that there
is a function © : [—m,m] — R (satisfying periodic boundary conditions) and a function
R :[0,00) — R such that

f(r,0) = R(r)-6(6), forallr>0and®fec[—mmn].
Then there is some m € N so that
©) = Acos(mb)+ Bsin(mb), (for constants A, B € R.)
and R is a solution to the (mth order) Bessel Equation:

PR (r) +r-R(r) + (Nr? —=m?)-R(r) = 0, forallr>Q0. (15.12)

1 1

Proof:  Recall that, in polar coordinates, Af = 02f + —-0,.f + —263 f. Thus, if
r r
f(r,0) = R(r) - ©(0), then the eigenvector equation Af = —\2 - f becomes

“A2.R(r)-0(0) = AR(r)-0(0)

= OFR()-O() + LOR()-O() + RBR(r)O(0)
= R'(1OW) + ~R(1O0O) + RO (6),
which is equivalent to
2 _ RIM8EO) + SR(O() + HR(r)0"(6)
R(r)- ©(0)
R'(r) | R() . ©"(6)

= + + (15.13)

R(r) rR(r) r20(6)’
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If we multiply both sides of (I5I3)) by r? and isolate the ©” term, we get:

7“2 "y rR (r "
22 _ ;r()) v 775(5)) - %((:)). (15.14)

Abstractly, equation (B4 has the form: F(r) = G(), where F is a function depending
only on r and G is a function depending only on 6. The only way this can be true is if there
is some constant pu € R so that F\(r) = —u for all » > 0 and G(0) = —p for all 6 € [—7, 7).
In other words,

"

0
%((0)) = —pu, forallfe[—mmn), (15.15)

2R (r) rR'(r)
d A2 4 L = for all r > 0 15.16
an re 4+ R() + R w, for all r >0, ( )

Multiply both sides of equation ([[51H) by ©2%(f) to get:

0"(0) = —pu-0(0), forall € [—m, x). (15.17)

Multiply both sides of equation ([[5I6) by R?(r) to get:
2R (r) +r - R (r) + N2r?R(r) = wuR(r), forallr>0. (15.18)

Apply Lemma 24 to to eqn.([[mI7) to deduce that y = m? for some m € N, and that
O(f) = Acos(mb) + Bsin(m#). Substitute u = m? into eqn.([[IF) to get

PR (r) +r-R(r) + N2r?R(r) = m*R(r),

Now subtract m?R(r) from both sides to get Bessel’s equation ([[512). 0

15.4 Separation in spherical coordinates: Legendre’s Equation

Prerequisites: {1.6(d)] &3 $6.5(a)] 93 Recommended: {53

Recall that spherical coordinates (r,6,¢) on R? are defined by the transformation:
x = r-sin(¢) - cos(d), y = r-sin(¢) -sin(0) and z = 7r-cos(p).

where 1 € [0,00), 0 € [-m,7), and ¢ € [0,7]. The reverse transformation is defined:

z

Vo)
ro= Va4 y?+ 22 # = arctan (Q) and ¢ = arctan (ﬂ)
x
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Adrien-Marie Legendre
- Born: September 18, 1752 in Paris
Died: January 10, 1833 in Paris

&
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(A) (B)

Figure 15.1: (A) Spherical coordinates. (B) Zonal functions.
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[See Figure [oJKA)]. Geometrically, r is the radial distance from the origin. If we fix r =1,
then we get a sphere of radius 1. On the surface of this sphere, 0 is longitude and ¢ is latitude.
In terms of these coordinates, the Laplacian is written:

2 1 cot 1
Af(r,0,¢) = O*f + ;&f + maﬁf + #aﬁf + Wagf.
(Exercise 15.1)

A function f : R3 — R is called zonal if f(r,60,¢) depends only on on 7 and ¢ —in other
words, f(r,0,¢) = F(r,¢), where F : [0,00) x [0, 7] — R is some other function. If we restrict
f to the aforementioned sphere of radius 1, then f is invariant under rotations around the
‘north-south axis’ of the sphere. Thus, f is constant along lines of equal latitude around the
sphere, so it divides the sphere into ‘zones’ from north to south [Figure [(B)].

Proposition 15.6: Let f : R® — R be zonal. Suppose f is a harmonic function (ie.
Af = 0). Suppose f separates in spherical coordinates, meaning that there are (bounded)
functions ® : [0, 7] — R and R : [0,00) — R such that

f(r,0,0) = R(r)-®(p), foralr>0, ¢€[0,7],and b € [—7,7].

Then there is some ;1 € R so that ®(¢) = Lcos(¢)]|, where L : [-1,1] — R is a (bounded)
solution of the Legendre Equation:

(1—2*)L"(z) —22L' (z) + pl(z) = 0 (15.19)
and R is a (bounded) solution to the Cauchy-Euler Equation:

7“273”(1") +2r-R'(r)—p-R(r) = 0, forallr>0. (15.20)

Proof: By hypothesis
cot (o) 1

2 1
2 1
5 RI0)-0(6) + TR)-00) + SR 90) + HORE) 0) + 0.
[where (%) is because f(r,0,¢) = R(r)-®(¢).] Hence, multiplying both sides by WZ@,
we obtain
0 r*R" (r) N 2rR/(r) 1 9"(¢) N cot ()P’ (¢)
- R R(r) sin(¢) ®(¢) (¢)
Or, equivalently,
r?R" (r) 2rR!(r) B -1 9"(¢) B cot(qb)@’(@i (15.21)

R T Re) . sn(g) 9(e) 5(9)
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Now, the left hand side of ([[2ZI]) depends only on the variable r, whereas the right hand
side depends only on ¢. The only way that these two expressions can be equal for all values
of r and ¢ is if both expressions are constants. In other words, there is some constant p € R
(called a separation constant) such that

r2R"(r) 2rR!(r)

R0y T Rme) — M for all 7 > 0,
and Sinl( 5 q;,((j)) n COt(g()gw) = 4, forall¢e[0,x].
Or, equivalently,
r?R'(r) + 2rR/(r) = pR(r),  forallr >0, (15.22)
and ig‘z; + cot(¢)D(¢) = —ud(p),  forall ¢ € [0, 7). (15.23)

If we make the change of variables x = cos(¢) (so that ¢ = arccos(x), where x € [—1,1]),
then ®(¢) = L(cos(¢)) = L(x), where L is some other (unknown) function.

Claim 1: The function ® satisfies the ODE ([[Z3)) if and only if L satisfies the Legendre
equation ([[2T9).

Proof: Exercise 15.2 (Hint: This is a straightforward application of the Chain Rule.) ¢

Claim 1

Finally, observe that that the ODE ([[222) is equivalent to the Cauchy-Euler equation
(T2.210). O

For all n € N, we define the nth Legendre Polynomial by

Palz) = n!12n an [(xﬂ - 1)}". (15.24)
For example:
Po(z) = 1 Py(z) = 3(52°—32)
Pi(z) = = Py(z) = 3(35z* — 3022 + 3) (see Figure [[5:2)
Pa(z) = (32> —1) Ps(z) = 2(632°— 702+ 15z).

Lemma 15.7: Let n € N. Then the Legendre Polynomial P, is a solution to the Legendre
Equation (IEI9) with p = n(n + 1).

Proof: Exercise 15.3 (Direct computation) a
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0.5

vvvvvvvvvvvvvvvvvvvv

% 4 °é
Pi(z) Pa(x) Ps(z)

0.5

Figure 15.2: The Legendre polynomials Pi(z) to Ps(z), plotted for x € [—1,1].



288 CHAPTER 15. SEPARATION OF VARIABLES

Is P, the only solution to the Legendre Equation ([[IJ)? No, because the Legendre
Equation is an order-two linear ODE, so the set of solutions forms a two-dimensional vector
space V. The scalar multiples of P,, form a one-dimensional subspace of V. However, recall
that, to be physically meaningful, we need the solutions to be bounded at x = £1. So instead
we ask: is P, the only bounded solution to the Legendre Equation ([2I9)7 Also, what happens
if uw # n(n+1) for any n € N?

Lemma 15.8:

(a) If uw = n(n + 1) for some n € N, then (up to multiplication by a scalar), the Legen-
dre polynomial P, (x) is the unique solution to the Legendre Equation ([o.I9) which is
bounded on [—1,1].

(b) If u # n(n+ 1) for any n € N, then all solutions to the Legendre Equation ([[19) are
infinite power series which diverge at x = +1 (and thus, are unsuitable for Proposition

I=9).
o
Proof:  We apply the Method of Frobenius. Suppose L(z) = Zanx” is some analytic
n=0

function defined on [—1, 1] (where the coefficients {a, }°; are as y7et unknown).

Claim 1: L(z) satisfies the Legendre Equation ([[oIY) if and only if the coefficients
{ap,a1,as,...} satisfy the recurrence relation

k(k+1)—p
a = — ay, for all k € N. 15.25
— 2 _
In particular, as = T'Mao and ag = 5 Hal.

o0
Proof: We will substitute the power series Z anz"™ into the Legendre Equation ([21d]).

T

n=0
If
L(x) = ap + axr + asx® +---+ apxk
Then

uﬁ(ac) = pnag  + parxr  + ,uagx2 +-- uakxk
—2zL'(z) = - 21 — dagx® —- - — 2kayz*
L' (x) = 2a0 + 6azr + 12a422 +---+ (E+2)(k+ Va2
2L (z) = - 2a02% — - — (k — 1)kagz®

Thus 0 = (1—2%)L"(z) — 22L' (z) + pl(x)
= ()« ()« (n)e e bt

where by = (k + 2)(k + 1)agy2 + [,u — k(k+ 1)} ay for all £ € N. Since the last power
series must equal zero, we conclude that b, = 0 for all k € N; in other words, that

(k +2)(k + Dago + [u ~k(k + 1)} ar = 0, forallkeN.

Rearranging this equation produces the desired recurrence relation ([[52H]). O taim 1

t

t



15.4. ...IN SPHERICAL COORDINATES: LEGENDRE’S EQUATION 289

The space of all solutions to the Legendre Equation ([21J) is a two-dimensional vector
space, because the Legendre equation is a linear differential equation of order 2. We will
now find a basis for this space. Recall that £ is even if L(—z) = L(x) for all x € [—1,1],
and L is odd if L(—z) = —L(x) for all z € [-1,1].

Claim 2: There is a unique even analytic function £(z) and a unique odd analytic function
O(zx) which satisty the Legendre Equation ([I5I9)), so that £(1) = 1 = O(1), and so that
any other solution L(z) can be written as a linear combination L(z) = a&(x) +bO(x), for
some constants a,b € R.

o0
Proof: Claim 1 implies that the power series £(z) = Z anx” is entirely determined by
n=0

[e.e]
the coefficients ap and a;. To be precise, L(z) = E(z) + O(z), where E(z) = Z a9z
n=0

o0

and O(z) = Zagonz"“ both satisfy the recurrence relation ([[.20l), and thus, are
n=0

solutions to the Legendre Equation ([Tdl).

<>Claim 2

Claim 3: Suppose p = n(n—+ 1) for some n € N. Then the Legendre equation ([.19) has
a degree n polynomial of degree as one of its solutions. To be precise:

(a) Ifn is even, then then ay = 0 for all even k > n. Hence, £(z) is a degree n polynomial.

(b) Ifn is odd, then then ay = 0 for all odd k > n. Hence, O(z) is a degree n polynomial.

Proof: Exercise 15.4 o

Claim 3
Thus, there is a one-dimensional space of polynomial solutions to the Legendre equation
—namely all scalar multiples of £(x) (if n is even) or O(z) (if n is odd).

Claim 4: Ifu # n(n+1) for any n € N, the series £(x) and O(x) both diverge at v = +1.

Proof: Exercise 15.5 (a) First note that that an infinite number of coefficients {a, }°, are
nonzero.

(b) Show that lim |a,| = 1.
(c) Conclude that the series £(z) and O(x) diverge when z = +1.

<>Claim 4

So, there exist solutions to the Legendre equation ([2I9) that are bounded on [—1, 1] if and
only if w = n(n + 1) for some n € N, and in this case, the bounded solutions are all scalar
multiples of a polynomial of degree n [either £(x) or O(z)]. But Lemma [0 says that the
Legendre polynomial P, (z) is a solution to the Legendre equation ([I5I9). Thus, (up to

multiplication by a constant), P, (z) must be equal to £(z) (if n is even) or O(x) (if n is
odd). O

Remark: Sometimes the Legendre polynomials are defined as the (unique) polynomial
solutions to Legendre’s equation; the definition we have given in eqn.([[B22]) is then derived
from this definition, and is called Rodrigues Formula.
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r¥Ps(cos(¢))

r4Py(cos(¢)) roPs (cos(¢)) rOPs(cos(¢))

Figure 15.3: Planar cross-sections of the zonal harmonic functions 7P1(cos(¢)) to r°Ps(cos(¢)), plotted for
r € [0, 6]; see Corollary [AI0l Remember that these are functions in R3. To visualize these functions in three

dimensions, take the above contour plots and mentally rotate them around the vertical axis.

Lemma 15.9: Let R : [0,00) — R be a solution to the Cauchy-Euler equation
PR (r) +2r - R(r)—nn+1)-R(r) = 0, forallr>0. (15.26)

Then R(r) = Ar™ + r"% for some constants A and B.
If R is bounded at zero, then B =0, so R(r) = Ar™.

Proof: Check that f(r) = r™ and g(r) = r~"! are solutions to eqn.([220)). But (220 is
a second-order linear ODE, so the solutions form a 2-dimensional vector space. Since f and
g are linearly independent, they span this vector space. O

Corollary 15.10: Let f : R®> — R be a zonal harmonic function that separates in spherical
coordinates (as in Proposition [[00). Then there is some m € N so that f(r,¢,0) = Cr™-
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Pplcos(¢)], where P, is the nth Legendre Polynomial, and C' € R is some constant. (See
Figure [h31)

Proof: Combine Proposition [2.6 with Lemmas [5.8] and 5.9 a

Thus, the Legendre polynomials are important when solving the Laplace equation on spher-
ical domains. We now describe some of their important properties

Proposition 15.11: Legendre polynomials satisfy the following recurrence relations:

(@) @n+1)Po(x) = Ppy(z) = Ppy(@).

(b) 2n+1)2Pp(z) = (n+1)Pojr(x) +nP; ().

Proof: Exercise 15.6 O

Proposition 15.12: The Legendre polynomials form an orthogonal set for L2[—1,1]. That
is:

1 1
(a) Forany n#m, (PuPu) = / Po(@)Po(z) dz = 0.
—1

1
2n+1'

(b) Foranyn €N, |P,|l3 = / P2(x)dr =

Proof: (a) Exercise 15.7 (Hint: Start with the Rodrigues formula ([(524]). Apply integration
by parts n times.)

(b) Exercise 15.8 (Hint: Use Proposition [5II(b).) O

Because of Proposition [E.12, we can try to represent an arbitrary function f € L?[—1,1]
in terms of Legendre polynomials, to obtain a Legendre Series:

fl@) = ) anPula), (15.27)
n=0
2 1
where a,, = <HJ;3PH - + / flx ) dz is the nth Legendre coefficient of f.
2
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Theorem 15.13: The Legendre polynomials form an orthogonal basis for L?[—1,1]. Thus,
if f € L?[—1,1], then the Legendre series ([.27)) converges to f in L.

Proof: See [Brof9, Thm 3.2.4, p.50] O

Let B={(r,0,¢); r <1, 6 € [-m,7|, ¢ €[0,7]} be the unit ball in spherical coordinates.
Thus, OB = {(1,0,¢) ; 0 € [-m, 7|, ¢ € [0,7]} is the unit sphere. Recall that a zonal function
on JB is a function which depends only on the ‘latitude’ coordinate ¢, and not on the ‘longitude’
coordinate 6.

Theorem 15.14: Dirichlet problem on a ball

Let f : OB — R be some function describing a heat distribution on the surface of the
ball. Suppose f is zonal —ie. f(1,0,$) = F (cos(¢)), where F' € L?[~1,1], and F has Legendre
series

Fz) =~ Zanpn(x).
n=0

o

Define u : B — R by u(r,¢,0) = Z anr" Py, (cos(¢)). Then u is the uniqge solution to the
n=0

Laplace equation, satisfying the nonhomogeneous Dirichlet boundary conditions

u(1,0,6) = f(0.6), forall (1,0,¢) € OB.

Proof: Exercise 15.9 O

15.5 Separated vs. Quasiseparated
Prerequisites: .2

If we use functions of type ([l as the components of the separated solution ([H) we
will still get mathematically valid solutions to Laplace’s equation (as long as ([2) is true).
However, these solutions are not physically meaningful —what does a compler-valued heat
distribution feel like? This is not a problem, because we can extract realvalued solutions from
the complex solution as follows.

Proposition 15.15: Suppose L is a linear differential operator with real-valued coefficients,
and g : RP — R, and consider the nonhomogeneous PDE “LCu = g”.

Ifu: RP — C is a (complex-valued) solution to this PDE, and we define ug(x) = re [u(x)]
and ur(x) = im [u(x)], then Lug = ¢g and Lu; = 0.

Proof: Exercise 15.10 O
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In this case, the solutions ugr and u; are not themselves generally going to be in separated
form. Since they arise as the real and imaginary components of a complex separated solution,
we call ug and u; quasiseparated solutions.

Example Recall the separated solutions to the two-dimensional Laplace equation from Ex-
ample Here, £L = A and g = 0, and, for any fixed p € R, the function

u(z,y) = X(z)-Y(y) = exp(uy) - exp(uiy)
is a complex solution to Laplace’s equation. Thus,
up(e,y) = exp(ur)cos(uy)  and  u(w,y) = exp(ua)sin(uy)

are real-valued solutions of the form obtained earlier.

15.6 The Polynomial Formalism

Prerequisites: 5.2 £

Separation of variables seems like a bit of a miracle. Just how generally applicable is it?
To answer this, it is convenient to adopt a polynomial formalism for differential operators.
If £ is a differential operator with constantl coefficients, we will formally represent L as a
“polynomial” in the “variables” 0i,0s,...,0p. For example, we can write the Laplacian:

A:8%+8§+...+8,%:7?(81,82,...,813),

where P(z1,72,...,2p) =23 + 23 + ... + 2%.
In another example, the general second-order linear PDE
Ad2u + BO,0,u + Cagu + Do,u + Edyu + Fu = G
(where A, B,C,..., F are constants) can be rewritten:

P(a$76y)u = g

where P(x,y) = Ax?> + Bxy + Cy* + Dz + Ey + F.
The polynomial P is called the polynomial symbol of £, and provides a convenient
method for generating separated solutions

Proposition 15.16: Suppose that L is a linear differential operator on RP with polynomial
symbol P. Regard P : CP — C as a function.
Ifz=(z,...,2p) € C, and u, : RP — R is defined

Ug(x1,...,xp) = exp(z121)-exp(zex2)...exp(zprp) = exp(z,X),

Then Luy(x) = P(z) - ug(x) for all x € RP.
In particular, if z is a root of P (that is, P(z1,...,zp) =0), then Lu = 0.

!This is important.
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Proof: Exercise 15.11 Hint: First, use formula () on page [ to show that d,u, = 24 - ug,
and, more generally, 07 u, = 2]} - Uy. ]

Thus, manyﬁ separated solutions of the differential equation “Lu = 0” are defined by the
the complex-valued solutions of the algebraic equation “P(z) = 0.

Example 15.17: Consider again the two-dimensional Laplace equation
O2u+ 65 u=0

The corresponding polynomial is P(x,y) = 22 + y2. Thus, if 21,20 € C are any complex
numbers so that z7 + 22 = 0, then

u(z,y) = exp(z12 + 22y) = exp(z12) - exp(22y)

is a solution to Laplace’s equation. In particular, if z1 = 1, then we must have zo = +i. Say
we pick zo = i; then the solution becomes

u(z,y) = exp(z)-exp(iy) = e (cos(y) + isin(y)) .

More generally, if we choose 21 = p € R to be a real number, we must choose zo = +pui to
be purely imaginary, and the solution becomes

u(ey) = explu)-exp(Euiy) = - (cos(uy) + isin(uy)) .

Compare this with the separated solutions obtained from Example on page O

Example 15.18: Consider the one-dimensional Telegraph equation:
OPu+ 20,u +u = Au (15.28)

We can rewrite this as
Otu+ 20 +u — 2u=0

which is equivalent to “Lu = 07, where L is the linear differential operator
L = 0?7420, +u—0?
with polynomial symbol
Plx,t) = 2+2+1—22 = t+14+2)t+1-2)
Thus, the equation “P(«, ) = 0” has solutions:

a=+(3+1)

2But not all.
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So, if we define u(x,t) = exp(a - z)exp(f - t), then u is a separated solution to equation
([2Y). (Exercise 15.12 Check this.). In particular, suppose we choose « = —f3 — 1. Then
the separated solution is u(z,t) = exp(8(t — x) — x). If 8 = Br + (i is a complex number,
then the quasiseparated solutions are:

up = exp(Br(x+1t)—x)-cos(Br(z+1))
ur = exp(Br(x+t)—x)- sin(Br(z+1t)) . O

Remark: This provides part of the motivation for the classification of PDEs as elliptic,
hyperbolicﬁ, etc. Notice that, if £ is an elliptic differential operator on R?, then the real-valued
solutions to P(z1, 29) = 0 (if any) form an ellipse in R2. In RP, the solutions form an ellipsoid.

Similarly, if we consider the parabolic PDE “0; u = Lu”, the the corresponding differential
operator £ — 0; has polynomial symbol Q(x;t) = P(x) —¢t. The real-valued solutions to
Q(x;t) = 0 form a paraboloid in RP x R. For example, the 1-dimensional Heat Equation
“92u — O,u = 07 yields the classic equation “¢ = x?” for a parabola in the (z,t)-plane.
Similarly, with a hyperbolic PDE, the differential operator £ — d? has polynomial symbol
Q(x;t) = P(x) — t2, and the roots form a hyperboloid.

15.7 Constraints

Prerequisites: L0l

Normally, we are not interested in just any solution to a PDE; we want a solution which
satisfies certain constraints. The most common constraints are:

e Boundary Conditions: If the PDE is defined on some bounded domain X ¢ R”, then
we may want the solution function u (or its derivatives) to have certain values on the
boundary of this domain.

e Boundedness: If the domain X is unbounded (eg. X = RP), then we may want the
solution u to be bounded; in other words, we want some finite M > 0 so that |u(x)| < M
for all values of some coordinate .

15.7(a) Boundedness

The solution obtained through Proposition [ 16l is not generally going to be bounded, because
the exponential function f(z) = exp(Ax) is not bounded as a function of x, unless A is a purely
imaginary number. More generally:

Proposition 15.19: Ifz = (z1,...,2p) € C, and u, : RP — R is defined as in Proposition
[[5.T10:

Uz(T1,...,¥p) = exp(z121) - exp(2222) ... exp(zpzp) = exp(z,X)
then:

3See §62
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1. u(x) is bounded for all values of the variable z4 € R if and only if z; = A for some
AeR.

2. u(x) is bounded for all x4 > 0 if and only if zg = p + Ai for some p < 0.

3. u(x) is bounded for all x4 < 0 if and only if zg = p + Ai for some p > 0.

Proof: Exercise 15.13 O

Example 15.20: Recall the one-dimensional Telegraph equation of Example
OPu + 20u + u = Au

We constructed a separated solution of the form: u(x,t) = exp(ax+[t), where o = £(5+1).
This solution will be bounded in time if and only if § is a purely imaginary number; ie.
B = pPr-i. Then a = £(fr -1+ 1), so that u(z,t) = exp(+x)-exp (,8[ (txax)- i); thus,

the quasiseparated solutions are:
upr = exp (£z) - cos (ﬂl (£ :c)) and uy = exp (£x) - sin (ﬂl (t+ x)) .

Unfortunately, this solution is unbounded in space, which is probably not what we want. An
alternative is to set 6 = (i — 1, and then set « = § + 1 = F;i. Then the solution becomes
u(z,t) = exp(Bri(z +t) — t) = e ' exp(Bri(x + t)), and the quasiseparated solutions are:

ur = e ' -cos (Br(z +1)) and ur =e ' -sin (Br(z +1)).

These solutions are exponentially decaying as t — oo, and thus, bounded in “forwards time”.
For any fixed time ¢, they are also bounded (and actually periodic) functions of the space
variable z. They are exponentially growing as t — —oo, but if we insist that ¢ > 0, this isn’t
a problem. &

15.7(b) Boundary Conditions
Prerequisites: $6.0

There is no cureall like Proposition [[5.19 for satisfying boundary conditions, since generally
they are different in each problem. Generally, a single separated solution (say, from Proposition
[[51X)) will not be able to satisfy the conditions; what we need to do is sum together several
solutions, so that they “cancel out” in suitable ways along the boundaries. For these purposes,
the following de Moivre identities are often useful:

) 6xi_e—xi ea:i+e—zi
sin(z) = — cos(x) = —

T _ % T —T
sinh(z) = %; cosh(z) = %
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which we can utilize along with the following boundary information:

—cos'(nm) = sin(nw) = 0, for all n € Z,;

w((s+2)7) - (o)1)

cosh/(0) = sinh(0) = 0.

0, for all n € Z;

For “rectangular” domains, the boundaries are obtained by fixing a particular coordinate at a
particular value; ie. they are each of the form form {X eERP: xy=K } for some constant K
and some dimension d. The convenient thing about a separated solution is that it is a product
of D functions, and only one of them is involved in satisfying this boundary condition.

For example, recall Example [5. 17 on page 294 which gave the separated solution u(z,y) =

err. (cos(:l:,uy) + isin(iuy)) for the two-dimensional Laplace equation, where u € R. Suppose
we want the solution to satisfy homogeneous Dirichlet boundary conditions:
u(z,y) =0 if =0, y=0, or y=r.
To satisfy these three conditions, we proceed as follows:
First, let uy(z,y) = - (cos(uy) + isin(uy)) ,
and ug(z,y) = - (cos(—,uy) + isin(—uy)) = . (cos(,uy) - isin(,uy)) .
If we define v(z,y) = wui(x,y) — uz(x,y), then

v(z,y) = 2e** - isin(uy).

At this point, v(z,y) already satisfies the boundary conditions for {y = 0} and {y = 7n}. To
satisfy the remaining condition:

Let vi(z,y) = 2" isin(uy),
and v(z,y) = 2e " -isin(uy).

If we define w(z,y) = vi(z,y) — vo(z,y), then

w(z,y) = 4sinh(ux) - isin(upy)

also satisfies the boundary condition at {z = 0}.
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Figure 16.1: (A) I'(y — x) describes the ‘response’ at x to an ‘impulse’ at y.  (B) The state
at x is a sum of its responses to the impulses at y1,y2,...,¥5.

16.1 Introduction

A fundamental concept in science is causality: an initial event (an impulse) at some location y
causes a later event (a response) at another location x (Figure [[6.JA). In an evolving, spatially
distributed system (eg. a temperature distribution, a rippling pond, etc.), the system state
at each location results from a combination of the responses to the impulses from all other
locations (as in Figure [G1IB).

If the system is described by a linear PDE, then we expect some sort of ‘superposition
principle’ to apply (Theorem on page R3)). Hence, we can replace the word ‘combination’
with ‘sum’, and say:

The state of the system at x is a sum of the responses to the impulses from all

other locations.  (see Figure [[G1IB) (16.1)

However, there are an infinite number —indeed, a continuum —of ‘other locations’, so we are
‘summing’ over a continuum of responses. But a ‘sum’ over a continuum is just an integral.
Hence, statement ([[G]) becomes:

In a linear partial differential equation, the solution at x is an integral of the

responses to the impulses from all other locations. (16.2)

The relation between impulse and response (ie. between cause and effect) is described by

impulse-response function, I'(y — x), which measures the degree of ‘influence’ which point y

has on point x. In other words, I'(y — x) measures the strength of the response at x to an

impulse at y. In a system which evolves in time, I" may also depend on time (since it takes time

for the effect from y to propagate to x), so I' also depends on time, and is written I';(y — x).
Intuitively, I' should have four properties:
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M(y—x)
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y

Figure 16.2: The influence of y on x becomes small as the distance from y to x grows large
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Figure 16.3: (A) Translation invariance: If yo = y1 +v and x93 = x1 + v, then I'(y2 — x2) =
[(y1 — x1).

(B) Rotation invariance: If y; and yo are both the same distance from x (ie
they lie on the circle of radius r around x), then I'(ys — x) = I'(y1 — x).

rt (Y'>X)

!

t
Figure 16.4: The time-dependent impulse-response function first grows large, and then decays
to zero.
(A)
T Ty—x
t$ |
y VX
(B)
iy
T$
Vi v, Y, T h Y, X v
Figure 16.5: (A) An ‘impulse’ of magnitude Z at y triggers a ‘response’ of magnitude Z-I'(y —
X) at x.

(B) Multiple ‘impulses’ of magnitude Z;, Z5 and Z3 at yi, y2 and ys3, respectively,
triggers a ‘response’ at x of magnitude 71 - I'(y1 — x) + Zo-I'(y2 — x) + Z3-T'(y3 — x).
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(i) Influence should decay with distance. In other words, if y and x are close together, then
I'(y — x) should be large; if y and x are far apart, then I'(y — x) should be small

(Figure [62).

(ii) In a spatially homogeneous or translation invariant system (Figure [E3(A)), T' should
only depend on the displacement from y to x, so that we can write I'(y — x) = vy(x—y),
where ~y is some other function.

(iii) In an isotropic or rotation invariant system system (Figure MG3(B)), I' should only
depend on the distance between y and x, so that we can write I'(y — x) = ¢ (\x — y\),

where 9 is a function of one real variable, and lim (r) = 0.
r—00
(iv) In a time-evolving system, the value of I';(y — x) should first grow as t increases (as the
effect ‘propagates’ from y to x), reach a maximum value, and then decrease to zero as ¢
grows large (as the effect ‘dissipates’ through space) (see Figure [G4).
Thus, if there is an ‘impulse’ of magnitude Z at y, and R(x) is the ‘response’ at x, then

R(x) = I-T'(y—x) (see Figure [GDA)

What if there is an impulse Z(y1) at y1, an impulse Z(y2) at y2, and an impulse Z(y3) at y3?
Then statement ([EJ]) implies:

R(x) = ZI(y)Tyi1—>x) + Z(y2)T(y2—x) + ZI(ys)I'(ys —>x). (Figure[EOB)

If X is the domain of the PDE, then suppose, for every y in X, that Z(y) is the impulse at y.
Then statement ([[G1]) takes the form:

R(x) = > I(y) T(y —x) (16.3)
yeX

But now we are summing over all y in X, and usually, X = R or some subset, so the
‘summation’ in (I63)) doesn’t make mathematical sense. We must replace the sum with an
integral, as in statement ([[62), to obtain:

R(x) = /Xf(y)T(y—m) dy (16.4)

If the system is spatially homogeneous, then according to (ii), this becomes

R(x) = / I(y) - ~(x—y) dy

This integral is called a convolution, and is usually written as Z % . In other words,

R(x) = Ixv(x), where  Txvy(x) = /I(y) y(x —y) dy. (16.5)
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Note that 7 %~ is a function of x. The variable y appears on the right hand side, but as only
an integration variable.
In a time-dependent system, ([G.4]) becomes:

RGc ) = [ Z(4) Tily = x) dy.
while ([GH) becomes:
R(x; t) = ZIxm(x), where Taxp(x) = /I(y)-%(X—Y) dy.  (16.6)

The following surprising property is often useful:

Proposition 16.1: If f,g: R? — R are integrable functions, then g f = f *g.
Proof: (Case D =1) Fix z € R. Then

@D = [ o fa-ndy 5 [ ale-2)fE) (-1 ds
- [ f@ge-ad = (g

Here, step (s) was the substitution z = x — y, so that y = — z and dy = —dz.
Exercise 16.1 Generalize this proof to the case D > 2. O

Remark: Impulse-response functions are sometimes called solution kernels, or Green’s func-
tions or impulse functions.

16.2 Approximations of Identity

16.2(a) ...in one dimension
Prerequisites: {I6.1]

Suppose 7 : R x (0,00) — R was a one-dimensional impulse response function, as in
equation (G0 of §I6Il Thus, if Z : R — R is a function describing the initial ‘impulse’,
then for any time t > 0, the ‘response’ is given by the function R; defined:

o0

Riw) = Tewle) = [ T4l dy (16.7
—0o0

Intuitively, if ¢ is close to zero, then the response R; should be concentrated near the locations

where the impulse Z is concentrated (because the energy has not yet been able to propagate

very far). By inspecting eqn.([[E), we see that this means that the mass of ~; should be

‘concentrated’ near zero. Formally, we say that v is an approximation of the identity if it

has the following properties (Figure [[6.0):
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(AIl)

A

‘ v1(z) dx
(AI2) t=10 t [ 0.2

(AI2) t=0

A

(AI2) t=0.1

A

(AI2) t=0.01

/ 7(0.05) (z) dx

—€
puEEEEy
es® Ny

Figure 16.6: ~ is an approximation of the identity.
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Y2 Y1 Y12 Yus 3 . Yu/a

12}

: .-1 i — B T : I

Figure 16.7: Example [62)(a)

[e.e]

(AI1) ~(z) > 0 everywhere, and / Y(x) de = 1 for any fixed ¢ > 0.

—0o0

(AI2) For any € > 0, %ir%/ Ye(z) de = 1.

Property (AIl) says that 4 is a probability density. (AI2) says that 7 concentrates all
of its “mass” at zero as t — 0. (Heuristically speaking, the function = is converging to the
‘Dirac delta function’ dy as t — 0.)

Example 16.2:

1 .
_ N if 0<z<t .
(8) Let %(z) { 0 if w<Oort<g (FewclED

Thus, for any ¢ > 0, the graph of v, is a ‘box’ of width ¢ and height 1/¢. Then 7 is an
approximation of identity. (See Practice Problem # [[1l on page B34 of JI6.8)

(b) Let yi(z) = { Loit fa <t

0 if t<|z”’
Thus, for any ¢t > 0, the graph of 4, is a ‘box’ of width 2¢ and height 1/2¢t. Then + is an
approximation of identity. (See Practice Problem # [[2 on page B34 of JI6.8) O

A function satisfying properties (AI1) and (AI2) is called an approzimation of the identity
because of the following theorem:

Proposition 16.3: Let v : R x (0,00) — R be an approximation of identity.

(a) Let Z: R — R be a bounded continuous function. Then for all x € R, %in% Ixvy(z) =
Z(x).

(b) Let Z:R — R be any bounded integrable function. If x € R is any continuity-point of
Z, then %in% T xvy(x) =I(x).
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Proof: (a) Fix z € R. Given any € > 0, find § > 0 so that,

For all y € R, (|y—x|<6) — (‘I(y)—I(x)‘<

).

wlm

(You can do this because Z is continuous). Thus,

1) [ a - [ 20 -

_ /;M (I(x)—I(y))-’Yt(x—y) dy‘ < /:H‘I(:v)—f(y)‘-%(»’ﬂ—y) dy

= =

€

T+ €
< —/ -y dy < <. (16.8)
3 Jis (am 3

(Here (AI1) is by property (AI1) of v;.)
Recall that Z is bounded. Suppose |Z(y)| < M for all y € R; using (AI2), find some small

z+d
7 > 0 so that, if t < 7, then/ (y) dy > 1—L; hence
) 3M
) 00 00 z+0
/ Y(y) dy  + / 6%(?/) dy = / Y(y) dy — / ) Y(y) dy
—00 T+ —0o0 r—
€ €
< 1 — (1—— = —. 16.9
(AT1) ( SM) 3M ( )
(Here (AI1) is by property (AIl) of v..) Thus,
49
'zw:c) - [ 1w e ) d
00 z+d
< ‘/ ) ww—y) dy — /6I<y>-%<x—y>dy‘
r—9 00
= ‘/ Z(y) n(r—y)dy + /éf(y)'%(:v—y) dy'
—0o0 T+
r—9 00
< [ pwoe-n|a + [ jrw-ae-v)] a
—00 x+
r—9 00
< M- -y(z—y)dy + /SM-fyt(x—y)dy
—00 T+
< M /I_é (z—y) d +/Oo (z—y) d < M--= = £ (16.10)
. Yt Yy) ay x+6% Yy) ay i) 3SM 3 .

(Here, (I&H) is by eqn.[@@d).) Combining equations ([G.8]) and ([[EI0) we have:

20) [aea - Tew
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< [ /:+6%<:c—y> dy — /:HI(y)-%(x—y) )

-6 -0
z+d € € 2¢
+ I(y) iz —y)dy — Ixn(x) < s ts = 3 (16.11)
z—0
z+0 €
But if ¢ < 7,then |1 — / Ye(z —y) dy‘ < ——. Thus,
x—0 3M
z+0 z+0
2@ - 20 [ Cwe-va] < m@l - [0
z—0 z—08
€ €
A — < M- -— = - 16.12
< Z@lso < Moo (16.12
Combining equations (61T and (IET2) we have:
1Z(z) — I xv()|
z+0 z+0
< ‘I(SC) — I(m)/ ) Ye(x —y) dy‘ + ‘I(m)/ . Y(r—y)dy — TIxy(x)
T— z—
< € n 2¢ _
< 3 3 = €.
Since € can be made arbitrarily small, we’re done.
(b) Exercise 16.2 (Hint: imitate part (a)). O

In other words, as t — 0, the convolution Z * «; resembles Z with arbitrarily high accu-
racy. Similar convergence results can be proved in other norms (eg. L? convergence, uniform
convergence).

if 0<z<t
it z<Oort<z
7 : R — R is a continuous function. Then for any x € R,

, as in Example [6.2(a). Suppose

O =

Example 16.4: Let v (x) =

Do) = [ 2w we-nay = ;[ Twa = ;(7@-T6-0).

—00
where J is an antiderivative of Z. Thus, as implied by Proposition [6.3,

J(x) = J(x—1)

lim 7 * = i = ! = TI(x).
f Tx (@) i / 5 J@ 7 I
(Here (x) is just the definition of differentiation, and (1) is because J is an antiderivative of Z.) &

16.2(b) ...in many dimensions

Prerequisites: {16.2(a) Recommended: §16.3(a)
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A nonnegative function v : RP x (0,00) — [0,0) is called an approximation of the
identityﬂ if it has the following two properties:

(AI1) / Y(x) dx = 1 for all t € [0, 00].
RD

(AI2) For any ¢ >0, lim Y(x) dx = 1.
t=0 JB(0se)

Property (AI1) says that 7, is a probability density. (AI2) says that 7, concentrates all of its
“mass” at zero as t — 0.

1 .
) 2 | if |z] <t and |y| <t
Example 16.5: Define v : R® x (0,00) — R by v(z,y) { 0 otherwise. .

Then ~ is an approximation of the identity on R?. (Exercise 16.3 ) &

Proposition 16.6: Let v : RP x (0,00) — R be an approximation of the identity.
(a) Let T:RP — R be a bounded continuous function. Then for every x € RP,

}/ir% Txy(x) =Z(x).

(b) Let T :RP — R be any bounded integrable function. If x € R” is any continuity-point
of Z, then %ir% Txy(x) =Z(x).

Proof: Exercise 16.4 Hint: the argument is basically identical to that of Proposition [[E.3t just
replace the interval (—e¢, €) with a ball of radius e. a

In other words, as t — 0, the convolution Z * «; resembles Z with arbitrarily high accu-
racy. Similar convergence results can be proved in other norms (eg. L? convergence, uniform
convergence).

When solving partial differential equations, approximations of identity are invariably used
in conjunction with the following result:

Proposition 16.7: Let L be a linear differential operator on C*°(RP;R).

(a) If y : RP — R is a solution to the homogeneous equation “L~y = 07, then for any
function T : RP — R, the function u = T * ~y satisfies: LZ = 0.

“an —

(b) If v : RP x (0,00) — R satisfies the evolution equation “Of v = L~”, and we define
1:(x) = v(x;t), for any function T : RP — R, then the function u; = T * 7; satisfies:
ofu = Lu.

'Sometimes, this is called a Dirac sequence [[an%h|, because, as t — 0, it “converges” to the infamous
“Dirac é-function”. In harmonic analysis, this object is sometimes called a summability kernel [Kaf76],
because it is used to make certain Fourier series summable to help prove convergence results.
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Johann Carl Friedrich Gauss (1777-1855) Karl Theodor Wilhelm Weierstrass (1815-1897)

Proof: Exercise 16.5 Hint: Generalize the proof of Proposition [[6.d on the following page, by
replacing the one-dimensional convolution integral with a D-dimensional convolution integral, and
by replacing the Laplacian with an arbitrary linear operator L. O

Corollary 16.8: Suppose v is an approximation of the identity and satisfies the evolution
equation “OF v = L~”. For any T : RP — R, define u : RP x [0,00) — R by:

o u(x;0) =Z(x).
o uy =1 %y, forallt > 0.

Then u is a solution to the equation “0;' uw = Lwu”, and u satisfies the initial conditions u(x,0) =
Z(x) for all x € RP.

Proof: Combine Propositions and [B71 O

We say that v is the fundamental solution (or solution kernel, or Green’s function
or impulse function) for the PDE. For example, the D-dimensional Gauss-Weierstrass kernel
is a fundamental solution for the D-dimensional Heat Equation.

16.3 The Gaussian Convolution Solution (Heat Equation)

16.3(a) ...in one dimension

Prerequisites: 416.2(a)] LI Recommended: {61 18.1(b)
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Given two functions Z,G : R — R, recall (from §I6.T]) that their convolution is the
function Z * G : R — R defined:

T4G(r) = /_OO T(y) - Gle — y) dy

Recall the Gauss-Weierstrass kernel from Example Bl on page

1 <—x
ex
2/t P 4t

Define G(z) = G(z;t). We will treat G;(x) as an impulse-response function to solve the one-
dimensional Heat equation.

2
G(z;t) = > (for all z € R and ¢t > 0)

Proposition 16.9: Let 7 : R — R be a bounded integrable function. Define u : R x
(0,00) — R by u(x;t) = Z*Gy(x) for all € R and t > 0. Then u is a solution to the
one-dimensional Heat Equation.

Proof: For any fixed y € R, define uy(z;t) = Z(y)- Gi(xz —y).

Claim 1:  uy(x;t) is a solution of the one-dimensional Heat Equation.

Proof: First note that 9, Gi(z —y) = 082G (z —y) (Exercise 16.6 ).
Now, y is a constant, so we treat Z(y) as a constant when differentiating by x or by t.
Thus,
Opuy(z,t) = I)oGile—y) = IW)GG—y) = QGuyet) = Auywt),
as desired.

<>Claim 1

Now, u(z,t) = ZxG, = /oo Z(y) - Gi(lx —y) dy = /00 uy(z;t) dy. Thus,

—00 —00

O u(x,t) ) / O uy(x;t) dy = / Auy(x;t) dy g A u(z,t).

Here, (C1) is by Claim 1, and (PIL3I) is by Proposition [[3 on page
(Exercise 16.7 Verify that the conditions of Proposition [ are satisfied.) 0

Remark: One way to visualize the ‘Gaussian convolution’ u(x;t) = Z * G(x) is as follows.
Consider a finely spaced “e-mesh” of points on the real line,

e-Z = {ne;nel},

For every n € Z, define the function Qt(”) () = Gi(xr—ne). For example, g§5) () = Gi(x—5e)
looks like a copy of the Gauss-Weierstrass kernel, but centered at 5e (see Figure [G.8A).
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(A)

2¢ 3¢ 43

-3¢ -2¢ —-€ 2e 3¢

Figure 16.8: Discrete convolution: a superposition of Gaussians

Figure 16.9: Convolution as a limit of ‘discrete’ convolutions.
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For each n € Z, let I, = Z(n - ¢) (see Figure [G8IC). Now consider the infinite linear
combination of Gauss-Weierstrass kernels (see Figure [G.8D):

uc(x;t) = e- Z In-g,§”>(x)

Now imagine that the e-mesh become ‘infinitely dense’; by letting € — 0. Define u(z;t) =
lir% ue(z;t). 1T claim that u(x;t) = Z * Gy(z). To see this, note that
€e—

u(z;t) = lg% €- Z In-gtn)(x) = lii%e Z Z(ne) - Gy(x — ne)
= /_ I(y) -Gz —y) dy = TxGi(y),

as shown in Figure [6.0

Proposition 16.10: The Gauss-Weirstrass kernel is an approximation of identity (see §16.2(a)|),
meaning that it satisfies the following two properties:

(AI1) Gi(z) > 0 everywhere, and/ Gi(x) dr = 1 for any fixed t > 0.

(AI2) For any € > 0, 2%ilr%/ Gi(x) do = 1.

Proof: Exercise 16.8 O

Corollary 16.11: Let 7 : R — R be a bounded integrable function. Define the function
u:R x[0,00) — R by

o u(z;0) =7I(x).
o uy =7 %Gy, forallt>0.
Then wu is a solution to the one-dimensional Heat Equation. Furthermore:

(a) If T is continuous, then u continuous on R x [0,00), and satisfies the initial conditions
u(z,0) =Z(z) for all x € R.

(b) IfZ is not continuous, then w is still continuous on R x (0,00), and satisfies the initial
conditions u(z,0) = Z(z) for any x € R where f is continuous.
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A

Figure 16.10: The Heaviside step function H(z).

Figure 16.11: w(x) = (H *Gy)(x) evaluated at several x € R.

Proof: Propositions [[6.9 says that u is a solution to the Heat Equation. Combine Propo-
sition with Proposition on page to conclude that u is continuous with initial
conditions u(z;0) = Z(x). O

Because of Corollary [Tl we say that G is the fundamental solution (or solution
kernel, or Green’s function or impulse function) for the Heat equation.

Example 16.12: The Heaviside Step function

i >
Consider the Heaviside step function H(x) = { (1) E i - 8 (see Figure [ETIM). The

solution to the one-dimensional Heat equation with initial conditions u(z,0) = H(x) is given:

uet) SO MeO) g GrM@ = [ G He-w)dy
1 o] _y2 1 T _yQ
= N /Ooexp<?>7‘((:c—y) dy = e /Ooexp(?> dy

e [ e () 4 *(75)
— ex _— z = — .
o oo P\ T2 NeT

O
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Gi(x

s
&

=9 t =o /

Figure 16.12: w(x) = (H * G;)(x) for several ¢ > 0.

Here, (P69 is by Prop. [E3 on page B0® (PIG.I) is by Prop. [6dlon page BOI, (1)

i <
is because H(z —y) = { (1) ii z;i

_ Y . _
z-\/2—t,thus, dy = /2t dz.

Here, ®(x) is the cumulative distribution function of the standard normal probability

measuret], defined:
(z) ! / e <_Z2> d
T = — xp | — z
Voar TP\

(see Figure [GITl). At time zero, u(x,0) = H(x) is a step function. For ¢ > 0, u(x,t) looks
like a compressed version of ®(x): a steep sigmoid function. As ¢ increases, this sigmoid
becomes broader and flatter. (see Figure [[6.12]). O

, and (2) is where we make the substitution

When computing convolutions, you can often avoid a lot of messy integrals by exploiting
the following properties:

Proposition 16.13: Let f,g: R — R be integrable functions. Then:
(a) If h : R — R is another integrable function, then f x(g+h) = (f*g)+ (f xh).
(b) Ifr € R is a constant, then fx(r-g) = r-(f xg).

2This is sometimes called the error function or sigmoid function. Unfortunately, no simple formula
exists for ®(z). It can be computed with arbitrary accuracy using a Taylor series, and tables of values for ®(z)
can be found in most statistics texts.
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(A) (B)

Figure 16.13: (A) A staircase function.  (B) The resulting solution to the Heat equation.

(c) Suppose d € R is some ‘displacement’, and we define f.q4(xz) = f(z — d). Then
(foaxg)(@) = (f*g)(x—d). (ie. (foa)*g = (f*9)za.)
Proof: See Practice Problems #2 and # B on page of JI6.8 O

Example 16.14: A staircase function

0 if <0
1 if 0<zx<1 . . .

Suppose Z(z) = 2 1<z (see Figure MGI3A). Let ®(x) be the sigmoid
0 if 2<z

function from Example Then

u(z,t) <I>< z > + @(—x_l) 2 <I><x_2> (see Figure [6.13B)
, — - — . 0 B
Vot Vot Vi ¢

To see this, observe that we can write:

I(z) = H(z) + H@x-1) — 2-H(x-2) (16.13)
= H 4+ Hoi(z) — 2Hoo(), (16.14)

where eqn. ([6.I4]) uses the notation of Proposition [E.T3l(c). Thus,

u(z;t) i) T % Gy(x) ine) (H + He1 — 2H>2) * Gy(x)
3. HxGi(z) + Heo1xGi(x) — 2Hoo*Gi(x)
o, H+xGi(x) + H*G(x—1) — 2H*Gi(x —2)

T |® (\/%) + @(%) — 29 (2’;) (16.15)
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Here, (PI6.3I) is by Prop. on page BI8 (dI6.I4) is by eqn. ([614); ([@6.I3kA,b) is
by Proposition [6.I13(a) and (b); (I&I3k) is by Proposition IEI3(c); and (XME.IZ) is
by Example

Another approach: Begin with eqn. ([[GI3]), and, rather than using Proposition [G.13]
use instead the linearity of the Heat Equation, along with Theorem B0 on page B3, to
deduce that the solution must have the form:

u(z,t) =uo(x,t) + wi(z,t) — 2-ug(z,t) (16.16)
where

e up(z,t) is the solution with initial conditions ug(z,0) = H(x),
e uj(z,t) is the solution with initial conditions u;(z,0) = H(z — 1),

o uy(z,t) is the solution with initial conditions us(z,0) = H(z — 2),

But then we know, from Example that

x z—1 T —2
ug(x,t) = @ —1); wi(z,t) = & ; and wus(x,t) = & ; (16.17
o) = 8 (2)s wlen) - @ () o) = @(222)5 (0an
Now combine ([E16]) with (IEI1) to again obtain the solution ([IEIH). o

Remark: The Gaussian convolution solution to the Heat Equation is revisited in §[18.1(b)
on page Bh8 using the methods of Fourier transforms.

16.3(b) ...in many dimensions

Prerequisites: 416.2(D)] Recommended: {1611 §16.3(a)

Given two functions Z,G : RP — R, their convolution is the function 7 % G : RP R
defined:

1:0(x) = [ 20 Gx~y) dy
RD
Note that Z % G is a function of x. The variable y appears on the right hand side, but as an

integration variable.
Consider the the D-dimensional Gauss-Weierstrass kernel:

Goen — 1 — x|
Cat) = Gppr P | g

Let Gi(x) = G(x;t). We will treat Gi(x) as an impulse-response function to solve the D-
dimensional Heat equation.
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t
X ={(x,y); y > 0}

b(x) (A) (B)
Figure 16.14: The Dirichlet problem on a half-plane.
Theorem 16.15: Suppose Z : RP — R is a bounded continuous function. Define the
function u : RP x [0, 00) by:
o u(x;0) =Z(x).
o uy =7 %G, forallt > 0.

Then wu is the continuous solution to the Heat equation on R” with initial conditions 7.

Proof:

Claim 1:  wu(x;t) is a solution to the D-dimensional Heat Equation.

Proof: Exercise 16.9 Hint: Combine Example {d) on page ZA with Proposition IGEZ(b) on

page B Claim 1
Claim 2: G is an approximation of the identity on RP.
Proof: Exercise 16.10 ©Claim 2
Now apply Corollary on page O

Because of Corollary G618 we say that G is the fundamental solution for the Heat
equation.

16.4 Poisson’s Solution (Dirichlet Problem on the Half-plane)

Prerequisites: 3 60 L3 §16.2(a) Recommended: TG

Consider the half-plane domain H = {(:c, y) €R?; gy > 0}. The boundary of this domain
is just the z axis: OH = {(z,0); = € R}. Thus, we impose boundary conditions by choosing
some function b(x) for x € R. Figure [G.I4 illustrates the corresponding Dirichlet problem:
find a function u(z,y) for (x,y) € H so that



316 CHAPTER 16. IMPULSE-RESPONSE METHODS

Figure 16.15: Two views of the Poisson kernel Cy(x).

1. w is harmonic —ie. w satisfies the Laplace equation: Au(z,y) = 0 for all z € R and

y > 0.
2. u satisfies the nonhomogeneous Dirichlet boundary condition: wu(xz,0) = b(x), for all

z € R.
Physical Interpretation: Imagine that H is an infinite ‘ocean’, so that OH is the beach.

Imagine that b(x) is the concentration of some chemical which has soaked into the sand of
the beach. The harmonic function u(x,y) on H describes the equilibrium concentration of
this chemical, as it seeps from the sandy beach and diffuses into the Watelﬁ. The boundary
condition ‘u(x,0) = b(x)’ represents the chemical content of the sand. Note that b(z) is
constant in time; this represents the assumption that the chemical content of the sand is large
compared to the amount seeping into the water; hence, we can assume the sand’s chemical
content remains effectively constant over time, as small amounts diffuse into the water.

We will solve the half-plane Dirichlet problem using the impulse-response method. For any
y > 0, define the Poisson kernel K, : R — R by:

Ky(z) = #ﬂﬂ) (Figure [[E.1H) (16.18)

Observe that:

30f course this an unrealistic model: in a real ocean, currents, wave action, and weather transport chemicals
far more quickly than mere diffusion alone.
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o Ky(x) is smooth for all y > 0 and = € R.

KCy () has a singularity at (0,0). That is: ( %in%O 0 Ky(z) = oo,
m’y g )

ICy(z) decays near infinity. That is, for any fixed y > 0, lirin Ky(z) = 0, and also,
T— OO
for any fixed z € R, lim K,(z) = 0.
y—00

Thus, ICy () has the profile of an impulse-response function as described in § [[61] on page
Heuristically speaking, you can think of ICy(z) as the solution to the Dirichlet problem on H,
with boundary condition b(x) = do(x), where dy is the infamous ‘Dirac delta function’. In
other words, ICy(z) is the equilibrium concentration of a chemical diffusing into the water from
an ‘infinite’ concentration of chemical localized at a single point on the beach (say, a leaking
barrel of toxic waste).

Proposition 16.16: Poisson Kernel Solution to Half-Plane Dirichlet problem

Let b: R — R be a bounded, continuous, integrable function. Then the unique bounded,
continuous solution u : HH — R to the corresponding Dirichlet problem is obtained as follows.
For all x € R and y > 0, we define

u(z,y) = bxKy(x) = /Oob(z)-le(:C—z)dz = g/m&d&

while for all x € R (with y = 0), we define u(z,0) = b(x).

Proof: (sketch)
Claim 1:  Define K(z,y) = Ky(z) for all (x,y) € H, except (0,0). Then the function

IC : H — R is harmonic on the interior of H.

Proof: See Practice Problem # [[d on page of JI6.8 o

Claim 1

Claim 2: Thus, the function u : H — R is harmonic on the interior of H.

Proof: Exercise 16.11 Hint: Combine Claim 1 with Proposition [Cd on page o

Claim 2

Recall that we defined u on the boundary of H by u(x,0) = b(x). It remains to show that
u is continuous when defined in this way.

Claim 3: For any z € R, liH(l) u(z,y) = b(x).
y—)

Proof: Exercise 16.12 Show that the kernel K, is an approzimation of the identity as y — 0.

Then apply Proposition [63 on page to conclude that limO (b* KCy)(x) = b(z) for all z € R.
y—)

<

Claim 3

Finally, this solution is unique by Theorem [E14(a) on page O
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+ () XY
e B
y eA s
(A) A B-x | (B) L Ax
B-x

Figure 16.16: Example [6.17

1 if A<z<B;

Example 16.17: Let A < B be real numbers, and suppose b(xz) = { 0 otherwise

Then Proposition yields solution

B
Y 1 Yy v 1
Ul.y) Exm &0 =3 ;/A G 2 ¥ ® ?/H ot g W
Y

1 [ 1 1 w=LE=2
= —/A_w Pl dw = ;arctan(w) ‘w:Ayz

1 B—zx A—zx 1
= —arctan (| —— | — arctan = — (93 — 9,4) ,
s Y Y ™ 7

where fp and 04 are as in Figure Here, (POIRIY) is Prop. IRI®R (dIBA) is
eqn.([8A);  (S) is the substitution w = 7%, so that dw = % dz and dz = y dw; and
(T) follows from elementary trigonometry.

Note that, if A < z (as in Fig. MGI0A), then A — x < 0, so 04 is negative, so that
Uz,y) = 1 (03 + \HAD. If A > z, then we have the situation in Fig. MGIGB. In either
case, the interpretation is the same:

Ulz,y) = % (93 _ ‘9A> _ 1 ( the angle subtended by the interval [A, B], as > .

m \ seen by an observer standing at the point (z,y)

This is reasonable, because if this observer moves far away from the interval [A, B], or views
it at an acute angle, then the subtended angle (03 — 0,4) will become small —hence, the

value of U(z,y) will also become small. O

Remark: We will revisit the Poisson kernel solution to the half-plane Dirichlet problem in
§ [18.3(b)]on page BEH, where we will prove Proposition using Fourier transform methods.
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Siméon Denis Poisson
Born: June 21, 1781 in Pithiviers, France
Died: April 25, 1840 in Sceaux (near Paris)

16.5 (x) Properties of Convolution

Prerequisites: {I6.1] Recommended: {63

We have introduced the convolution operator to solve the Heat Equation, but it is actually
ubiquitous, not only in the theory of PDEs, but in other areas of mathematics, especially
probability theory and group representation theory. We can define an algebra of functions
using the operations of convolution and addition; this algebra is as natural as the one you
would form using ‘normal’ multiplication and additio

Proposition 16.18: Algebraic Properties of Convolution

Let f,g,h : RP — R be integrable functions. Then the convolutions of f, g, and h have
the following relations:

Commutativity: fxg = g f.
Associativity: fx(gxh) = (f*g)*h.
Distribution: fx(g+h) = (f*xg)+ (f *xh).

Linearity: fx(r-g) = r-(f *g) for any constant r € R.

Proof: Commutativity is just Proposition [BJl In the case D = 1, the proofs of the
other three properties are Practice Problems #Il and #2 in JI6.8 The proofs for D > 2 are
Exercise 16.13 . a

“Indeed, in a sense, it is the same algebra, seen through the prism of the Fourier transform; see § [[7 on

page B30
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Remark: Let L'(RP) be the set of all integrable functions on R”. The properties of
Commutativity, Distribution, and Distribution mean that the set L' (R? ), together with
the operations ‘+’ (pointwise addition) and ‘«’ (convolution), is a ring (in the language of
abstract algebra). This, together with Linearity, makes L!(R?) an algebra over R.

Example [6.12 on page BT exemplifies the extremely convenient “smoothing” properties
of convolution. Basically, if we convolve a “rough” function with a “smooth” function, then
this action “smooths out” the rough function.

Proposition 16.19: Regularity Properties of Convolution
Let f,g:RP — R be integrable functions.
(a) If f is continuous, then so is f % g (regardless of whether g is.)
(b) If f is differentiable, then so is f x g. Furthermore, 04(f xg) = (94f) * g.

(c) If f is N times differentiable, then so is f x g, and

oo L 9 (Frg) = (8?1832...63Df)*g,
for any ni,no,...,np so that ni +...+np < N.

(d) More generally, if L is any linear differential operator of degree N or less, with constant
coefficients, then L (f xg) = (L f)x*g.

(e) Thus, if f is a solution to the homogeneous linear equation “L f =07, then so is f * g.
(f) If f is infinitely differentiable, then so is f * g.

Proof: Exercise 16.14 O

This has a convenient consequence: any function, no matter how “rough”, can be approx-
imated arbitrarily closely by smooth functions.

Proposition 16.20: Suppose f : RP? — R is integrable. Then there is a sequence f1, fa, f3, ...
of infinitely differentiable functions which converges pointwise to f. In other words, for every

x € RP, nll_)Iglofn(X) = f(x).

Proof: Exercise 16.15 Hint: Use the fact that the Gauss-Weierstrass kernel is infinitely
differentiable, and is also an approximation of identity. Then use Part 6 of the previous theorem.
O

Remark: We have formulated this result in terms of pointwise convergence, but similar
results hold for L? convergence, L' convergence, uniform convergence, etc. We're neglecting
these to avoid technicalities.
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16.6 d’Alembert’s Solution (One-dimensional Wave Equation)

d’Alembert’s method provides a solution to the one-dimensional wave equation with any
initial conditions, using combinations of travelling waves and ripples. First we’ll discuss this
in the infinite domain X = R is infinite in length; then we’ll consider a finite domain like
X = [a,b)].
16.6(a) Unbounded Domain

Prerequisites: §3.2(a) Recommended: {67

Consider the one-dimensional wave equation
OPu(z,t) = Au(z,t) (16.19)

where x is a point in a one-dimensional domain X; thus Au(x,t) = 02 u(z,t). If X = [0, L],
you can imagine acoustic vibrations in a violin string. If X = R you can can imagine electrical
waves propagating through a (very long) copper wire.

Lemma 16.21: (Travelling Wave Solution)

Let fo : R — R be any twice-differentiable function. For any x € R and any t > 0, let
w, (z,t) = fo(r+t) and w,(x,t) = fo(x—1t) (see Figure[[&I4). Then w, and w, are solutions
to the Wave Equation, with

Initial Position: w, (z,0) = fo(z) = w,(z,0),
Initial Velocities: 9w, (z,0) = fi(z); Orwy(x,0) = —fi(z).

1
Thus, if we define w(x,t) = — (wL (x,t) + wy(z, t)), then w is the unique solution to the Wave
Equation, with Initial Position w(z,0) = fo(z) and Initial Velocity 9J; w(z,0) = 0.

Proof: See Practice Problem #H in §IG.8. O
Physically, w, represents a leftwards-travelling wave; basically you take a copy of the

function fp and just rigidly translate it to the left. Similarly, w, represents a rightwards-
travelling wave.

R

Remark: Naively, it seems that wr (x,t) = fo(z +t) should be a rightwards travelling wave,
while wg should be leftwards travelling wave. Yet the opposite is true. Think about this until
you understand it. It may be helpful to do the following: Let fo(z) = 22. Plot fo(z), and then
plot wr,(z,5) = f(z +5) = (x + 5)2. Observe the ‘motion’ of the parabola.
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Jean Le Rond d’Alembert
Born: November 17, 1717 in Paris
Died: October 29, 1783 in Paris

f(x)
WX, t ) 4———
WX, t) —
C—— —-
wx, t) = %—(V\gx,t) + V\&X,t)>

1

-7 from Example B2al

Figure 16.17: The d’Alembert travelling wave solution; fo(z) =
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f{ )

w(x, t)

X X+t

Figure 16.18: The travelling box wave w, (x,t) = fo(z +t) from Example

Example 16.22:

(@) T fole) = ——

, then w(z) =

(b) If fo(x) = sin(x), then

w(z;t) = % (Sin(m +1t) + sin(z — t))
= % (sin(ﬂz) cos(t) + cos(x)sin(t) + sin(x)cos(t) — cos(x) sin(t))
1

= 2(2sin(m)cos(t)) = cos(t)sin(z),

In other words, two sinusoidal waves, traveling in opposite directions, when superposed,
result in a sinusoidal standing wave.

. 1 if —1<z<1
(c) (see Figure [GIR) Suppose fo(z) = { 0 otherwise Then:
1 if —1l<z+t<1 1 if —1—-t<z<l—t
wy(@,t) = fole+t) = { 0 otherwise - { 0 otherwise.

(Notice that the solutions w, and w, are continuous (or differentiable) only when fj is
continuous (or differentiable). But the formulae of Lemma [[6.21] make sense even when
the original Wave Equation itself ceases to make sense, as in Example (c). This is an
example of a generalized solution of the Wave equation.) &

Lemma 16.23: (Ripple Solution)

Let fi : R — R be a differentiable function. For any x € R and any t > 0, define

1 -+t

v(x,t) = 5 fi(y) dy. Then v is the unique continuous solution to the Wave Equation,
t

r—

with

Initial Position: wv(z,0) = 0; Initial Velocity: 0;v(z,0) = fi(z).
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Figure 16.19: The ripple solution with initial velocity fi(z) = (see Example 2al)

_1
1+22°

Proof: See Practice Problem #0 in I6.8 O

Physically, v represents a “ripple”. You can imagine that f; describes the energy profile of
an “impulse” which is imparted into the vibrating medium at time zero; this energy propagates
outwards, leaving a disturbance in its wake (see Figure [[G.21])

Example 16.24:

(a) If fi(z) =

172 then the d’Alembert solution to the initial velocity problem is
T

1 ac-l—t_ 1 T+t 1
o(wt) = [ Fwdy = 2 / dy

2 Jo—t 2 Jooy 1492
1 y=z+t 1
= —arctan(y) ‘ = = (arctan(:z: +t) — arctan(z — t)> .
2 y=x—t 2
(see Figure [6.19).
(b) If fi(x) = cos(z), then
x+t 1
v(z,t) = / cos(y) dy = 5 (sin(m +t) —sin(x — t))
T—t

(sin(w) cos(t) + cos(z)sin(t) — sin(z)cos(t) + cos(z) sin(t))

(2005(w)sin(t)> = sin(t) cos(z).

N~ N~ N~
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-1-t 1-t t-1 t+1
X <-1-t 10
X-1 M X+t -1 ¥ 1
-1-t< x < 1-t _ W
x-t X -1 x+t ¥ 1
_ -1 1 X+t
1-t < x <t-1 x-t X
x-t -1 X 1 X+t
t-1 < x < t+1
1 j;;:::% X X+t
t+l < X [ i | -
-1 ¥ 1 x-t X X+t
—u(x,t)
4
| 1 |
S1°t 1-t 1 1t t+1

Figure 16.20: The d’Alembert ripple solution from Example 2d evaluated for various z € R,
assuming ¢ > 2.

fl(x)
v(x, 0.2)
v(x,0.7) L T

=
v(x, 1. 0) T g
v(x, 1.5)
v(Xx,2.2)

Figure 16.21: The d’Alembert ripple solution from Example Bd, evolving in time.
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e

9(x)

v(x,t) = g(x+t) - g(x-t) —

Figure 16.22: The ripple solution with initial velocity: fi(z) = ﬁ (Example 2dI).

(c) Let fi(x)

_ {2 if —1<z<1 (Figures [6.20 and M62ZT).  If ¢ > 2, then

0 otherwise

v(z,t) =
0 if r+t < -1 0 if T
r+t+1 if -1 < x4+t < 1; z+t+1 if —1—-¢t < =z
2 fr—t < —-1<1 < x4+t = 2 if 1-—t¢ < =z
t+1—2 if -1 < zxz—t < 1; t+1—o if t—1 < =z
0 if 1 < x-—t. 0 if t+1 < .

Exercise 16.16 Verify this formula. Find a similar formula for when ¢ < 2.

Notice that, in this example, the wave of displacement propagates outwards through the
medium, and the medium remains displaced. The model contains no “restoring force”
which would cause the displacement to return to zero.

—2x 1 1 1 1
(d) If f1(z) = e then g(z) = 211 and v(z) = 9 <(x+t)2 +1 (z—1)? +1>

(see Figure [6.22)
Remark: If g : R — R is an antiderivative of f; (ie. ¢'(z) = fi(z), then v(z,t) =

g(x+t)—g(x—t). Thus, the d’Alembert “ripple” solution looks like the d’Alembert “travelling
wave” solution, but with the rightward travelling wave being vertically inverted.

Exercise 16.17 Express the d’Alembert “ripple” solution as a convolution, as described in

§ M6l on page Hint: Find an impulse-response function I';(z), such that f1 * Iy(x) =
1 :C-‘rt

3] A

Proposition 16.25: (d'Alembert Solution on an infinite wire)

Let fo: R — R be twice-differentiable, and f; : R — R be differentiable. For any r € R
and t > 0, define u(z,t) by:

u(:c,t)z%(wL(x,t) + wR(x,t)) + v(x,t)

VANANVANIVAN

—1—1;
1—1t;
t—1;
t+1;
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3
A /\\
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\\/uwuruwuu

Figure 16.23: The odd periodic extension.

2L 3L

and v are as in Lemmas [[6Z]] and [GZ3 Then u(z,t) satisfies the Wave

where w,, w,,
Equation, with

Initial Position: wv(z,0) = fo(x); Initial Velocity: 0;v(z,0) = fi(z).
Furthermore, all solutions to the Wave Equation with these initial conditions are of this type.

Proof: This follows from Lemmas [[6.21] and O

Remark: There is no nice extension of the d’Alembert solution in higher dimensions. The
closest analogy is Poisson’s spherical mean solution to the three-dimensional wave equation

in free space, which is discussed in § [18.2(b)| on page

16.6(b) Bounded Domain
Prerequisites: qra

The d’Alembert solution in works fine if X = R, but what if X = [0,L)? We
must “extend” the initial conditions in some way. If f : [0,L) — R is any function, then an
extension of f is any function f : R — R so that f(z) = f(x) whenever 0 < z < L. If f
is continuous and differentiable, then we normally require its extension to also be continuous
and differentiable.

The extension we want is the odd, L-periodic extension.

We want f to satisfy the following (see Figure [6.23):

1. f(z) = f(z) whenever 0 < x < L.
2. fis an odd function, meaning: f(—z) = —f(z).

3. f is L-periodic, meaning f(x 4+ L) = f(x)
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(A) (B)
: 3 2 1 1 2 3
(©) (D)
1 3 2 -1 1 2 3
® (F)
| UszmUmU

Figure 16.24: The odd, 2L-periodic extension.

Example 16.26:

(a) Suppose L =1, and f(xz) =1 for all z € [0,1) (Figure [62Z4A). Then the odd, 2-periodic
extension is defined:

() :{ 1 if xe...U[—f,—l)U[O,l)U[2,3)U... (Figure [EZIB)

-1 if ze...U[-1,00U[1,2)U[3,4)U...

(b) Suppose L = 1, and f(z) =
2-periodic extension is defined:
1 ifze...U[-

2,-1% )
— 2 ’
fle) =< -1  if ze...U[-30)U[15,2)U[35,4)U... (Figure [E24ID)
0 otherwise

(c) Suppose L = 7, and f(z) = sin(z) for all z € [0,7) (Figure [E24E) Then the odd,
2m-periodic extension is given by f(z) = sin(x) for all x € R (Figure [E24E).

Exercise 16.18 Verify this. &

There’s a general formula for the odd periodic extension (although it often isn’t very useful):

Proposition 16.27: Let f : [0,L) — R be any function
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(a) The odd, 2L-periodic extension of f is defined:

f(z) if 0 <z < L
@) = —f(-x) if L <z < 0
f(x—=2nL) if 2nL < x < (2n+1)L, for some n
f@CnL—2x) if (2n—-1)L < z < 2nL, forsomen

(b) f is continuous at 0, L, 2L etc. if and only if f(0) = f(L) = 0.

(c) f is differentiable at 0, L, 2L, etc. if and only if f is continuous (as in part (b)) and if,
in addition, f'(0) = f'(L).

Proof: Exercise 16.19 O

Proposition 16.28: (d'Alembert Solution on a violin string)

Let fo: [0,L) — R and f; : [0, L) — R be functions, and let their odd periodic extensions
be fo :R— R and f; : R — R.

(a) Define w(z,t) by:
wia,t) = 5 (Tole — 1)+ Fola +1)
Then w(x,t) is the unique solution to the Wave Equation with initial conditions:
w(x,0) = fo(x) and 9y w(x,0) =0, for all z € [0, L],
and homogeneous Dirichlet boundary conditions:
w(0,t) =0 =w(L,t), for all t > 0.

Also, w is continuous if and only if fy itself satisfies homogeneous Dirichlet boundary
conditions, and differentiable if and only if fy(0) = fi(L).

(b) Define v(x,t) by:
1 et
v(z,t) = =
2 x—t

Then v(z,t) is the unique solution to the Wave Equation with initial conditions:

t
71(y) dy

v(z,0)=0 and  Oyv(x,0) = f1(x), for all z € [0, L],
and homogeneous Dirichlet boundary conditions:
v(0,t) =0 =wv(L,t), for all t > 0.

v is always continuous, but v is differentiable if and only if f; satisfies homogeneous
Dirichlet boundary conditions.
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(c) Let u(x,t) = w(x,t) + v(x,t). Then u(z,t) is the unique solution to the Wave Equation
with initial conditions:
u(z,0) = fo(r) and  Opu(z,0) = fi(x), for all z € [0, L],
and homogeneous Dirichlet boundary conditions:
u(0,t) =0 =u(L,t), for all t > 0.

Furthermore, u is continuous iff fy satisfies homogeneous Dirichlet conditions, and dif-
ferentiable iff fi also satisfies homogeneous Dirichlet conditions, and f}(0) = f}(L).

Proof:  The fact that u, w, and v are solutions to their respective initial value problems
follows from the two lemmas. The conditions for continuity /differentiability follow from the
fact that we are using the odd periodic extension.

Exercise 16.20 Prove that these solutions satisfy homogeneous Dirichlet conditions.

Exercise 16.21 Proof that these solutions are unique. O

16.7 Poisson’s Solution (Dirichlet Problem on the Disk)

Prerequisites: §23 41.6(b)l 63 LI Recommended: {I6Tl §14.2(e)

Let D = {(x,y) eR?; a2 492 < R} be the disk of radius R in R?. Thus, D has

boundary 0D = S = {(x,y) eER?; a2 4+y2 = R} (the circle of radius R). Suppose
b : 0D — R is some function on the boundary. The Dirichlet problem on D asks for a
function w : D — R such that:

e u is harmonic—ie. u satisfies the Laplace equation Au = 0.
e u satisfies the nonhomogeneous Dirichlet Boundary Condition u(x,y) = b(z,y) for all
(x,y) € OD.

If u(z,y) represents the concentration of some chemical diffusing in from the boundary,
then the value of u(x,y) at any point (x,y) in the interior of the disk should represent some
sort of ‘average’ of the chemical reaching (x,y) from all points on the boundary. This is the
inspiration of Poisson’s Solution. We define the Poisson kernel P : D x S — R as follows:

Plx,s) = ——— for all x e D and s € S.

As shown in Figure [E.Z5(A), the denominator, ||x — s||, is just the squared-distance from x
to s. The numerator, R? — ||x||?, roughly measures the distance from x to the boundary S; if
x is close to S, then R? — ||x||* becomes very small. Intuitively speaking, P(x,s) measures the
‘influence’ of the boundary condition at the point s on the value of u at x; see Figure
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= _proportional
et -] x| 2

Figure 16.25: The Poisson kernel

Figure 16.26: The Poisson kernel P(x,s) as a function of x. (for some fixed value of s). This
surface illustrates the ‘influence’ of the boundary condition at the point s on the point x. (The
point s is located at the ‘peak’ of the surface.)

In polar coordinates (Figure [628B), we can parameterize s € S with a single angular
coordinate o € [—m,m), so that s = (R cos(o), Rsin(a)). If x has coordinates (z,y), then
Poisson’s kernel takes the form:

R — 22—

P(X,S) = Pa(ajay) = (m—RCOS(U))2 + (y—RSiD(O’))2

Proposition 16.29: Poisson's Integral Formula

LetD = {(z,y) ; 2%+ y* < R?} be the disk of radius R, and Iet b : 9D — R be continuous.
The unique continuous, bounded solution to the corresponding Dirichlet problem is given:

1 s
For any (x,y) on the interior of D u(z,y) = 2—/ b(o) - Py(z,y) do, (16.20)
m —T

while, for (z,y) € JD, we define u(z,y) = b(x,y).
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1
2—/b(s) Plx,s)ds i |z] <R
More abstractly, for any x € D, u(x) = T Js

b(x) if |z||=R.
Proof: (sketch) For simplicity, assume R = 1 (the proof for R # 1 is similar). Thus,

1—22— y2
(z — c0s(0))% + (y — sin(0))?

Pﬂ(x’y) =

Claim 1: Fix o € [-m,m). The function P, : D — R is harmonic on the interior of D.

Proof: Exercise 16.22 O Claim 1

Claim 2: Thus, the function u(x,y) is harmonic on the interior of D.

Proof: Exercise 16.23 Hint: Combine Claim 1 with Proposition [ on page [[J O Claim 2

Recall that we defined u on the boundary S of D by u(s) = b(s). It remains to show that u
is continuous when defined in this way.

Claim 3: For any s € S, lim w(z,y) = b(s).
(,y)—s
Proof: Exercise 16.24 (Hard)
Hint: Write (z,y) in polar coordinates as (r,#). Thus, our claim becomes lim lim u(r,8) = b(o).

0—o r—1

(a) Show that P,(z,y) = P,(0 — o), where, for any r € [0, 1), we define

1—1r2
= for all — .
PT‘(¢) 172TCOS(¢)+7"27 or a ¢€ [ 7T,7T)
1 ™
(b) Thus, u(r,0) = o b(o)-Pr(0 — o) do is a sort of ‘convolution on a circle’. We can write
™ —Tr

this: u(r,0) = (b*Py)(0).

(c) Show that the function P, is an ‘approximation of the identity’ as » — 1, meaning that, for

any continuous function b: S — R, lirr%(b *P,)(0) = b(#). For your proof, borrow from the
r—

proof of Proposition on page O Claim 3

Finally, this solution is unique by Theorem B14l(a) on page [0 O

Remark: The Poisson solution to the Dirichlet problem on a disk is revisited in §[14.2(e)|
on page using the methods of polar-separated harmonic functions.

16.8 Practice Problems
1. Let f,g,h : R — R be integrable functions. Show that f* (gxh) = (f *g) * h.

2. Let f,g,h : R — R be integrable functions, and let » € R be a constant. Prove that
fr(r-g+h) = r-(fxg)+(f*h).
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(A ° (B) | (0

e
=3
N

Figure 16.27: Problems #1(a), #1(b), #1(c) and #2(a).

3. Let f,g: R — R be integrable functions. Let d € R be some ‘displacement’ and define
foa(x) = f(z —d). Prove that (fuq) *g = (f *9)sa-

4. In each of the following, use the method of Gaussian convolutions to find the solution
to the one-dimensional Heat Equation 0, u(x;t) = 02 u(x;t) with initial conditions
u(z,0) = I(x).

-1 if —-1<z<1
7 = -, .
(2) Z(z) { 0 if z<-lor l<uz
(In this case, sketch your solution evolving in time.)

1 if 0<z<1

o) 76 = {

(see Figure [E27A).

(see Figure [G27B).

otherwise
-1 if —-1<z<0
(c) I(z) = 1 if 0<z<1 (see Figure [E27C).
0 otherwise

5. Let f : R — R be some differentiable function. Define v(z;t) = 3 (f(:c +t)+ f(z— t))

(a) Show that v(z;t) satisfies the one-dimensional Wave Equation 07 v(z;t) = 02 v(z;t)
(b) Compute the initial position v(x;0).
(c) Compute the initial velocity 0; v(z;0).

6. Let f; : R — R be a differentiable function. For any x € R and any ¢t > 0, define
T+t

o t) = = A dy

2

—
(a) Show that v(z;t) satisfies the one-dimensional Wave Equation 02 v(z;t) = 92 v(z;t)
(b) Compute the initial position v(z;0).
(c) Compute the initial velocity 0; v(z;0).

7. In each of the following, use the d’Alembert method to find the solution to the one-

dimensional Wave Equation 97 u(z;t) = 02u(x;t) with initial position u(x,0) =
fo(x) and initial velocity 0; u(x,0) = fi(z).

In each case, identify whether the solution satisfies homogeneous Dirichlet boundary
conditions when treated as a function on the interval [0, 7]. Justify your answer.
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10.

11.

12.

13.
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~~
o

N—

=

1 if 0<z«l1
<x>={

0 otherwise ©  2nd fi(x) =0 (see Figure [E.27B).

(b) fo(z) =sin(3z) and fi(z)=0
(¢) fo(x)=0 and fi(z) = sin(5z).

(d) fo(z) =cos(2z) and fi(z)=0

(e) fo(x)=0 and fi(x) = cos(4x).

() fo(z) = /3 and fi(z) =0.

(g) fo(x)=0 and fi(x)= 21/3

(h) fo(x)=0 and fi(z) = tanh(z) = %((xx))

Let Gi(z) = 2%/% exp (74—?2) be the Gauss-Weierstrass Kernel. Fix s, > 0; we claim
that Gs x Gt = Gsyy. (For example, if s = 3 and ¢ = 5, this means that Gs * G5 = Gg).

(a) Prove that G5 x G, = sy by directly computing the convolution integral.

(b) Use Corollary [6ITon page BI0l to find a short and elegant proof that Gs+G; = Gsi¢
without computing any convolution integrals.

Remark: Because of this result, probabilists say that the set {G;}/ec(0,00) forms a stable
family of probability distributions on R. Analysts say that {G;}ic(0,00) I @ one-parameter
semigroup under convolution.

1 — (2% 4+ 9?) . . .
Let Gi(z,y) = —exp | —————= ) be the 2-dimensional Gauss-Weierstrass Kernel.

47t 4t
Suppose h : R? — R is a harmonic function. Show that h*G; = h for all ¢t > 0.

Let D be the unit disk. Let b : 0D — R be some function, and let u : D — R be the
solution to the corresponding Dirichlet problem with boundary conditions b(c). Prove
that
L[ b(o) d
0,00 = — .

u( Y ) 27_{_ o (0-) o
Remark: This is a special case of the Mean Value Theorem for Harmonic Functions
(Theorem T3 on page B3), but do not simply ‘quote’ Theorem ZT3 to solve this problem.
Instead, apply Proposition on page B311

if 0<x<t

1
_ )3
Let (z) 0 if xz<Oort<uz.

(Figure [6.7)). Show that ~ is an approxima-
tion of identity.

Toif |zl <t

Let y(x) = { 0 if |t <l - Show that - is an approximation of identity.

Let D = {x € R?; |x| < 1} be the unit disk.
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(a) Let w : D — R be the unique solution to the Laplace equation (Au = 0)
satisfying the nonhomogeneous Dirichlet boundary conditions u(s) = 1, for all
s € S. Show that w must be constant: u(x) =1 for all x € D.

2
(b) Recall that the Poisson Kernel P : D x S — R is defined by P(x,s) = %,

1
for any x € D and s € S. Show that, for any fixed x € D, e /P(X, s)ds = 1.
™ Js

(c) Let b : S — R be any function, and Au = 0) satisfying the nonhomogeneous
Dirichlet boundary conditions u(s) = b(s), for all s € S.

Let m := min b(s), and M := max b(s). Show that:
seS ses

For all x € D, m < ulx) < M.

[ In other words, the harmonic function u must take its mazimal and minimal values on the boundary

of the domain D. This is a special case of the Mazimum Modulus Principle for harmonic functions.]

14. Let H := {(z,y) € R*; y > 0} be the half-plane. Recall that the half-plane Poisson

kernel is the function K : I — R defined K(z,y) := ﬁ for all (z,y) € H
except (0,0) (where it is not defined). Show that K is harmonic on the interior of H.
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VII Fourier Transforms on
Unbounded Domains

In Part [[ we saw that trigonometric functions like stn and cos
formed orthogonal bases of L2 (X), where X was one of several bounded
subsets of RP. Thus, any function in L2 (X) could be expressed using a
Fourier series. In Parts Ml and [V, we used these Fourier series to solve
initial/boundary value problems on X.

A Fourier transform is similar to a Fourier series, except that now X is an
unbounded set (e.g. X = R or RP). This introduces considerable technical
complications. Nevertheless, the underlying philosophy is the same; we will
construct something analogous to an orthogonal basis for L2(X), and use
this to solve partial differential equations on X.

It is technically convenient (although not strictly necessary) to replace
sin and cos with the complex exponential functions like exp(xi) = cos(x) +
isin(w). The material on Fourier series in Part [l could have also been
developed using these complex exponentials, but in that context, this would
have been a needless complication. In the context of Fourier transforms,

however, it is actually a simplification.
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Figure 17.1: £,(x) := exp(—p -z -1i) as a function of .

17 Fourier Transforms

17.1 One-dimensional Fourier Transforms
Prerequisites: I3 Recommended: &1 3.4

Fourier series help us to represent functions on a bounded domain, like X = [0,1] or X =
[0,1] x[0,1]. But what if the domain is unbounded, like X = R? Now, instead of using a discrete
collection of Fourier coefficients like {Ag, A1, By, As, Ba, ...} or {f_l,fo,fl,fg,. .}, we must
use a continuously parameterized family.

For every p1 € R, we define the function £, : R — C by &,(x) := exp(piz). You can
visualize this function as a ‘ribbon’ which spirals with frequency p around the unit circle in the
complex plane (see Figure [C1]). Indeed, using de Moivre’s formulae, it is not hard to check
that £,(x) = cos(ux) + isin(ux) (Exercise 17.1). In other words, the real and imaginary
parts of £,(x) like like a cosine wave and a sine wave, respectively, both of frequency p.

Heuristically speaking, the (continuously parameterized) family of functions {&,},cr acts
as a kind of ‘orthogonal basis’ for a certain space of functions from R into C (although making
this rigorous is very complicated). This is the motivating idea behind the next definition:

Definition 17.1: Fourier Transform

Let f : R — C be some function. The Fourier transform of f is the function J?: R —
C defined:

For any p € R, f = —/ flx = %/Oof(x)-exp(—,u-x-i)dx

~ 1
(In other words, f(u) := py. (f,&,), in the notation of § [L2 on page [[T3)
7r

Notice that this integral may not converge, in general. We need f(z) to “decay fast enough”
as x goes to £oo. To be precise, we need f to be an absolutely integrable function, meaning

that -
/ f(2)] dz < oo.

— 00
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o. |a-
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(A) (B)

~

Figure 17.2: (A) Example[[Z4 (B) The Fourier transform f(z) = % from Example
74

We indicate this by writing: “f € L(R)”.

The Fourier transform f(,u) plays the same role that the Fourier coefficients {J‘A’,l, ﬁ), ]?1, fA'g, -
played for a function on an interval. In particular, we can express f(z) as a a sort of generalized
“Fourier series”. We would like to write something like:

) o= Y FEu)

neR

However, this expression makes no mathematical sense, because you can’t sum over all real
numbers (there are too many). Instead of summing over all Fourier coefficients, we must
integrate....

Theorem 17.2: Fourier Inversion Formula
Suppose that f € LY(R). Then for any fixed x € R so that f is continuous at z,

M

~

M ~
f@ = Jm [ fo- &) de = (W) -explu-z-i) dp. (17.1)

lim f
M—oo M—oo J_pr

O

It follows that, under mild conditions, a function can be uniquely identified from its Fourier
transform:

Corollary 17.3: Suppose f,g € C(R) N LY(R) [i.e. f and g are continuous and absolutely

integrable functions|. Then: E( ]/”\ = ’j) = (f =g ) .

Proof: Exercise 17.2 O
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1 if —l<z<ly

0  otherwise [see Figure [Z2(A)]. Then

Example 17.4: Suppose f(z) = {

For all u € R, A(,u) = —/ fx)exp(—p-x-i)de = —/ exp(—p-x-1i) dr
RS
 —2mui xp gt =1 —27r,u1 c e
1 [eM —eH 1 . .
= (T) = sin(u) [see FiglZA(B)]

where (dM) is de Moivre’s formulal].

Thus, the Fourier Inversion Formula says, that, if —1 < < 1, then

M sin(p)

li cx-i)duy = 1
Py exp(p -z 1) dp ;
M sin(u)
while, if z < —1or z > 1, then lim exp(p-z-i) du = 0. If z = +1, then the
M—oo M T
Fourier inversion integral will converge to neither of these values. &

1 if 0<a <1,

0 otherwise [see Figure [Z3(A)]. Then f ( ) =

Example 17.5: Suppose f(z) = {

1;:1 [see Figure [L3[B)]; the verification of this is practice problem # [ on page of

78 Thus, the Fourier inversion formula says, that, if 0 < z < 1, then

[ i) dy = 1
Jim _MTﬂiexp(u-w-l) =1
M _ e
while, if x < 0 or x > 1, then lim ———exp(p-x-i)duy = 0. Ifx=0o0r z =1,
M—oo J_pr 2mui
then the Fourier inversion integral will converge to neither of these values. &

In the Fourier Inversion Formula, it is important that the positive and negative bounds of
the integral go to infinity at the same rate in the limit (IZ1]); such a limit is called a Cauchy

M
principal value. In particular, it is not the case that f(z) = N}\i}n / f(p)exp(p-x-i) du;
=00 N
in general, this integral may not converge. The reason is this: even if f is absolutely integrable,
its Fourier transform f may not be. This is what introduces the complications in the Fourier
inversion formula. If we assume that f is also absolutely integrable, then things become easier.

Theorem 17.6: Strong Fourier Inversion Formula

Suppose that f € L'(R), and that fis also in L'(R). Then f must be continuous every-
oo

where. For any fixed x € R, f(z) = / f(p) -exp(p -z - 1) du. 0
—0o0

!See formula sheet.
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(A) (B)

Figure 17.3: (A) Example (B) The real and imaginary parts of the Fourier transform

flz) = 12;“” from Example 75

Corollary 17.7: Suppose f € L!(R), and there exists some g € L'(R) such that f = .
Then f(u) = 5=g(—p) for all p € R.

Proof: Exercise 17.3 O

Example 17.8: Let a > 0 be a constant, and suppose f(z) = e 12| [see Figure TZA(A)].
Then

oo
2nf(p) = / e~ el exp(—pai) da
—00
e 0
= / e T exp(—pxi) dr + / T exp(—pxi) dx
0 oo
00 0
= / exp(—ax — pai) do + / exp(ax — pai) dz
0 00
1 =00 1 . z=0
-1 1 1 1 — pi i
= 0=+ ——=01-0 = e Tl
¢ a+ pi o — pi a+pi a—pi (o + pi) (v — pi)
2a

a2+u2
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(A) (B)

Figure 17.4: (A) The symmetric exponential tail function f(z) = e~ 17! from Example 78

(B) The Fourier transform f(x) = m of the symmetric exponential tail function from
Example
~ e
Th lude: = ——— . Fi B)].
us, we conclude: f(u) ) [see Figure [Z4YB)]

To see equality (), recall that ‘exp (—(a + pi) - x) ‘ = e *% Thus, lim |exp (—(a + pi) - :c)‘ =
pi—00

lim e** = 0. Likewise, lim |exp ((a—ui)mc)‘ = lim e** = 0. O

p—00 p——00 p——00

1 1

Example 17.9: Conversely, suppose a > 0, and g(x) = m. Then g(p) = ge*a'l“l;
the verification of this is practice problem # Bl on page of JITH &

17.2 Properties of the (one-dimensional) Fourier Transform
Prerequisites: {71 TR

Theorem 17.10: Riemann-Lebesgue Lemma

If f € LY(R), then [ is continuous and bounded. To be precise: If B = / |f(z)] dx,

then, for all u € R, ‘f(u)‘ < B.
Also, ]/”\asymptotically decays near infinity: hI:il ‘f(,u)‘ =0. O
p—Foo

Recall that, if f,g : R — R are two functions, then their convolution is the function
(f*g) : R — R defined:

(o = [ ) ala —y) dy.

Similarly, if f has Fourier transform fand g has Fourier transform g, we can convolve ]/”\and
g to get a function (f xg) : R — R defined:

~

Fra)w) = /°° F) 54— v) dv.

(see §[16.3(a)| on page for more discussion of convolutions).
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Theorem 17.11: Algebraic Properties of the Fourier Transform

Suppose f,g € LY(R) are two functions.

~

(a) If h(z) = f(x) + g(x), then for all p € R, h(p) = F(p) + G(n)-

(b) Suppose that h(z) = (f * g)(x) = /OO fly) -g(x —y) dy. Then for all p € R,

R(p) = 2m - f(u) - G(u).

(c) Conversely, suppose h(z) = f(x) - g(z). If f,5 and h are in LY(R), then for all y € R,
h(p) = (F*9)(w)-

Proof: See practice problems #L1l to # [[3 on page of gI7Hl O

This theorem allows us to compute the Fourier transform of a complicated function by
breaking it into a sum/product of simpler pieces.

Theorem 17.12: Translation and Phase Shift

Suppose f € L'(R).

(a) If 7 € R is fixed, and g is defined by: g(x) = f(x + 7), then for all p € R, g(u) =
e f(p).

(b) Conversely, if v € R is fixed, and g is defined: g(x) = e¥™ f(x), then for all u € R,
g(n) = flp—v).

Proof: See practice problems #I4] and # [[3l on page B4 of 701 O

Thus, translating a function by 7 in physical space corresponds to phase-shifting its Fourier
transform by e and vice versa. This means that, via a suitable translation, we can put the
“center” of our coordinate system wherever it is most convenient to do so.

1 if —l—-7<2x<l-—m;

Example 17.13:  Suppose g(z) = {0 otherwise

Thus, g(x) =

f(x+7), where f(z) is as in Example [[Z4] on page We know that f(u) = sinfu). thus,
h

)

it follows from Theorem that g(u) = ™. M o
T
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Figure 17.5: Plot of f and § in Example I7ZT5, where g(z) = f(z/3).

Theorem 17.14: Rescaling Relation

Suppose f € LY(R). If ¢ > 0 is fixed, and g is defined by: g(x) = f (E), then for all
o

peR, glp)=o-flo-p).

Proof: See practice problem # [0 on page B4l of 7.6l O

In Theorem [[ZT4] the function g is the same as function f, but expressed in a coordinate
system “rescaled” by a factor of o.

1 if —o<z<o;

0  otherwise Thus, g(z) = f(z/0), where

Example 17.15: Suppose g(z) = {

x) is as in Example on page B39 We know that Flu) = sm(,u); thus, it follows from
E le T4 ge B39 We k h 1
T
Theorem 14 that g(u) = o- sin(op) = M. See Figure &
oum 7%

Theorem 17.16: Differentiation and Multiplication
Suppose f € L'(R).

() If f € CY(R) [i.e. f is differentiable], and g(z) = f'(x), then for all u € R, g(u) =
i f(p).
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Figure 17.6: Smoothness vs. asymptotic decay in the Fourier Transform.

(b) More generally, if f € C*(R) [i.e. f is n times differentiable], and g(z) = dd—nf(ac), then
x
for all 4 € R, R
glp) = (Qw)"™ - f(w)-

1

Thus, f(u) asymptotically decays faster than — as p — +oo. That is, lirf wf(p) =
w p—Foo

0.

~

(c) Conversely, let g(x) = z™ - f(x), and suppose that f decays “quickly enough” that g is
also in LY(R) [for example, this is the case if lirf "t f(z) = 0]. Then the function
T— =00

~

f is n times differentiable, and, for all y € R,

Proof:  (a), Assume for simplicity that lirin |f(x)] = 0. (This isn’t always true, but
T— 00
the hypothesis that f € L!(R) means it is ‘virtually’ true, and the general proof has a very
similar flavour.) Then the proof is practice problem # [T on page B2l of 7.6
(b) is just the result of iterating (a) n times.

(c) is Exercise 17.4 Hint: either ‘reverse’ the result of (a) using the Fourier Inversion Formula
(Theorem on page B3Y), or use Proposition on page [[§ to directly differentiate the integral

-~

defining f(u). O

This theorem says that the Fourier transform converts differentiation-by-x into multiplication-
by-p. This implies that the smoothness of a function f is closely related to the asymptotic decay
rate of its Fourier transform. The “smoother” f is (ie. the more times we can differentiate it),
the more rapidly fA'(u) decays as 1 — oo (see Figure [ZH]).

Physically, we can interpret this as follows. If we think of f as a “signal”, then f(u) is the

amount of “energy” at the “frequency” p in the spectral decomposition of this signal. Thus,
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~

the magnitude of f(u) for extremely large p is the amount of “very high frequency” energy
in f, which corresponds to very finely featured, “jaggy” structure in the shape of f. If f is
“smooth”, then we expect there will be very little of this “jagginess”; hence the high frequency
part of the energy spectrum will be very small.

Conversely, the asymptotic decay rate of f determines the smoothness of its Fourier trans-
form. This makes sense, because the Fourier inversion formula can be (loosely) intepreted as
saying that f is itself a sort of “backwards” Fourier transform of ]?

One very important Fourier transform is the following:

Theorem 17.17: Fourier Transform of a Gaussian

(a) If f(x) = exp (—xQ), then f(u) = ﬁ-f (g) = 2\1/% - exp <—T,u2)

2

> is a normal probability distribution with mean

(b) Fixo > 0. If f(x) = 0\}% exp(

0 and variance o, then

o2

F) = geew “’2“2) |

2T 2

—|z — 712

1
ex
oV 2w p< 202

distribution with mean T and variance o2, then

R e~ iTp —02,U,2
Fuy = e (Z55).

(c) Fix o > 0 and 7 € R. If f(z) = > is a normal probability

Proof: We'll start with Part (a). Let g(z) = f'(z). Then by Theorem [ZI6l(a),

glp) = ip- f(w). (17.2)
However direct computation says g(x) = —2z - f(z), so _719(30) = z - f(x), so Theorem
[[ZT6(c) implies )

59 = (P (). (17.3)

Combining (Z3)) with (CZZ), we conclude:
~ i

() (r) 39 5 i

=)
=
I
K
=
=)
=

(17.4)

R 2
Define h(u) = f(u) - exp %) If we differentiate h(u), we get:

—~ 2 R 2
W) = f(u)%eXP(%) —gf(,u)'exp<%> _ 0
(%)
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Figure 17.7: The Uncertainty Principle.

Here, (dL) is differentiating using the Liebniz rule, and (x) is by eqn.(Z4).
In other words, h(n) = H is a constant. Thus,

J?(M) = % = H-exp(%) = H~f<ﬁ),

To evaluate H, set u =0, to get
0= Heep (L ) = o [ iwa = ew ()
= - e _ = = _ = _ e —_
xp | = o] x) dx o xp (—x

1
o/

~ 1
(where the last step is Exercise 17.5). Thus, we conclude: f(u) = ——- f (H)
ovr T \2

Part (b) follows by applying Theorem [[ZI4] on page
Part (c) then follows by applying Theorem on page B4 (Exercise 17.6) O

Loosely speaking, this theorem says, “The Fourier transform of a Gaussian is another
Gaussian”l. However, notice that, in Part (b) of the theorem, as the variance of the Gaussian
(that is, 02) gets bigger, the “variance” of it’s Fourier transform (which is effectively 0—12) gets
smaller (see Figure [Z7). If we think of the Gaussian as the probability distribution of some
unknown piece of information, then the variance measures the degree of “uncertainty”. Hence,
we conclude: the greater the uncertainty embodied in the Gaussian f, the less the uncertainty
embodied in J?, and vice versa. This is a manifestation of the so-called Uncertainty Principle

(see page [[J).
1

2This is only loosely speaking, however, because a proper Gaussian contains the multiplier “o\/ﬁﬁ to make
it a probability distribution, whereas the Fourier transform does not.
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Proposition 17.18: Inversion and Conjugation

Suppose f € L'(R), and define g(z) = f(—x). Then for all p € R, G(u) = f(u), (where Z
is the complex conjugate of z).

If f is even (ie. f(—xz)= f(x)), then f}s purely real-valued.

If f isodd (ie. f(—x) = —f(x)), then f is purely imaginary-valued.

Proof: Exercise 17.7 O

Example 17.19: Autocorrelation and Power Spectrum

If f: R — R, then the autocorrelation function of f is defined by
Af@) = [ 1) ) dy

Heuristically, if we think of f(z) as a “random signal”, then A f(z) measures the degree of
correlation in the signal across time intervals of length x —ie. it provides a crude measure of
how well you can predict the value of f(y+z) given information about f(z). In particular, if
f has some sort of “T-periodic” component, then we expect A f(x) to be large when x = nT
for any n € Z.

If we define g(x) = f(—x), then we can see that

Af(z) = frg(-x).

(Exercise 17.8 ) Thus, applying Proposition (to f * g) and then Theorem [[ZITI(b),
and then Proposition again (to f), we conclude that, for any p € R,

>\
>\

— —~

Af(p) = Frgw) = fw-aw = fw)-flu =

o = [

(1) - f(w) f(p)

S~
S~

2 ~
‘ measures the absolute magnitude of the Fourier transform of f, and is

The function ‘ f( 1)

sometimes called the power spectrum of ]? &

17.3 Two-dimensional Fourier Transforms

Prerequisites: {71 Recommended: 0T

Definition 17.20: 2-dimensional Fourier Transform

Let f : R? — C be some function. The Fourier transform of f is the function
f : R? — C defined:

~

For all (u,v) € R?, flp,v) = T;/_Z/_Zf(x,y)-exp<—(/m—i—uy)-i) dzx dy
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A

Figure 17.8: Example [[7.23

Again, we need f to be an absolutely integrable function:
oo oo
/ / [f(z,y)] do dy < oc.
—0o0 —0o0
We indicate this by writing: “f € L!(R?)”.

Theorem 17.21: 2-dimensional Fourier Inversion Formula

Suppose that f € LY(R?). Then for any fixed (x,y) € R so that f is continuous at (x,y),

R R _
fleyy) = lim / / f(p,v) - exp ((uw +vy) - i) dp dv. (17.5)
—oo J_rJ-R
or, alternately:
f(z,y) = lim F(pv) - exp ((uw +vy) - i) dp dv. (17.6)
R—oo D(R)
Here D(R) = {(p,v) ; p? +v* < R} is the disk of radius R. O

Corollary 17.22: If f, g € C(R?) are continuous, integrable functions, then
(F=3)=(r=9) 0

1 if —-X<z<Xand —Y<y<Y;

Example 17.23: Let X,Y > 0, and let f(x,y) = { 0 otherwise

(Figure IZ8) Then:
flu,v) = ﬁ/i/(:f(w’y) -exp(— (/m'+vy)-i> dz dy

1 X Y
= 4—7T2/X/Yexp(—uxi)-exp(—uyi) dzx dy
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— ﬁ (/); exp(—pai) d:c> : </1; eXp(—Vyi)dy>
= (e ()™ ) (e (o))

[\

1 euXi _ ef,uXi ellYi _ efz/Yi 1 euXi _ equi ellYi _ efz/Yi
T 4x? ( pi > ( Vi ) T ( 2i > ( 2i >
1

sin(pX) - sin(vY’),

(dM) 7T2MV

where (dM) is by double application of de Moivre’s formula. Thus, the Fourier inversion
formula says, that, if — X <z < X and —Y <y <Y, then

lim sin(u);') -sin(vY)
R—oo D(R) -V

exp ((,u:c +vy) - i) dp dv =1

while, if (z,y) & [-X, X] x [-X,Y], then

) sin(puX) - sin(rY)
Aim z.,.
e’} D(R) s wn-v

exp ((,u:c +vy) - i) dp dv = 0.

At points on the boundary of the box [0, X] x [0, Y], however, the Fourier inversion integral

will converge to neither of these values. &
1 —z? —y?\ . L .
Example 17.24: If f(z,y) = exp is a two-dimensional Gaussian
202w 202
N 1 —o2
distribution, then f(u,v) = 12 &P (TU (1* + 1/2)>. (Exercise 17.9) O
T

17.4 Three-dimensional Fourier Transforms
Prerequisites: {711 Recommended: {12 73l

In three or more dimensions, it is cumbersome to write vectors as an explicit list of coor-
dinates. We will adopt a more compact notation. Bold-face letters will indicate vectors, and
normal letters, their components. For example:

X = (IEl,IEQ,CCg), y = (ylayQay?»)’ H = (,UflaNQaHB)a and Vv = (VlaVQ’V3)
We will also use the notation:
(x,y) = x1-y1 + z2-y2 + 2393

for inner products, and the notation

/R?,f(x) dx = /_Z/_Z/_Zf(xl,xz,xg) dry dzy drs

for integrals.
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Definition 17.25: 3-dimensional Fourier Transform

Let f : R3 — C be some function. The Fourier transform of f is the function
f:R3 — C defined:

For all p € R?, J‘A'(u) = |33 / flx exp —(x,p) - i) dx

Again, we need f to be an absolutely integrable function:

[ 76l ax < o

We indicate this by writing: “f € L(R3)”.

Theorem 17.26: 3-dimensional Fourier Inversion Formula

Suppose that f € L'(R3). Then for any fixed x = (z1,x2,73) € R so that f is continuous

at x,
o) = Jim / / / Fl) - exp ({u.0) ) dp (17.7)

or, alternately

Fe) = dim [ Fexp (X)) du (17.8)
R—oo B(R)
Here B(R) = { (w1, pa, p13) 5 i + p3 + 3 < R} is the ball of radius R. O

Corollary 17.27: If f,g € C(R?) are continuous, integrable functions, then

(f=§><:>(f=g)- D
Example 17.28: A Ball

. <R
For any x € R3, let f(x) = { (1) oltfhe’r’jv’i’sg E; . Thus, f(x) is nonzero on a ball of

radius R around zero. Then

1 [sin(uR)  Rcos(uR)
) 113 112 ’
where 1 = || o

Exercise 17.10 Verify Example Hint: Argue that, by spherical symmetry, we can rotate u
without changing the integral, so we can assume that g = (p,0,0). Switch to the spherical coordinate
system (z1,z2,23) = (r-cos(¢), r-sin(¢)sin(f), r - sin(¢) cos(d)), to express the Fourier integral as

R pm T
%/0 /0 /_ exp (p -7 - cos(g) - i) - rsin(¢) do do dr.
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1 R

Use Claim 1 from Theorem [[ETH on page to simplify this to 52 / r-sin(p-r) dr. Now
™ Jo

apply integration by parts.

. in(uR
Exercise 17.11 The Fourier transform of Example [[Z.28 contains the terms sm(/; ) and
1
cos(uR) . o e »
—5——, both of which go to infinity as y — 0. However, these two infinities “cancel out”. Use
N

—~ 1
I’Hépital’s rule to show that llLlLIh flp) = 243

Example 17.29: A spherically symmetric function

Suppose f : R — R was a spherically symmetric function; in other words, f(x) = ¢ (||x]|)
for some function ¢ : Rt — R. Then for any p € R3,

1
272

flp) = /Oooqb(r)-r-sin(HpH 7Y dr.

(Exercise 17.12) &

Fourier transforms can be defined in an analogous way in higher dimensions. From now
on, we will suppress the explicit “Cauchy principal value” notation when writing the Fourier
. . . . . o0
inversion formula, and simply write it as “ f_oo”, or whatever.

17.5 Fourier (co)sine Transforms on the Half-Line

Prerequisites: {711

To represent a function on the symmetric interval [—L, L], we used a full Fourier series
(with both “sine” and “cosine” terms). However, to represent a function on the interval [0, L],
we found it only necessary to employ half as many terms, using either the Fourier sine series
or the Fourier cosine series. A similar phenomenon occurs when we go from functions on the
whole real line to functions on the positive half-line

Let RT = {z € R; z > 0} be the half-line: the set of all nonnegative real numbers. Let

Ve = {7x — R [TIf) & <oo}

be the set of absolutely integrable functions on the half-line.

The “boundary” of the half-line is just the point 0. Thus, we will say that a function
f satisfies homogeneous Dirichlet boundary conditions if f(0) = 0. Likewise, f satisfies
homogeneous Neumann boundary conditions if f/(0) = 0.
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Definition 17.30: Fourier (co)sine Transform

If f € LY(RT), then the Fourier Cosine Transform of f is the function f,_: Rt — R
defined:

~

Fuati =2 [ ) - costua) da

the Fourier Sine Transform of f is the function ]/”;in : Rt — R defined:

~

fan(p) = %/Ooof(x) -sin(px) da

Theorem 17.31: Fourier (co)sine Inversion Formula

Suppose that f € L'(RT). Then for any fixed x > 0 so that f is continuous at z,

M/\
flz) = lim Jeos (1) - cos(p - @) dp,
— 00 0
M
and f(x) = lim [ f, (u) sin(u-2) dp,
M—oo [

Also, if f(0) = 0, then the Fourier sine series also converges at 0. If f(0) # 0, then the Fourier
cosine series converges at (. O

17.6 Practice Problems

1 if O0<z<I;
1. Suppose f(z) = { 0 otherwise
~ 1—e M

flp) =

, as in Example on page Check that

2mpi
2. Compute the one-dimensional Fourier transforms of g(z), when:

(a) glz) = 1 if —7r<ze<l-m1
g - 0 otherwise

1 if 0<a<o;
o 0 otherwise :

)

1 if 0<z<Xand0<y<Y;
0 otherwise.
two-dimensional Fourier transform of f(z,y). What does the Fourier Inversion formula
tell us?

3. Let X,Y >0, and let f(z,y) = . Compute the
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10.

11.

12.

13.

A

v

Figure 17.9: Problem #H

x if 0<z<1
0 otherwise

Let f : R — R be the function defined: f(x) = { (Fig I3
Compute the Fourier Transform of f.

2
Let f(z) =x-exp <T> Compute the Fourier transform of f.

1 ~ .

Let a > 0, and let g(x) = ———. Example [T claims that g(u) = %e‘o‘“". Verify
o +x

this. Hint: Use the Fourier Inversion Theorem.

Y

Fix y > 0, and let /Cy(x) = W
s

and §18.3(b))).
~ 1 [
Compute the one-dimensional Fourier transform /C,(p) = oy / ICy(x) exp ( — ,uix) du.
™ —00

(this is the half-space Poisson Kernel from §I6.4l

2
Let f(x) = ﬁ Compute the Fourier transform of f.

1 if —Ad<x<hb . n
Let f(x) = { 0 otherwise. Compute the Fourier transform f(u).

x cos(z) — sin(z) ) ~
Let f(x) = 5 . Compute the Fourier transform f(u).
x

Let f,g € L'(R), and let A(z) = f(z) + g(x). Show that, for all x € R, h(y) =

f() +9(n).

Let f,g € LY(R), and let h = f*g. Show that for all u € R, ﬁ(,u) = 27~ f(u) ().
Hint: exp (—ipz) = exp (—iuy) - exp ( —ip(x — y))

Let f,g € Ll/(\]R), and let h(z) = f(x) - g(x). Suppose R is also in L!(R). Show that, for
all pe R, h(p) = (f*9)(w.

Hint: Combine problem #IA with the Strong Fourier Inversion Formula (Theorem [I7.9
on page [Z39).
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14.

15.

16.

17.

18.

CHAPTER 17. FOURIER TRANSFORMS

Let f € L'(R). Fix 7 € R, and define g : R — C by: g(z) = f(x + 7). Show that, for
all pe R, G(u) =e™ - f(p).

Let f € L'(R). Fix v € R and define g : R — C by g(z) = e¥™ f(x). Show that, for all
peR, Gp) = flp—v).

Suppose f € LY(R). Fix ¢ > 0, and define g : R — C by: g(z) = f (E) Show that,
o
forall p e R, g(u)=0- f(o-p).

Suppose f: R — R is differentiable, and that f € L'(R) and g := f' € L'(R). Assume
that liri]rn f(xz) = 0. Show that g(p) =i - f(p).

Let Gi(z) = 5 \/— exp( ) be the Gauss-Weierstrass kernel. Recall that Gy(u) =

217Te #’t Use this to construct a simple proof that, for any s,t > 0, G; *Gs = Giys.

(Hint: Use problem #I2. Do not compute any convolution integrals, and do not use
the ‘solution to the heat equation’ argument from Problem # [ on page [734})

Remark: Because of this result, probabilists say that the set {G;}1c(0,00) forms a stable
family of probability distributions on R. Analysts say that {G;}ic(0,00) is @ one-parameter
semigroup under convolution.



355

18 Fourier Transform Solutions to PDEs

The ‘Fourier series’ solutions to the PDEs on a bounded domain generalize to ‘Fourier
transform’ solutions on the unbounded domain in the obvious way.

18.1 The Heat Equation

18.1(a) Fourier Transform Solution

Prerequisites: 2 71 §6.4 T3 Recommended: {1 22 §77, I3 A

Proposition 18.1: Heat Equation on an Infinite Rod

Let F': R — R be a bounded function (of u € R).

(a) For allt >0 and all v € R, define u : R x (0,00) — R by
u(z,t) = / F(u) - exp(pzi) - et dp, for all x € R and t > 0.

then u(z,t) is a smooth function and satisifies the Heat Equation.

(b) In particular, suppose f € L*(R), and fA'(,u) = F(u). If we define u(z,0) = f(z), and
u(z,t) by the previous formula when t > 0, then u(z,t) is continuous, and is solution to
the Heat Equation with initial conditions u(x,0) = f(z).

Proof: Exercise 18.1 Hint: Use Proposition [ on page [J a
1 if —l<ax<l;
Example 18.2: Suppose f(z) = { 0 otherwise. We already know from

Example [[Z4 on page that f(,u) = sin(u ) Thus,
T

U(fI,',t) = / f(u) . exp(,uxi) . e*/ﬂt d,l,L _ / SIHLH) eXp(Mxi) ) 67“2)& dlu’
— 0 o T

M sin(p) 2¢
by which, of course, we really mean lim exp(pzi) - e 7 du. O

M—oo J_pp
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Example 18.3: The Gauss-Weierstrass Kernel

1 —a?
For all z € Rand t > 0, define the Gauss-Weierstrass Kernel: G(z,t) = ex .
oot = o ()
If we fix t > 0 and define Gy(x) = G(x,t), then, setting 0 = /2t in Theorem [ZT7(b), we

get
N 1 —(V2t)2 1 —2t? 12y
Gelw) = -exp ( 5 B A T

Thus, applying the Fourier Inversion formula (Theorem on page B38), we have:
1 o0

G(z,t) = / C?,g(,u)exp(uxi) dpy = o e*“%exp(/mci) du,

which, according to Proposition [Tl is a smooth solution of the Heat Equation, where we
take F'(u) to be the constant function: F(p) = 1/2w. Thus, F' is not the Fourier transform
of any function f. Hence, the Gauss-Weierstrass kernel solves the Heat Equation, but the
“initial conditions” Gy do not correspond to a function, but instead a define more singular
object, rather like an infinitely dense concentration of mass at a single point. Sometimes Gy
is called the Dirac delta function, but this is a misnomer, since it isn’t really a function.
Instead, Gy is an example of a more general class of objects called distributions. &

Proposition 18.4: Heat Equation on an Infinite Plane
Let F : R? — C be some bounded function (of (u,v) € R?).
(a) For allt > 0 and all (z,y) € R?, define

u(w,y; t / / F(u,v) - exp ((/mc +vy) - > et dp dv.
Then u is a smooth function and satisfies the two-dimensional Heat Equation.

(b) In particular, suppose f € L'(R?), and f(,u,u) = F(p,v). If we define u(z,y,0) =
f(z,y), and u(z,y,t) by the previous formula when t > 0, then u(z,y,t) is continuous,
and is solution to the Heat Equation with initial conditions u(z,y,0) = f(x,y).

Proof: Exercise 18.2 Hint: Use Proposition [Ld on page a

Example 18.5: Let X,Y > 0 be constants, and suppose the initial conditions are:

fla,y) = 1 if —X<z<Xand —-Y <y<Y,;
nY = 0  otherwise.

From Example on page B4, the Fourier transform of f(x,y) is given:
sin(puX) - sin(rY)
m2p-v '

f(lu” V) =
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Thus, the corresponding solution to the two-dimensional Heat equation is:
u(z,y,t) = / Tl v) - exp (e + vy) 1) -0 de o
RQ

_ / sin(p 2) WY p <(ux +vy) - i> e WA gy dy %
R2 . /"L v

Proposition 18.6: Heat Equation in Infinite Space

Let F : R3 — C be some bounded function (of p € R3).

(a) For allt > 0 and all (1,72, 23) € R3, define

a0 = [ [ [ FG- e () 1) e

where |u|> = p2 + pd + p3. Then u is a smooth function and satisfies the three-
dimensional Heat Equation.

(b) In particular, suppose f € L'(R3), and f(p,) = F(w). If we define u(xyi,x2,23,0) =

f(x1,x9,x3), and u(x1, x2,x3,t) by the previous formula when t > 0, then u(x1, 2, x3,1)
is continuous, and is solution to the Heat Equation with initial conditions u(x,0) = f(x).

Proof: Exercise 18.3 Hint: Use Proposition [[d on page a

Example 18.7: A ball of heat

1 if <1
Suppose the initial conditions are: f(x) = { 0 olthe!jv‘i‘se_ ’

Setting R = 1 in Example (pBa0) yields the three-dimensional Fourier transform of

f:
7 1 [sinflpl] — cos|p]
2 \ ul®

The resulting solution to the Heat Equation is:

u(x t) = /R Ty e (o) 1) e

L/ sin || ]| _ cos el - exp ( (11, %) - i) eIl du. %
27T2 R3

3 2
el el
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18.1(b) The Gaussian Convolution Formula, revisited
Prerequisites: S 1w/}

Recall from §[16.3(a)| on page that the Gaussian Convolution formula solved the initial
value problem for the Heat Equation by “locally averaging” the initial conditions. Fourier
methods provide another proof that this is a solution to the Heat Equation.

Theorem 18.8: Gaussian Convolutions and the Heat Equation

Let f € LY(R), and let Gy(z) be the Gauss-Weierstrass kernel from Example I8 For all
t > 0, define Uy = f % G;; in other words, for all x € R,

Ua) = /_°° f() - Gl — y) dy

Also, for all x € R, define Uy(x) = f(z). Then Ui(x) is a smooth function of two variables,
and is the unique solution to the Heat Equation with initial conditions U(x,0) = f(x).

Proof: U(z,0) = f(x) by definition. To show that U satisfies the Heat Equation, we will
show that it is in fact equal to the Fourier solution wu(zx,t) described in Theorem [l on
page Fix t > 0, and let u;(z) = u(z,t); recall that, by definition

wie) = [ Fon-espluai)- e du = [ Flue - expluat) du

Thus, Corollary on page says that

~ ~ ~

W) = Jw)-e ™ = 2m f(u) Guln). (18.1)

(%)

Here, (*) is because Example on page says that e ° = 271 - G,(n)
But remember that U; = f * G;, so, Theorem [ZIT(b) says

Ulp) = 2m f(u)- Gw). (18.2)
Thus [IXJ) and ([IZ2) mean that U, = ;. But then Corollary on page implies
that w(x) = Uy(x). O

For more discussion and examples of the Gaussian convolution approach to the Heat Equa-

tion, see § [16.3(a)| on page

18.2 The Wave Equation

18.2(a) Fourier Transform Solution

Prerequisites: 32 971 6.4 T3 Recommended: T2 24 73 94 §18.1(a)
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Proposition 18.9: Wave Equation on an Infinite Wire

_ Let fo,f1 € LY(R) be twice-differentiable, and suppose fo and fi have Fourier transforms
fo and fi, respectively. Define u : R x [0,00) — R by

uet) = [ (fow)coswmfli“) Sin(ut)> - exp(uat) dy

—00

Then u(x,t) is the unique solution to the Wave Equation with Initial Position: u(z,0) =
fo(x), and Initial Velocity: 0;u(z,0) = fi(z).

Proof: Exercise 18.4 Hint: Show that this solution is equivalant to the d’Alembert solution
of Proposition [6.28 O

1
Example 18.10: Suppose o > 0 is a constant, and suppose fo(z) = m, as in
a®+x

~

Example on page BAIl, while f; = 0. We know from Example that fo(n) =

1
2—6_0‘""'. Thus, Proposition IX9 says:
a
oo .~ oo 1
uet) = [ Jol)expluai)cos(ut) du = [ gee I expluai) - cos(ut) di
oo oo 2a
1 o
— o [ exp(uai— - Jul) - cos(t) d
« —0o0
1 M
by which, of course, we really mean — lim exp (uxi— a - |u|) - cos(ut) du. O
204 M—oo M

Proposition 18.11: Wave Equation on an Infinite Plane

_ Let fo, f1 € L'(R?) be twice differentiable, and suppose fo and f; have Fourier transforms
fo and f1, respectively. Define u : R? x [0,00) — R by

u(z,y,t) =

/_Z /_Z <J%(M,V)Cos (\/,U2+1/2 .t) +§%sin (\//ﬂ—f—y? t>> - exp ((/_Lx+yy).i> du dv.

Then u(x,y,t) is the unique solution to the Wave Equation with Initial Position: wu(z,y,0) =
fo(z,y), and Initial Velocity: 0;u(x,y,0) = fi(z,y).

Proof: Exercise 18.5 Hint: Use Proposition [[d on page a
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Example 18.12: Thor the thunder god is angry, and smites the FEarth with his mighty hammer.
Model the resulting shockwave as it propagates across the Earth’s surface.

Solution: As everyone knows, the Earth is a vast, flat sheet, supported on the backs of four
giant turtles. We will thus approximate the Earth as an infinite plane. Thor’s hammer has
a square head; we will assume the square has sidelength 2 (in appropriate units). Thus, if
u(z,y;t) is the shockwave, then we have

Initial Position: wu(z,y,0) = 0,
.- . 1 if —1<zx<land —1<y<I;
Initial Velocity: 0O u(x,y,0) = fi(z,y) = { 0 otherwise.
Setting X =Y =1 in Example on page BA8, we get the Fourier transform of f1(z,y):
-~ sin(p) - sin(v)
hpv) = —F———
T uv

Thus, Proposition [81T] says that the corresponding solution to the two-dimensional wave
equation is:

’UJ(IE,y,t) = RQ%QH(VHQ""VQ t) - exXp ((Hx‘f'l/y)i) d,U, dv

= %/ Msin(ﬂ;ﬂ—i—zﬂ ~t)-exp((um+yy)~i) du dv. O
T Jr2 pv -\ p? + V2

Remark: Strictly speaking, Proposition [[RTTlis not applicable to Example [[RT2 because
the initial conditions are not twice-differentiable. However, we can imagine approximating
the discontinuous function fi(z,y) in Example very closely by a smooth function (see
Proposition on page BZU). It is ‘physically reasonable’ to believe that the resulting
solution (obtained from Proposition [[RIIl) will very closely approximate the ‘real” solution
(obtained from initial conditions fi(z,y) of Example I8T2).

This is not a rigorous argument, but, it can be made rigorous, using the concept of gener-
alized solutions to PDEs. However, this is beyond the scope of these notes

Proposition 18.13: Wave Equation in Infinite Space

_ Let fo, f1 € L'(R?) be twice differentiable, and suppose fo and f; have Fourier transforms
fo and f1, respectively. Define u : R? x [0,00) — R by

arasasnt) = [ Z / Z / Z (fom)cosumn 0 fm sin (] -t)>-exp(<u,><> i) du

Then u(x,t) is the unique solution to the Wave Equation with

Initial Position: u(z1,x9,23,0) = fo(z1, 22, x3);

Initial Velocity: 0, u(z1,x2,23,0) = fi(z1,z2,x3).
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Proof: Exercise 18.6 Hint: Use Proposition [Ld on page a

Example 18.14: A firecracker explodes in mid air. Model the resulting soundwave.

Solution: When the firecracker explodes, it creates a small region of extremely high pres-
sure; this region rapidly expands and becomes a pressure wave which we hear as sound.

Assuming the explosion is spherically symmetrical, we can assume that the pressurized region
at the moment of detonation is a small ball. Thus, we have:

1 if ||x|| <1;

Initial Position: u(x;0) = fo(x) = {0 otherwise

Initial Velocity: 0O u(x; 0) = 0.

Setting R = 1 in Example[[Z28 on page BAll, we find the three-dimensional Fourier transform

of f:
A = - (smuuu - cos||u||> |

3 2
27\l el

The resulting solution to the wave equation is:

i 1) = [ Foe)cos (1) -exp () )

1 sin [l cosHuH) ,
o2 3 5 | cos ([l - 1) - exp ({p, x) 1) dp . o
2 R3< Il ul

18.2(b) Poisson’s Spherical Mean Solution; Huygen’s Principle

Prerequisites: 6.1 T4 §18.2(a) Recommended: {60 §18.1(b)|

The Gaussian Convolution formula of solves the initial value problem for the
Heat Equation in terms of a kind of “local averaging” of the initial conditions. Similarly,
d’Alembert’s formula (§I60]) solves the initial value problem for the one-dimensional Wave
Equation in terms of a local average.

There an analogous result for higher-dimensional wave equations. To explain it, we must
introduce the concept of spherical averages. Suppose f(x1,z2,23) is a function of three vari-
ables. If x € R3 is a point in space, and R > 0, then the spherical average of f at x, of

radius R, is defined:

1
My f(x) = 4 R? /S(R) flx+s) ds

Here, S(R) = {s € R3; ||s| = R} is the sphere around 0 of radius R. “s” is a point on the the
sphere, and “ds” is the natural measure of surface area relative to which we compute integrals
over spheres. The total surface area of the sphere is 47 R?; notice that we divide out by this
quantity to obtain an average.
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Theorem 18.15: Poisson's Spherical Mean Solution to Wave Equation

(a) Suppose f1 € LY(R?). For all x € R and t > 0, define
v(x;t) = t- M fi(x)
Then v(x;t) is the unique solution to the Wave Equation with

Initial Position: v(x,0) = 0; Initial Velocity: 0;v(x,0) = fi(x).

(b) Suppose fy € L'(R3). For all x € R3 and t > 0, define W (x;t) = t-M; fo(x), and then
define
w(x;t) = 9 W(x;t)

Then w(x;t) is the unique solution to the Wave Equation with

Initial Position: w(x,0) = fo(x); Initial Velocity: 0,w(x,0) = 0.

(c) Let fo, f1 € LY(R3), and for all x € R? and t > 0, define
u(x;t) = w(x;t) + v(x;t)

where w(x;t) is as in Part (b) and v(x;t) is as in Part (a). Then u(x;t) is the unique
solution to the Wave Equation with

Initial Position:  u(x,0) = fo(x); Initial Velocity: 0,u(x,0) = fi(x).

Proof: We will prove Part (a). First we will need a certain calculation....
ArR - sin (||p] - R)

Claim 1: Forany R > 0, and any u € R3, / exp ( (,s) i> ds
S(R) 2]

Proof: By spherical symmetry, we can rotate the vector p without affecting the value
of the integral, so rotate p until it becomes p = (1,0,0), with p > 0. Thus, ||u| = g,
and, if a point s € S(R) has coordinates (s1,s2,s3) in R3, then (u,s) = p - s1. Thus, the
integral simplifies to:

[ eusids = [ expluesi) ds
S(R) S(R)

We will integrate using a spherical coordinate system (¢, #) on the sphere, where 0 < ¢ < 7
and —7 < 0 < m, and where

(s1,52,83) = R-(cos(¢), sin(¢)sin(f), sin(¢)cos(h)).
The surface area element is given

ds = RZsin(¢) df do
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. .1 — " " X . . 1) . 2
Thus, /S(R) exp (- sy -1) ds /0 /_ﬂe p(u- R-cos(¢)-1i) - R*sin(¢) db do

27r/ exp (i - R - cos(¢) -i) - R%sin(¢) do
0

R

= 277/ exp (pu-s1-1) - R dsy
@ R
2TR ( ,>81=R
= exp (psr-d)
2R [ et — emnki 4R .

= 2 o ( 5 ) = sin (uR)
(1) The integrand is constant in the  coordinate. (2) Making substitution s; = R cos(¢),
so ds; = —Rsin(¢) d¢.  (3) By de Moivre’s formulae. Octaim 1

Now, by Proposition on page BB, the unique solution to the Wave Equation with zero
initial position and initial velocity fi is given by:

IR (P
R T

However, if we set R =t in Claim 1, we have:

sin ([|p] - ¢) 1 .
—_— = — exp ( (u,s)i) ds
Il = i oy o (9)1)

exp ((p,x> i) dp (18.3)

sin (] - 1 - )= | i
Th kX! Ld| LA = N d
us, Il eXp((H,X>1> exp(<u,X>1) o S(t)exp<<u,5>l) s
1
1 . N
" S(t)eXP<<u,X>l+<u,S>l> s
1

- i) d
o S(t)exp<<u,x—|—s>1) S

Substituting this into ([[83), we get:

u(x,t) = RS%. </S(t)exp<<u, x+s>i) ds) dp

1 ~ .
5 o) ans

1 1
= — d = t-— d = t-M .
D It Ja Ji(x +s) ds = J Ji(x+s) ds ¢ f1(x)

(1) We simply interchange the two integralsﬂ. (2) This is just the Fourier Inversion
theorem.

Part (b) is Exercise 18.7. Part (c) follows by combining Part (a) and Part (b). O

!This actually involves some subtlety, which we will gloss over.
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t=0 t <R t LR t >>Rl
o ®X
X
ve origirnates |(2) IT t<R wave (3) Vave reaches (4) For T >>R~ wave
nside K at time t=0 jhasn’t yet reached x | x around t [R has conpletely
passed by x.

Figure 18.1: Huygen’s principle.

Corollary 18.16: Huygen's Principle

Let fo, f1 € LY(R3), and suppose there is some bounded region K C R? so that fo and f;
are zero outside of K —that is: fo(y) = 0 and f1(y) = 0 for all y ¢ K (see Figure [Z1A ).
Let u(x;t) be the solution to the Wave Equation with initial position fy and initial velocity
fi1, and let x € R?

(a) Let R be the distance from K to x. If t < R then u(x;t) = 0 (Figure [Z1B).

(b) If t is large enough that K is entirely contained in a ball of radius t around x, then

u(x;t) = 0 (Figure IZ1ID).

Proof: Exercise 18.8 O

Part (a) of Huygen’s Principle says that, if a sound wave originates in the region K at
time 0, and x is of distance R then it does not reach the point x before time R. This is not
surprising; it takes time for sound to travel through space. Part (b) says that the soundwave
propagates through the point x in a finite amount of time, and leaves no wake behind it. This
is somewhat more surprising, but corresponds to our experience; sounds travelling through
open spaces do not “reverberate” (except due to echo effects). It turns out, however, that
Part (b) of the theorem is not true for waves travelling in two dimensions (eg. ripples on the
surface of a pond).

18.3 The Dirichlet Problem on a Half-Plane

Prerequisites: 3 71 §60 gL Recommended: {271 132 73 74

In §TZT and 132 we saw how to solve Laplace’s equation on a bounded domain such
as a rectangle or a cube, in the context of Dirichlet boundary conditions. Now consider the
half-plane domain H = {(:c, y) €R?; y > O}. The boundary of this domain is just the = axis:
OH = {(x,0); = € R}; thus, boundary conditions are imposed by chosing some function b(x)
for x € R. Figure [6I4 on page illustrates the corresponding Dirichlet problem: find a
function u(x,y) for (z,y) € H so that
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1. u satisfies the Laplace equation: Au(z,y) =0 for all z € R and y > 0.

2. u satisfies the nonhomogeneous Dirichlet boundary condition: u(z,0) = b(z).

18.3(a) Fourier Solution

Heuristically speaking, we will solve the problem by defining u(z,y) as a continuous sequence
of horizontal “fibres”, parallel to the x axis, and ranging over all values of y > 0. Each fibre
is a function only of x, and thus, has a one-dimensional Fourier transform. The problem then
becomes determining these Fourier transforms from the Fourier transform of the boundary
function b.

Proposition 18.17: Fourier Solution to Half-Plane Dirichlet problem

Let b € LY(R). Suppose that b has Fourier transform B, and define u : H — R by
o0 ~
u(z,y) = / b(p) - e MY - exp (uix) du, for allz € R and y > 0.
—0o0

Then u the unique solution to the Laplace equation (Aw = 0) which satisfies the nonhomoge-
neous Dirichlet boundary condition u(x,0) = b(x), for all z € R.

Proof: For any fixed ;1 € R, the function f,(x,y) = exp ( — |p] - y) exp ( — uix) is harmonic

(see practice problem # [ on page of §I80l). Thus, Proposition [ on page [[] implies
that the function u(z,y) is also harmonic. Finally, notice that, when y = 0, the expression

for u(z,0) is just the Fourier inversion integral for b(x). O
1 if —l<az<l;
Example 18.18: Suppose b(z) = { 0 otherwise. We already know from
Example [[Z4] on page B39 that /b\(,u) = M
h
1 [ si
Thus, u(z,y) = —/ sin(p) cem MY L exp (uix) dps. O
TJ)ooe M

18.3(b) Impulse-Response solution
Prerequisites: §18.3(a) Recommended: {64

For any y > 0, define the Poisson kernel K, : R — R by:

Y .
Kylx) = ———. see Figure [[6.TH on page 18.4
y (%) Ry ( g page BT6) (18.4)
In § 64 on page BIAl we used the Poisson kernel to solve the half-plane Dirichlet problem
using impulse-response methods (Proposition [6.T6 on page BIT). We can now use the ‘Fourier’
solution to provide another proof Proposition [[6.16l
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Proposition 18.19: Poisson Kernel Solution to Half-Plane Dirichlet problem

Let b: R — R be an integrable function. For all y > 0 and x € R, define
> y [ bz)

Then U(z,y) is the unique solution to the Laplace equation (AU = 0) which satisfies the
nonhomogeneous Dirichlet boundary condition U(z,0) = b(z).

Proof: We'll show that the solution U(z,y) in eqn. ([IXX0) is actually equal to the ‘Fourier’
solution u(zx,y) from Proposition [XT1

Fix y > 0, and define Uy(z) = U(x,y) for all € R. Thus,

U, = bxK,,
so that Theorem IZIT(b) (pBZ2) says:
U, = 2r-b-K,. (18.6)
Now, by practice problem # [ on page of I8 we have:
,/C\ efy“" 18 7
y(ﬂ) - At ’ ( . )
Combine ([IBH) and [IZT) to get:
Uy(n) = e VD). (18.8)
Now apply the Fourier inversion formula (Theorem [[Z2 on page B38)) to eqn (IBX)) to obtain:
o o
Uyz) = / U(p)-exp(p-z-i)dp = / eV b(w) exp(p--i) du = u(x,y),
—0o0 —0o
where u(z,y) is the solution from Proposition [XT7 O

18.4 PDEs on the Half-Line

Prerequisites: qr7n 63 98

Using the Fourier (co)sine series, we can solve PDEs on the half-line.

Theorem 18.20: The Heat Equation; Dirichlet boundary conditions

Let f € L'(R*) have Fourier sine transform f

sin’

and define u(x,t) by:

~

u(z,t) = /000 Fan () - sin(a - ) - e dpy

Then u(x,t) is a solution to the Heat Equation, with initial conditions u(z,0) = f(x), and
satisfies the homogeneous Dirichlet boundary condition: u(0,t) = 0.

Proof: Exercise 18.9 Hint: Use Proposition [Cd on page O
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Theorem 18.21: The Heat Equation; Neumann boundary conditions

Let f € L'(R*) have Fourier cosine transform ]?C and define u(z,t) by:

os )

o~

) = [ Foul-cos(e- ) -

Then u(x,t) is a solution to the Heat Equation, with initial conditions u(z,0) = f(x), and
satisfies the homogeneous Neumann boundary condition: 0, u(0,t) = 0.

Proof: Exercise 18.10 Hint: Use Proposition [ on page a

18.5 (x) The Big Idea

Most of the results of this chapter can be subsumed into a single abstraction, which makes
use of the polynomial formalism developed in § [0l on page

Theorem 18.22: Let L be a linear differential operator with constant coefficients, and let
L have polynomial symbol P.

o If f: RP — R is a function with Fourier Transform ]/”\: RP — R, and g = L f, then g
has Fourier transform: g(u) = P(u)- f(p), for all p € RP.

o Ifq: RP — R is a function with Fourier transform §, and f has Fourier transform

> q(p)
flp) = ;
P ()
then f is a solution to the Poisson-type nonhomogeneous equation “L f = q.”

Let u : RP x RY — R be another function, and, for all t > 0, let u;(x) = u(x,t). Let uy
have Fourier transform u;.

e Suppose Gy (p) = exp (—=P(p) - t) - f(), for all w € RP. Then the function u(x,t) is a
solution to the first-order evolution equation

O, u(x,t) = Lu(x,t)
with initial conditions u(x,0) = f(x).

e Suppose u(p) = cos (\/79(;1,) . t) . ]/”\(,u), for all u € RP. Then the function u(x,t) is a
solution to the second-order evolution equation

02 u(x,t) = Lu(x,t)

with initial position u(x,0) = f(x) and initial velocity 0; u(x,0) = 0.
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sin (/P(p)-t)
( m) ) - f(w), for all u € RP. Then the function u(x,t) is a
n

solution to the second-order evolution equation

e Suppose u(p) =

0?u(x,t) = Lu(x,t)
with initial position u(x,0) = 0 and initial velocity 0, u(x,0) = f(x).

Proof: Exercise 18.11 O

Exercise 18.12 Go back through this chapter and see how all of the different solution theorems
for the Heat Equation, Wave Equation, and Poisson equation are special cases of this result. What
about the solution for the Dirichlet problem on a half-space? How does it fit into this formalism?

18.6 Practice Problems

1 ifo<z<l;

1. L = in E le [[ZH] DoY)
et f(x) { 0 otherwise. , as in Example [0 on page B39

(a) Use the Fourier method to solve the Dirichlet problem on a half-space, with bound-
ary condition u(z,0) = f(z).

(b) Use the Fourier method to solve the Heat equation on a line, with initial condition

uo(z) = f(z).

2. Solve the two-dimensional Heat Equation, with initial conditions

1 if 0<z<Xand0<y<Y;

otherwise.

where X,Y > 0 are constants. (Hint: See problem # Bl on page of §I70l)

3. Solve the two-dimensional Wave equation, with

Initial Position: wu(z,y,0) = 0,
1 if 0<z<land0<y<I;

Initial Velocity: 0 u(x,y,0) = fi(z,y) = {0 otherwise

(Hint: See problem # Bl on page of §I'TH)

T if 0<z<1
0 otherwise
on pageBhd). Solve the Heat Equation on the real line, with initial conditions u(z;0) =
f(z). (Use the Fourier method; see problem # H on page of §I'TH)

4. Let f : R — R be the function defined: f(x) = { (see Figure 9

.2

5. Let f(z) =x - exp (%) (See problem # B on page Bh3 of §I70l)
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(a) Solve the Heat Equation on the real line, with initial conditions u(x;0) = f(x).
(Use the Fourier method.)

(b) Solve the Wave Equation on the real line, with initial position u(z;0) = f(x) and
initial velocity dyu(x,0) = 0. (Use the Fourier method.)

2z

(See problem # B on page of I al)
(a) Solve the Heat Equation on the real line, with initial conditions u(x;0) = f(x).
(Use the Fourier method.)

(b) Solve the Wave Equation on the real line, with initial position u(x,0) = 0 and
initial velocity dyu(x,0) = f(z). (Use the Fourier method.)

1 if —d<ax<b
Let flw) = { 0 otherwise.
‘Fourier Method’ to solve the one-dimensional Heat Equation (0; u(z;t) = Au(z;t))
on the domain X = R, with initial conditions u(z;0) = f(z).

(See problem # [ on page of 76 ) Use the

Let f(x) xcos(x)xz— Sm(x). (See problem # [ on page of JI7H) Use the

‘Fourier Method’ to solve the one-dimensional Heat Equation (0; u(z;t) = Au(z;t))
on the domain X = R, with initial conditions u(z;0) = f(x).

Suppose f: R — R had Fourier transform f(u) = #.
(a) Find the solution to the one-dimensional Heat Equation d;u = Awu, with initial
conditions u(z;0) = f(z) for all x € R.
(b) Find the solution to the one-dimensional Wave Equation 02 u = Au, with
Initial position wu(z;0) = 0, forall z €R.
Initial velocity Oy u(x;0) = f(z), forallzeR.

(c) Find the solution to the two-dimensional Laplace Equation Au(z,y) = 0 on the
half-space H = {(z,y); = € R, y > 0}, with boundary condition: u(x,0) = f(z)
for all z € R.

(d) Verify your solution to question (c). That is: check that your solution satisfies the
Laplace equation and the desired boundary conditions.

For the sake of simplicity, you may assume that the ‘formal derivatives’ of integrals
converge (ie. ‘the derivative of the integral is the integral of the derivatives’, etc.)

Fix p € R, and define f, : R? — C by f,(2,y) = exp ( — |u y) exp ( — ,uix). Show
that f is harmonic on R2.

(This function appears in the Fourier solution to the half-plane Dirichlet problem; see
Proposition [[817 on page BGAl)
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Solutions to §2Z.h

1. Let V(x) = Vf(x). Hence, V1(x) = 01 f(x), Va(x) = 902f(x), V3(x) = 083f(x), and V4(x) = 04 f(x). Thus,

divV(x) = 01Vi(x) + 92Va(x) + 93V3(x) + 94Va(x)
= 0101f(x) + 0202f(x) + 03093f(x) + 0404f(x)
= () + 03F(0) + 9f(x) + 9f(x) = AOF().
2. Oz f(z,y;t) = exp(—34t) - Oz sin(3z + 5y) = 3exp(—34t) - cos(3z + 5y).
Thus, Bazc f(z,y;t) = Oz 3exp(—34t) - cos(3z + 5y) = 3exp(—34t) - 95 cos(3z + 5y)
= —9exp(—34t) - sin(3z + 5y).
Likewise, 9y f(z,y;t) =  exp(—34t) - 9y sin(3z + 5y) = b5exp(—34t) - cos(3z + 5y).
Thus, 33 flz,y;t) = Oy 5exp(—34t) - cos(3z + 5y) = 5exp(—34t) - 9y cos(3z + 5y)
= —25exp(—34t) - sin(3z + 5y).
Thus, Af(z,y;t) = 92 f(w,y;t)vLBZ flz,y;t)

= —9exp(—34t) - sin(3z + 5y) — 25 exp(—34t) - sin(3z + 5y)
=  —34exp(—34t) - sin(3z + 5y).

Finally, 9¢ f(x,y;t) = sin(3z + 5y)0t exp(—34t) = sin(3z 4 5y) - (—34) - exp(—34t) -
=  —34exp(—34t) - sin(3z + 5y) =  Af(xz,y;t), as desired.
3. Ob hat 9y u(z, y) 2 4 9yulz,y) 2y
. serve that e u(T, y = —_, an u(z,y = —_-
* z2 4 y2 ! 7 @? +y?
Th 02 u(w, ) 2 ar? 4 ule,y) 2 4
us U, Yy = _ an u(x,y = _—
’ z ’ z2 + y2 (z2 + y2)2 Y ’ z2 + y2 (22 4 y2)2
_ 222 + 2y2 — 422 _ 222 + 2y2 - 4y2
(22 + y2)2 (22 + y2)2

o 2y2 — 222 B 2z2 — 2y2
T (a2 +92)2] T (a2 +92)2]

Thus, Au(z,y) 82 u(w,y) + 02 u(w, ) 2 - 2a% | 207 - 2y 0, as desired
us, u(x,y = u(z,y u(z,y = = , as desired.
@ v (22 +y2)2 | (22 + y2)2

4. Ob that 9y u( ) 2 -
. serve tha e u(z,y, z = .
(@2 + y2 + 22)3/2 .y, =]
; : —Y —z
Likewise 09y u(z,y, 2) — and O, u(z,y,z) = T —
Iz, v, 2|l llz, y, 2|l
— 2 2 2
5 -1 =2 (22) (—x) f(z +y +z ) 322
us, cu(w,y,z) = = = =
Th 5 u( ) 5t 5 5 + 5
llz, y, 2|l llz, y, 2|l Iz, y, 2|l llz, y, 2|l
2 2 2
2z° —y° — z
llz,y, =

2y2fz2fz2 2227127312
Likewise, 82 u(z,y,z) = —————— and 82 u(z,y,z) = ———

Y 5 z 5

Iz, v, 2| I, y, 2]l

Thus,
2 2 2
Au(z,y,2) = Opulz,y,2) + 9 ulz,y,2) + 9 u(z,y,2)
(2x2_y2_z2)+(2y2_x2_z2)+(2z2_x2_y2) 0
llz, v, 2|° lz,y, zII°
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as desired.

5. Ob that 9y (e, y;t) 2w o~y T i, i)
. serve tha u(z, y; = —exp [ ——— = —u(z,y;t).
oy at dmt T 4t 2t Y
2 —1 z? z? 1
Thus, 0 u(z,y;t) = ;u(x,y;t) + M—zu(x,y;t) = = u(z,y;t).
Likewise, 82 u(z,y;t) = i _L u(z,y; t)
» 9y > Y5 12 2 Ui t).
2 2
Hence A ) = 82 ; 82 o= (g ol ;
ence A u(z,y;t) = cu(z,yit) + Oju(e,y;t) = pre) + w2 u(z, y;t)
-1 a? 4+ y?
= T’U«(I,y;t) + Tu(z,y;t)'
-1 2?2 4 2
Meanwhile, 0t u(z,y,;t) = — u(z,y;t) + Tu(z,y;t) = Au(z,y;t), as desired.
t t
6. (a) Oz h(z,y) = - cosh(az) - sin(By),
thus, 83: h(z,y) = a?. sinh(ax) - sin(By) = o?. h(z,y).
Likewise, 9y h(z,y) = B -sinh(ax) - cos(By),
thus, 85 h(z,y) = —pB2 - sinh(az)- sin(By) = —pB2 - h(z,y).
Hence, Ah(z,y) = 02h(z,y)+02h(z,y) = o h(z,y)—p2 h(z,y)

= (a?-p2)  h(z,y)

(b) (hisharmonic) <= (Ah = 0) <= a2—ﬁ2:O)

Solutions to §3.41

1. (a) Oz u(xz,t) = Tcos(7x)cos(7t), and Bi u(x,t) = —49sin(7x) cos(7t). Likewise, Ot u(x,t) = —7sin(7x)sin(7t), so that
83: u(x,t) = —49sin(7x) cos(Tt) = 32 u(xz,t), as desired.
(b) 8z u(x,t) = 3cos(3z)cos(3t), and 83: u(xz,t) = —9sin(3z)cos(3t). Likewise, 9¢ u(z,t) = —3sin(3x)sin(3t), so that
Bi u(z,t) = —9sin(3z)cos(3t) = Bg u(z,t), as desired.
(¢) 8z u(z,t) -2 d 82 u(z,t) 6 hile 8; u(z,t) (1?2 2 d 02 u(z,t)
c u(x, = ——, an u(w, = ———, while 8¢ u(w, = = , an u(z, =
’ (@— 13 : (@— b ' (@ — 1) (@ — 1) ‘
6 6
(-1 —— = —— = B u(z,t).
(z—t)* (z — )4
(d) 8z u(z,t) = 2(xz—t)—3 and aﬁ u(z,t) = 2, while 8z u(z,t) = —2(z—t)+3 and Bg u(z,t) = (-1)2.2=2= Bi u(z,t).
(e) Oz v(z,t) = 2(z—t), and aﬁ v(z,t) = 2. Likewise, 8t v(z,t) = —2(z—t), and Bgv(z,t) = (-1)2%.2 = 2 = Bi v(z,t),
as desired.
2. Yes, u satisfies the wave equation. To see this, observe: 8z u(z,t) = f'(x —t), and 83: u(x,t) = f"(x — t). Likewise,
Oy u(x,t) = —f'(xz —1t), and Bg w(z,t) = (=1)2f"(x—1t) = f'(z—t) = Bg u(z,t), as desired.

3. Since 872: and 8? are both linear operators, we have:
o2 w(z,t) = B307u(z,t) — 20 v(z,t) = B302u(w,t) — 202v(z,t) = 02w(z,t),
as desired.

4. Since Bi and 8? are both linear operators, we have:

2 w(z,t) = 507 u(w,t) + 207 v(w,t) 502 u(z,t) + 202v(z,t) = 82 w(=,t),
as desired.

5. One way to do this is to observe that sin(xz + t) and sin(x — t) are both solutions, by problem #4 and thus, their sum is also a
solution, by problem #E Another way is to explicitly compute derivatives:

Oz u(xz,t) = cos(x+t)— cos(x —t) and 32 u(z,t) = —sin(z+t) + sin(z — t),
while

Ot u(z,t) = cos(z+t)+ cos(z —t) and 8? u(z,t) = —sin(z+1t)+ (71)2 sin(z — t)
= —sin(z + t) + sin(z — t).

Thus, 8? u = Bg u, as desired.
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6. (a) Oz u(z,y;t) = (Bz sinh(Bz)) - cos(5y) - cos(4t) = 3cosh(3z) - cos(5y) - cos(4t).
Thus, 872: u(z,y;t) = 3 (81 Cosh(Bz)) - cos(5y) - cos(4t) = 9sinh(3z) - cos(5y) - cos(4t)
= u(z,y;t).
Likewise, 9y u(xz,y;t) = sinh(3z) - (By Cos(Sy)) - cos(4t) =  —5sinh(3z) - sin(5y) - cos(4t).
Thus, 63 u(x,y;t) =  —5sinh(3x) - (By sin(5y)) -cos(4t) =  —25sinh(3x) - cos(5y) - cos(4t)
= —25y(=,y;t).
Thus, Awu(z,yit) = 02 ulx,y;t) +3§ u(z,y;t) = 9u(z,y;t) — 25u(z, y; t)
= —16u(z, y; t).
Meanwhile, 0t u(z,y;t) = sinh(3z) - cos(5y) - (Bt Cos(4t)) =  —4sinh(3z) - cos(5y) - sin(4t)
Thus, Btz u(x,y;t) =  —4sinh(3z) - cos(by) - (Bt sin(4t)) = —16sinh(3x) - cos(5y) - cos(4t)
= Au(z,y;t), as required.
(b) 8z u = cos(z)cos(2y) sin(v/5t), and 8?0 u = —sin(z)cos(2y)sin(v/5t) = —u.
9y u = —2sin(x)sin(2y) sin(+/5t), and 85 u = —4sin(z)sin(2y)sin(v5t) = —4du.
Thus, Au = Biu-&-ﬁgu = —u —4u = —5u.
9t u = +/5sin(z) cos(2y) cos(1/5t), and Btz u = —5sin(z)sin(2y)sin(v/5t) = —5u = Au, as desired.
(¢) Oz u = 3cos(3z — 4y) cos(5t) and 32 u = —9sin(3z — 4y) cos(5t) = —9u.
Oy u = —4cos(3xz — 4y) cos(5t), and 85 u = (—1)3.16sin(3z — 4y) cos(5t) = —16u.
Thus, Au = 8; u + 85 u = —9u — 16u = —25u.
Ot u = —5sin(3z — 4y) sin(5t) and 8? u = —25sin(3z — 4y) cos(5t) = —25u = Awu, as desired.
Solutions to §4.7]
Lo = 2 e
. wi(x) = — — wi(x).
L Wt n 2 t
Also, 9 -1 Thus, 52 - (2 ’ vy
80, Oy wi(x) = —meviwi(x). Thus, 85, wi(x) = | Zmev1 ) wilx) e @t
Meanwhile, 8z2 w=0= Bmg w = 0, because w does not depend on the xzo or z3 variables.
Thus,
" A ) "% 52, et e
— wt(x = — wt(x = —  ——— wi(x
2me t 2me *1 t 2me h2 ¢
2 s 2
mevy ( h ) (—1) Mevy
= — wi(x = — — ) — wi(x
5 @i (®) = - 5 @t (0
TRpS L e i - 9y we ()
= ik — wi(x = ik 0, wi(x),
h 2 t t WYt
as desired.
2. Bwe(x) = 5 |v[2wi(x)
8x1 wt(x) = ivjwe(x). Thus, 832?1 wi(x) = (ivl)zwt(x) = —vfwt(x)A
8z2 wt(x) = ivgwe(x). Thus, Bi wi(x) = (iv2)?wi(x) = 7v§wt(x).
. 2 s 2 2
813 wt(x) = ivgw(x). Thus, 813 wi(x) = (ivg) wi(x) = —vzwi(x).
Thus, Aw¢(x) = 8;1 we(x) + 8%2 we(x) + 8%3 wi(x) = 7(v%+v§+v§)wt(x) = \v\zwt(x)
Thus,
+2
0, w = 72' V2w = %1 V2w = %1 V2w = %1 A w, as desired.
Solutions to §5.4]
1. (a) Linear, homogeneous. £ = d; — A is linear, and the equation takes the (homogeneous) form £(u) = 0.

(b) Linear, nonhomogeneous. £ = A is linear, and the equation takes the (nonhomogeneous) form A(u) = q.

(c¢) Linear, homogeneous. £ = A is linear, and the equation takes the (homogeneous) form A(u) = 0.
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(d) Nonlinear. To see that the operator £ is not linear, first recall that det [ a Z ] = ad — be. Thus,
92w Op 0y u 2 2 2
— x Y = . —
e = am| 5, 2B ] o (o) (o) - (eoy)
Thus, L(u+v) = (Bi (u+ 'u)) . (8 (u+ 'u)) — (92 0y (u+ 1)))2

2
Yy
(2u + 0Zv) - (93w + O3v) — (9w dyu + s 0yv)>

= (22w (25m) y(aiv) (@) + (22u) - (95v) + (220) - (25 )

— (82 0y u)? — 2 (85 0y u) (8y By v) — (8x By v)?

while £(u) + £(v) = (87u)-(8)u) = (020, u)* + (030)- (07 v) — (92 0y v)*. Thus,

x
Luto) = (@ +Lw) = (92u)-(95v) + (03v)- (05u) — 2(0 0y u) (s 0yv) # O
(e) Nonlinear. To see that the operator £ is not linear, observe that

Lu+v) = t(ut+v)—A(u+v) — qgo(u+v)
= Otu + Orv — Au — Av — go(u+v)

On the other hand, L(u)+ L(v) = 8tu + 8tv — Au — Av — gou — gowv. Thus,
E(u+v)—(£(u)+£(v)) = gqou + gov — go(u-+w)

and this expression is not zero unless the function g itself is linear.

(f) Nonlinear. To see that the operator L is not linear, first use the chain rule to check that 9, (gou)(x) = ¢’ ou(x)-dpu(x).
Thus,

L(u+v) = Ot(u+v)—0z(qou)(x) = Otu + v + [q, o (u+v)] - (Ozu + Ogv)

Oru + Orv + [qlo(u—s-v)}-ﬁmu-&- [qlo(u-kv)]-agIc
On the other hand, L(u)+ L(v) = 8tu + 8tv + [¢' oul-8zu + [¢’ ov]-dgv. Thus,
L(u+v) — (E(u)+£(v)) = [q,o(u+v)—q/ou]-8mu+ [q/o(u+v)—q,ov}-3mv # 0

(g) Linear, homogeneous. The equation takes the (homogeneous) form £(u) = 0, where £(u) = A — X - u is a linear operator

To see that L is linear, observe that, for any functions v and v,

Lu+v) = ANu+v) — A (ut+v) = Au+ Av — X-u — A-v = L(u)+ L(v).
(h) Linear, homogeneous. £ = 9y — 62 is linear, and the equation takes the (homogeneous) form L(u) = 0.
(i) Linear, homogeneous. £ = 9y — 6;1 is linear, and the equation takes the (homogeneous) form L(u) = 0.
(j) Linear, homogeneous. The equation takes the (homogeneous) form L£(u) = 0, where L =08 —i A —q- u.

To see that L is linear, observe that, for any functions v and v,

L(u+v) = t(ut+v) — iA(u+v) — g-u(u+v)
= Otu + Otv — ildAu —idv — qg-u — q-v = L(u)+ L(v)

(k) Nonlinear. To see that the operator £ is not linear, observe that

L(u+v) = 0t(ut+v)— (u+t+wv): 0z (u+v)
= Otu + Otv — u-Ozgu — v-Ogu — u-Oxgv — v-Ogv.
However, L(u)+ L(v) = Otu — u-0zu + Otv — v-9gzv.
Thus, L(u+wv) — L(u)—L(v) = —v-0zu — u-9zv F# 0.

(1) Nonlinear. To see that £ is not linear, recall that the Triangle inequality says |a + b| < |a| + |b|, with strict inequality if
a and b have opposite sign. Thus,

Lu+v) = [0z(u+v)] = [0zu + Ozv| < |0zul + |[0zv] = L(u)+L(v),

with strict inequality if Oz u and O v have opposite sign.
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2. (a)

(b)

(©)

()

()

(h)

(k)

@

(m)

to 0.4 375

Bi u(z,y) = —u(z,y) = 85 u(z,y). Thus, Au(z,y) = aﬁ u(z,y)+8§ u(z,y) = —2f(x,y). Hence| u is an eigenfunction

of A, with eigenvalue

Bgu(ac,y) = —sin(z), while 8§u(ac,y) = —sin(y). Thus, Au(z,y) = 8£u(ac,y)+8§u(ac,y) = —sin(z) — sin(y) =

—u(z,y). Hence | u is an eigenfunction |of A, with eigenvalue

83: u(x,y) = —4cos(2x), while 35 u(z,y) = —sin(y). Thus, Au(z,y) = 33 u(ac,y)+3§ u(z,y) = —4sin(z)—sin(y) #

A u(z,y), for any A € R. Hence| w is not an eigenfunction | of A.

Oz u(xz,y) = 3cos(3z) - cos(4y), and aﬁ u(x,y) = —9sin(3z) - cos(4dy) = —9u(z,y). Likewise 9y u(x,y) = —4sin(3zx) -
sin(4y), and 85 u(xz,y) = —16sin(3x) - cos(4dy) = —16u(z,y).

— 2 2 _ _ : . . . .
Thus, Au = 9z u + O7u = —9u — 16u = —25u, so u is an eigenfunction, with eigenvalue .
9z u(xz,y) = 3cos(3z), and Bazc u(x,y) = —9sin(3z). Likewise 9y u(x,y) = —4sin(4y), and 85 u(z,y) = —16cos(4y).
Thus, Au(z,y) = 872: u(z,y) + 8?0 u(z,y) = —9sin(3z) — 16 cos(4y), so u is not an eigenfunction.
Oz u(xz,y) = 3cos(3z), and 83: u(x,y) = —9sin(3z). Likewise 9y u(x,y) = —3sin(3y), and 85 u(z,y) = —9cos(3y).
Thus, Au(z,y) = Bg u(z,y) + 832 u(z,y) = —9sin(3z) — 9cos(3y) = —9u(z,y), so u is an eigenfunction, with
eigenvalue
Oz u(z,y) = 3cos(3z) - cosh(4y), and 8?0 u(x,y) = —9sin(3z) - cosh(4y) = —9u(x,y). Likewise 9y u(z,y) =

4 sin(3z) - sinh(4y), and 85 u(z,y) = 16sin(3z) - cosh(4dy) = 16u(z,y).
Thus, Au = Bg u + Bi u = —9u + 16u = Tu, so u is an eigenfunction, with eigenvalue 4

9z u(x,y) = 3cosh(3z) - cosh(4y), and 83: u(x,y) = 9sinh(3z)-cosh(4y) = 9u(w,y). Likewise 9y u(z,y) = 4sinh(3z)-
sinh(4y), and 85 u(z,y) = 16sinh(3z) - cosh(4y) = 16u(z,y).

Thus, Au = 8: u + 872: u = 9u + 16u = 25u, so u is an eigenfunction, with eigenvalue .
9z u(x,y) = 3cosh(3z), and Bi u(x,y) = 9sinh(3z). Likewise 9y u(x,y) = 4sinh(4y), and 33 u(x,y) = 16cosh(4y).
Thus, Au(z,y) = 8% u(z,y) + Bg u(z,y) = 9sin(3z) + 16 cosh(4y), so u is not an eigenfunction.

9z u(x,y) = 3cosh(3z), and 33 u(x,y) = 9sinh(3z). Likewise 9y u(x,y) = 3sinh(3y), and 35 u(x,y) = 9cosh(3y).

Thus, Au(z,y) = Bazc u(z,y) + Bi u(x,y) = 9sinh(3z) + 9cosh(3y) = 9u(x,y), so u is an eigenfunction, with
eigenvalue A

Oz u(x,y) = 3cos(3z + 4y), and 32 u(z,y) = —9sin(8z +4y) = —9u(x,y). Likewise 9y u(x,y) = 4cos(3z + 4y), and
85 u(z,y) = —16sin(3z +4y) = —16u(z,y).

Thus, Au = 62 u + 83: u = —9u — 16u = —25u, so u is an eigenfunction, with eigenvalue

Oz u(xz,y) = 3cosh(3z + 4y), and 33 u(x,y) = 9sinh(3z +4y) = 9u(wx,y). Likewise 9y u(x,y) = 4cosh(3z + 4y), and
85 u(z,y) = 16sinh(3z + 4y) = 16u(z,y).

Thus, Au = 8?0 u + 872: u = 9u + 16u = 25u, so u is an eigenfunction, with eigenvalue .

8z u(w,y) = 3sin?(x)cos(x) - cos(y), and
82 u(z,y) = (765in(z) cos?(z) — 3sin3(z)) - cos(y)
Likewise 9y u(z,y) = —4sin®(z) - cos®(y)sin(y), and
2u(z,y) = sin’(x)- (—12 sin? (y) cos? (y) — 4cos4(y))
Thus, Au(z,y) = (7651n(z)cos2(z) - 351n3(z)) - cos(y)

+ sing(ac) . (—12 sinz(y) Cosz(y) - 4cos4(y)) s

so u is not an eigenfunction.

_ a3z 4y 2 _ o.3¢ . 4y _ o _ 43¢ 4y 2 _
Oy u(x,y) = 3e°” - e, and 97 u(z,y) = 9e°% - e = 9u(z,y). Likewise 9y u(x,y) = 4e°? -e*Y, and 9, u(z,y) =
16e3% . e = 16u(z, y).

Thus, Au = 92 u + Bi u = 9u + 16u = 25u, so u is an eigenfunction, with eigenvalue .

T

0z u(z,y) = 3e3%, and 872: w(z,y) = 9e3%. Likewise Oy u(z,y) = 4e*Y | and 85 uw(z,y) = 16e*V.
Thus, Au(z,y) = Bazc u(x,y) + Bi u(z,y) = 9e3% 4+ 1664y, so u is not an eigenfunction.
9z u(z,y) = 3e3%, and Bi u(z,y) = 9e3*. Likewise Oy u(z,y) = 3e*Y, and 85 w(z,y) = 9e*V.

Thus, Au(z,y) = 8% u(z,y) + 8; u(z,y) = 9e3% 4 9%V = 9u(z,y), so u is an eigenfunction, with eigenvalue IEI
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Solutions to §6.3]

1. Evolution equation of order 2. The order of A is 2. The isolated 9; term makes it an evolution equation.
2. Nonevolution equation of order 2. The order of A is 2. There is no 9; term, so this is not an evolution equation.
3. Nonevolution equation of order 2. The order of A is 2. There is no d; term, so this is not an evolution equation.

4. Nonvolution equation of order 2. The operators Bg, 9z Oy, and 63 all have order 2. There is no 8¢ term, so this is not an
evolution equation.

5. Evolution equation of order 2. The order of A is 2. There is an isolated 8¢ term, so this is an evolution equation.
6. Evolution equation of order 1. The orders of 8 and 8; are both 1. There is an isolated 8¢ term, so this is an evolution equation.
7. Nonevolution equation of order 2. The order of A is 2. There is no d; term, so this is not an evolution equation.

8. Evolution equation of order 3. The order of 82 is 3. The isolated 9; term makes it an evolution equation.

9. Evolution equation of order 4. The order of 8: is 4. The isolated 9: term makes it an evolution equation.
10. Evolution equation of order 2. The order of A is 2. The isolated 9; term makes it an evolution equation.
11. Evolution equation of order 1. The order of 9, is 1. There is an isolated 9; term, so this is an evolution equation.

12. Nonevolution equation of order 1. There is no time derivative, so this is not an evolution equation. The operator 8, has order
1.

Solutions to §6.7]

1. First note that 8[0, 7] = {0, 7}.

(a) sin(3-0) = 0 = sin(3w), so sin(3z) is zero on {0, 7}, so we have HDBC.

9z sin(3xz) = 3cos(3z), and cos(3-0) = 1, while cos(3-7) = —1. Thus, sin(3x) satisfies neither HNBC nor PBC.
(b) To see that u satisfies homog. Dirichlet BC, observe:

u(0) = sin(0) + 3sin(0) — 4sin(0) = 0+ 0 — 0 =0, and

u(m) = sin(w) 4 3sin(27w) — 4sin(77r) = 04+0—0=0.

To see that u does not satisfy homog. Neuman BC, observe:

u’(0) = cos(0) + 6cos(0) — 28cos(0) = 1+6 —28 = —21 # 0, and

uw/(w) = cos(m) 4 6cos(2m) — 28 cos(7m) 1 + 6 4 28 = 37 # 0.

Finally, u(0) = u(w). However, to see that u does not satisfy Periodic BC, observe that u/(0) = 21 # —37 = u/(=).

(c¢) To see that u does not satisfy homog. Dirichlet BC, observe:

u(0) = cos(0) + 3sin(0) —2cos(0) = 14+0—2 = —1# 0, and

u(m) = cos(mw) + 3sin(3w) — 2cos(6r) = —1—-0—2= -3 #0.

To see that u does not satisfy homog. Neuman BC, observe:

u/(0) = —sin(0) + 9cos(0) + 12sin(0) = 9 # 0, and

uw'(w) = —sin(xw) + 9cos(37) + 12sin(6w) = —9 # 0.

Finally, to see that u does not satisfy Periodic BC, observe that u(0) = —1 # —3 = u(w).

(d) To see that u satisfies homog. Dirichlet BC, observe:
u(0) = 3+ cos(0) —4cos(0) =3+1—4 = 0, and u(w) = 3+ cos(2mw) —4cos(6wr) =3+1—4 = 0.
To see that u satisfies homog. Neuman BC, observe:
u/(0) = —2sin(0) — 24sin(0) = 0, and v/(7) = —2sin(27w) — 24sin(6w) = 0.
Finally, to see that u satisfies Periodic BC, observe u(0) = 0 = u(7) and that u/(0) = 0 = u’(n).
(e) To see that u does not satisfy homog. Dirichlet BC, observe:
u(0) = 54 cos(0) —4cos(0) =5+1—4 = 2, and u(w) = cos(2w) —4cos(bm) =5+1—4 = 2.
To see that u satisfies homog. Neuman BC, observe:
u/(0) = —2sin(0) — 24sin(0) = 0, and u'(7) = —2sin(27) — 24sin(67) = O.
Finally, to see that u satisfies Periodic BC, observe u(0) = 2 = u(n) and that v’ (0) = 0 = /(7).

2. First note that 8 [—m,n] = {—m, w}.

(a) To see that u satisfies homog. Dirichlet BC, observe:
u(—m) = sin(—=) + 5sin(—2n) — 2sin(—3w) = 0, and wu(w) = sin(w) + 5sin(27) — 2sin(37) = 0.
To see that u does not satisfy homog. Neuman BC, observe:
u/(=7) = cos(—7) + 10cos(—2m) — 6cos(—3w) = —1+10+6 = 15 # 0, and
u/(7) = cos(m) 4+ 10cos(27) — 6cos(3n) = —1+10+6 = 15 # 0.
Finally, to see that u satisfies Periodic BC, observe u(0) = 0 = u(7) and that u’(0) = 15 = u’ (7).
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(b) To see that u does not satisfy homog. Dirichlet BC, observe:

u(—m) = 3cos(—m) — 3sin(—27w) —4cos(—27) = —3—-0+4=1%#0, and

u(m) = 3cos(mw) — 3sin(27w) —4cos(2w) = —3—-0+4=1%#0.

To see that u does not satisfy homog. Neuman BC, observe:

u'(—7) = —3sin(—7) — 6cos(—27) + 8sin(—27) = —6 # 0, and

u'(7) = —3sin(w) — 6cos(27) + 8sin(27) = —6 #0 .

Finally, to see that u satisfies Periodic BC, observe u’(0) = —3 = u/(7) and that u/(0) = —6 = u/(n).

(c¢) To see that u satisfies homog. Dirichlet BC, observe:
u(—7w) = 6+ cos(—7) —3cos(—27) =6 —-1—3=2%#0, and
u(m) = 6+ cos(mw) —3cos(2r) =6 —1—3=2#0.
To see that u satisfies homog. Neuman BC, observe:
u/(=7) = —sin(mw) —6sin(27r) = 040 = 0, and u'(w) = —sin(w) —6sin(27) = 0+0 = 0.
Finally, to see that u satisfies Periodic BC, observe u/(0) = 2 = u/(7) and that «/(0) = 0 = u/ (7).

3. First note that

a0, 7% = ({o} x [O,W]) U ({w} x [0, 7r]) U ([0, 7 x {o}) U ([O,W] x {o}).

= {(z,y)e[o,w]z;eitherz:Oorz:wory:Oory:Tr}.

(a) f satisfies homogeneous Dirichlet BC, because

f(0,y) = sin(O) siAn(y) = 0-sin(y) = 0;
f(m,y) = sin(w)sin(y) = 0-sin(y) = 0;
f(xz,0) = sin(xz)sin(0) = sin(z)-0 = 0;
f(z,w) = sin(z)sin(x) = sin(z)-0 = 0;
f does not satisfy homogeneous Neumann BC, because 9z f(z,y) = cos(z)sin(y), so 81 f(0,5) = -0 f(0,%) =
—cos(0) -sin(F) = —1-1 = —1#0.
(b) g does not satisfy homogeneous Dirichlet BC, because g(0, 5) = sin(0) +sin(%) = 0+1 = 1#0.
g does not satisfy homogeneous Neumann BC, because 9y g(z,y) = cos(z),so 81 g(0,5) = —029(0,F) = —cos(0) =

—1#0.
(¢) h does not satisfy homogeneous Dirichlet BC, because h(0,0) = cos(0)-cos(0) = 1-1 = 1#0.
h does satisfy homogeneous Neumann BC, because:

0L h(0.y) = -0,9(0,y) = 2sim(0) = O
91 h(m,y) = Oz g(m,y) = —2sin(27) = 0
0L h(z,0) = —0,g(x,0) = sin(0) = o
9, h(z,m) = Ay g(z,7) = —sin(xw) = 0.
(d) To see that u satisfies homog. Dirichlet BC, observe:
u(0,y) = sin(0)sin(3y) = 0; wu(w,y) = sin(5w)sin(3y) = 0;
u(z,0) = sin(5z)sin(0) = 0; wu(z,w) = sin(5z)sin(37) = 0.
To see that u does not satisfy homog Neumann. BC, observe:
9z u(0,y) = b5cos(0)sin(3y) = 5sin(3y) # 0; Oz u(m,y) = 5cos(bw)sin(3y) = —5sin(3y) # 0;
9y u(xz,0) = 3sin(5x)cos(0) = 3sin(5z) # 0; 9y u(x,n) = 3sin(5zx)cos(3w) = —3sin(5z) # 0.

Finally, u(0,y) = wu(w,y) and u(z,0) = u(x, ). However, to see that u does not satisfy periodic BC, observe: 9, u(0,y) =
5sin(3y) # —5sin(3y) = Oz u(mw,y). Likewise, 9y u(0,y) = sin3(5z) # —3sin(bz) = 9y u(m,y).
(e) To see that u does not satisfy homog. Dirichlet BC, observe:
u(0,y) = cos(0)cos(7Ty) = cos(7y) # 0; wu(mw,y) = cos(—2m)cos(7y) = cos(7y) # O0;
u(xz,0) = cos(—2x)cos(0) = cos(—2z) # 0; wu(z,7) = cos(—2x)cos(7w) = —cos(2z) # O.
To see that u satisfies homog. Neumann BC, observe:
Oz u(0,y) = 2sin(0)cos(7y) = 0; Iz u(m,y) = 2sin(—2m)cos(7y) = 0;
Ay u(z,0) = —Tcos(—2x)sin(0) = 0; 9y u(z,w) = —T7cos(—2z)sin(77) = 0.
Finally, to see that u does not satisfy periodic BC, observe that u(z,0) = —u(z,n).

4. First note that 9D = {(r,0); » = 1}.

(a) Evaluating v on the boundary, we get: u(1,0) = (1 — 12) = 0. Thus, u satisfies HDBC.
Also, 81 u(r,0) = 2r,so &, u(1l,0) = —2. Thus, u does not satisfy HNBC.
(b) To see that u satisfies homog. Dirichlet BC, observe: u(1,0) = 1—1=0.
To see that u does not satisfy homog. Neuman BC, observe: 9, u(r,0) = —37"2, Thus, 9r u(1,0) = —3 #0.
(c¢) To see that u does not satisfy homog. Dirichlet BC, observe: u(r,0) = 34 (1 —1) =3 # 0.
To see that u satisfies homog. Neuman BC, observe: 9, u(r,0) = —4r - (1 — 7‘2), Thus, 9ru(1,0) = —4-0 =0.
(d) To see that u satisfies homog. Dirichlet BC, observe: u(r,0) = sin(0)-(1 —1) = sin(0) -0 = 0.
To see that u satisfies homog. Neuman BC, observe: 9, u(r,0) = —4sin(0)-r-(1—r?), Thus, 9 u(1,0) = —4sin(6)-0 = 0.
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(e)
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u satisfies homogeneous Dirichlet BC because, for any 0 € [0, 27], cos(1,0)(e — el) = cos(20)(e — e) = 0.
u does not satisfy homogeneous Neumann BC because 9,ru(1l,6) = cos(20)e”. Thus, for any 6 € [0,27], 8, u(1,0) =
ru(1,0) = cos(20)e! = ecos(20), which is not necessarily zero. For example, d, (1,0) = cos(0)e = e # 0.

5. First note that 8B = {(1,0,¢) ; r = 1}.

(a)

(b)

To see that u satisfies homog. Dirichlet BC, observe: u(1,6,¢) = (1 —1)% =02 =o0.
To see that u satisfies homog. Neuman BC, observe: 8, u(r,6,¢) = —2.(1 —r), Thus, 9ru(1,0,9) = —2-0 =0.

To see that u does not satisfies homog. Dirichlet BC, observe: u(1,0, ) = (1 —1)% 45=15# 0.
To see that u satisfies homog. Neuman BC, observe: 8, u(0,0,¢) = —3:(1 —r)2, Thus, 9, u(1,0,¢) = —3:02 =0.

Solutions to §7.7]

1.

(a)

(d)
()

(c)

1 1 -1 =1 -1 1
2 —2nx —2nz |T —2n —2n

f2:/facd:c:/e de = —e de = — (e —1) = — (1-—e . Thus

Il nHz o (z) o 2n =0 o2n ) 2n ( ) ’
_ 1 _ _—2n\1/2
Il = oA (1 )
1 _ 1/2

Yes, becase 7%1_1>n0 [ frlly = 7}1_1?0 \/—2? (1 —e 2") / = 0.

[[frnlloe = 1 for any n € N. To see this, observe that, 0 < fn(z) < 1 for all € (0, 1]. But if z is sufficiently close to 0,
then fn(xz) = e~ "7 is arbitrarily close to 1.
No, because || fn|lo, = 1 for all n.
Yes. For any =z > 0, lim fp(z) = lim e ™" = 0.

n-— o0 n-— oo

Yes. For any z € [0, 1], find some N € N so that % < x. Then % < z for allm > N, so fp(z) =0 for all n > N.

1 2/n 2/n
a3 = /0 Reyde = [F(vm)? de = [T nde = Dot Thus gl = 1

/n /n n
No, because || fn|ly = 1 for all n.
[[fnlloe = +/mn for any n € N. To see this, observe that , observe that, 0 < fn(z) < /n for all z € (0,1], and also,
o () = vm.
No, because || fnlo = +/n for all n.
[fnllee = ﬁ for any n € N. To see this, observe that , observe that, 0 < fp(z) < ﬁ for all z € (0, 1], and also,
fn(1) = ﬁ
Yes, because || fnllo = ﬁ == 0.

Yes, because uniform convergence implies pointwise convergence. To be specific, for any € > 0, let N > % Then for any
€

n > N, and any = € R, it is clear that |f(z)| < \lf <

=
2
2 oo 2 n 1 n 1 n
I3 = [~ s2@ae = ["(5=) @ = ["=de= =1 Thus 7l
—oo 0 N 0 n n

= €.

o

= 1.
No, because || fnl|l = 1 for all n.
Yo F 0,1 li li ! li ! ! ! li 71
es. or any =z € (0, 1], anoofn(z) = lim_ = = anoo%Tﬁ T\/E im = 3\/5
1
lim —
n—oo
1 1 3 3 |z=1 3
2 1 x
Ifnllz = dz = / 5z dr = —(nz) /3 = - (n1/3 - 0)
o (nz)2/ n z=0 n
3'I’L1/3
- =
V3
Thus, Ifull = \| 75 = | =75

3 1
Yes, because lim |[fnlly, = lim - = 3:- lim — = v3-0 = 0.
n—oo n—oo \| n V7 nse g

Fix n € N. Since the function f,(z) is decreasing in z, we know that the value of fy(z) is largest when =z is close to zero.

1 1 1
. . 3 .
R = ‘ = — 1 — 1 . — — .1 _ =
Thus, ||fnlleo oSuP fn (@) o SuP fn (@) Jim fn (@) Jimy = — - Jim,
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5 (a)

(b)

(c)

(d)

(e)

6 (a)

(b)

(c)

(d)

to 9724 379

No, because lim |[[fnl, = lim oo = oo # 0.
n-— oo n-— oo
No. Let 0. Then lim £, (0) li ! lim 1 # 0
o. Let z =0. en lim = im —m— = im — = .
n=oo *" n—oco ((n-0)+ 1)2 n—oo 1
2
1 1 1 1 1 1 fn+l 1 1 -1 +1
2 2 n
f = / fn(x de = / de = / ——dx = 7/ —dy = ——=
ll7nll2 0 1fn (@)l 0 | (nz+1)2 0 (nz+1)4 n J1 yt n 3y3 11
1 1
— 1=
3n (n+1)3
Thus, || e
us = — -
2 3n (n+1)3
Yes, because
lim | fnll li Ly ! li ! li !
im = im — -— = im — — lim —————
n oo 1M nSoo \| 3 (n+1)3 noo 3n n—0o0 3n(n + 1)3
= V0-0 = o

Fix n € N. Since the function fy (z) is decreasing in =, we know that the value of f, (x) is largest when z is zero. Thus,

nllee = max [fa@| = fa@ =
No, because lim |[[fnl, = lim 1 = 1 # 0.
n—oo n=oo
Recall that sin(a) - sin(b) = —% (cos(a + b) — cos(a — b)) Thus,
1 1 B —1 r=
(f,g) = — / f(z) g(z)de = — / sin(3z) - sin(2z) do = — / cos(3z + 2z) — cos(3z — 2z) dzx
1X| Jx 7 Jo 27 Jo
-1 e ks —1 1 = =T
= — cos(5x) dx — / cos(x dac) = — (— sin(5x — sin(x )
2m (/0 (o) 0 2 27 \5 ( )‘Z:O ( )‘x:()

_ ;{(é(ofo)Jr(OfO)) =

Recall that sin(a) - sin(b) = —% (cos(a + b) — cos(a — b)) Thus,
(f,g) = 2+ / f(z)-g(z) dez = /ﬂ- sin(nz) - sin(mz) de = ey cos(nz + mz) — cos(nz — mz) dx
|X| Jx 0 27 Jo
= ;—7: (/Oﬂ- cos [(n +m)z] de — /Oﬂ- cos [(n — m)x] dac)
= ;—7: (n-ll»mSin [(n + m)x] ‘;ig - _1msin [(n — m)x] |;ig>
—1 1 1
- ;<n+m(070)7 n—m(070)) -
Recall that sin(a) - sin(b) = 7% (Cos(a + b) — cos(a — b)) Thus,
o) = [ @@ de =~ [Tenma)sinme)de = [T cos(na +ne) — cos(na — na) d
g = X /X z) - g(z) de = 7(/0 sin(na) -sin(ne) o = ) cos(nz + nx cos(nz — nx) dx
-1 ™ ™ -1 1 r=m7 ™
= o (/0 cos(2nz) dz — /0 cos(0) dz) = P (% sin(2nz) |a.-:0 - /() 1 dz)
_ —1 1 0—0 _ -1 _ 1 T _ 1 _ 1
= w(me-o - = Sem = |5 v Wz =5 = 75
Recall that cos(a) - cos(b) = % (cos(a + b) + cos(a — b)) Thus,
1 1 = 1 kL
(f,g) = @ /X f(z)-g(z) dz = - /0 cos(2z) - cos(3z) de = o /0 cos(2x + 3z) + cos(2z — 3x) dx
1 ™ T 1 1 . r=7 . T=m7
= ; (/() cos(bz) dz + /() cos(—x) dz) = ; (g sin(5x) ‘x:O — sin(x) ‘x:O)
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(e) Recall that cos(a) - cos(b) = % (cos(a + b) + cos(a — b)) Thus,
1 1 fm 1 kL
(f,g) = @ /X f(z) - g(z) de = - /() cos(nz) - cos(mz) dx om o cos(nz + mz) + cos(nz — mz) dz
= % (/07r cos [(n + m)x] de + /07r cos [(n — m)x] dac)
1 . z=m 1 . z=m
= o (n+msm [(n 4+ m)x] |m:0 + nimsm [(n — m)x] ‘xzo)

1 1 1
- ;(n-‘rm(OiO)Jr n—m(070)) -
(f) Recall that sin(a) - cos(b) = % (sin(a + b) + sin(a — b)) Thus,

= L d = 1 " 3 2z) d i " 3 2 in(3 2z) d
(f,g) = X /Xf(z)g(z) z = - /() sin(3z) - cos(2z) dz = Jo sin(3z + 2z) + sin(3z — 2z) dz
1 T L 1 /-1 z=m z=m
= ; (/0 sin(5z) dx + /0 sin(x) dac) = ; (? cos(5x) |m:0 — cos(x) ‘x:0>
1 —1 1 2 6
- 5 (FEew-u-=n-n) = (5+2) o
7. (a) Recall that sin(a) - sin(b) = 7% (Cos(a + b) — cos(a — b)) Thus,
1 1 L . —1 ™
(f,g) = @ /X f(z)-g(z) dez = o /77‘- sin(nz) - sin(mz) dz - . cos(nz + mz) — cos(nz — mz) dx
—1 ™ ™
= - (/77‘- cos [(n + m)z] de — /77‘- cos [(n — m)z] dz)
-1 . =T 1 . =T
- = (mmemte s ma [T - o mal [127)
—1 1 1
- = <n+m(0_0) - nim(o—o)) =
(b) Recall that sin(a) - sin(b) = —% (cos(a + b) — cos(a — b)) Thus,
(f,9) = \1¥| /X f(z) - g(z) de = i /::r sin(nz) - sin(nz) de = ;—; /:; cos(nx + nz) — cos(nz — nx) dx

-1 ™ ™ —1 1 =T ™
= — / cos(2nz) de — / cos(0) dz = — | — sin(2nx) | — / 1 dz
4m —7 — 47 \ 2n r=—m -

_ -1 1 0_0 9 _ —1 5 _ 1 Th _ 1 _ 1
= Lm0 - = o= s v Il =g =173
(¢) Recall that cos(a) - cos(b) = % (cos(a+ b) + cos(a — b)) Thus,
B 1 d - 1 ™ d 1 ™ d
(f,9) = ®/§§f(z)g(z) r = ; _ﬂcos(nz)<cos(mz) T ; ~ cos(nz + mz) + cos(nz — mz) dx
= ﬁ (/:; cos [(n + m)x] de + /:; cos [(n — m)x] dac)
= ﬁ (nim sin [(n 4+ m)x] |Z::rﬂ_ + — sin [(n — m)x] |Z::rﬂ_)

- ﬁ(njm(o_o)Jrnlm(o—o)) =

(d) Recall that sin(a) - cos(b) = % (sin(a + b) + sin(a — b)) Thus,

= i d = i " s 3. 2 d = i " s 3. 2 in(3 2z) d
(fs9) = | /X f(z) g(x) de = o /0 sin(3z) - cos(2z) de = o /0 sin(3z + 2x) + sin(3z — 2x) dx
= i (/()W sin(5z) dz + /()ﬂ- sin(z) dz) = i (%1 cos(5x) ‘zii" — cos(z) ‘ziiﬂ)

1

= ;<%1(—1—(—1))+(1—(—1))) - i(OJrO) _
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Solutions to §8.4]

™
1. Let I :/ e*? sin(nz) dx. Then
0

-1 - s
I = — (eaw cos(nx) - a/ e** cos(nzx) dz)
n =0 0
_ am 0 @ ax . T=T T oawm .
= — (e"" cos(nm) —e cos(0) — — |e” " sin(nx) ‘ - o e sin(nz) dx
n =0 0
= —(e (—1) 717—[(070)704»[]) = — | (-D" -1 4+ —1I
n n n n
B 1+ (—1)ntleam o2
N n n2
2 n+1l_am 2 2 n+l_am 2
e 1+ (-1 e n + «a 1+ (-1 e n
Thus, I+ —1 = # In other words, I = b . Thus, In other words, I = _ ]
n?2 n n?2 n n2 4+ a2
L Crteany a1 Cortiean)
= . Hence
n n2 —+ a2
2 2n (1+(—1)"+1e‘”)
B, = —I =
b m(n2 + a?)
0o 9 & n (1 + (_1)n+1emr)
Thus, the Fourier Sine series is: Bp sin(nz) = — —— = sin(nz).
S i) = |23 T (ne)
1 [= 1 = cosh(m) — 1
2. Ay = 7/ sinh(z) de = — cosh(z) ‘x T = #
m Jo T =0 ks
s
Next, let I = / sinh(x) - cos(na) dz. Then, applying integration by parts,
0
1 =1 ™ 1 ™
I = - (sinh(x) - sin(nx) | - / cosh(x) - sin(nx) dac) = (0-0) — —/ cosh(z) - sin(nz) dx
n z=0 0 n Jo
1 T=m7 ™ 1
= — (Cosh(z) - cos(nz) ‘ - / sinh(z) - cos(nz) dz) = — (CDSh(ﬂ') -cos(nmw) —1 — I)
n2 =0 0 n2
1
Thus, I = — ((*1)” -cosh(mw) =1 — I). Hence, (n2 +1)I = (=1)" - cosh(w) — 1.
n
—1)" - cosh(mw) — 1 2 2 (—1)" - cosh(mw) — 1
Hence, I = A Thus, A, = —I = — A
n2 +1 ™ ™ n? +1
Thus, the Fourier cosine series is:
>, cosh(w) — 1 2cosh(m) —2 & (—1)" - cos(nz)
sinh(z == Ap+ A,, cos(nz = +
(@) 3 0 WX:% n cos(nz) - - 712::1 21

™
3. Let I :/ cosh(az) sin(nz) dz. Then
0

—1 P T
I = — (cosh(ax)cos(nac) — a/ sinh(ax) cos(nx) dac)

n =0 o
—1 e =T ™

= — (cosh(our) cos(nm) — cosh(0) cos(0) — — {sinh(ax) sin(nx) ‘ 0 ~ a/ cosh(az) sin(nx) dac])
n n r= 0

1 2

- n e —1 n «

= — (cosh(our)(—l) -1 - —[(0-0) — a- I]) = — (cosh(onr)(—l) -1 + —1)
n n n n

_ 14 (—1)"*! cosh(ar) a? I

N n n2

2 n+1 2 2 n+1
1 —1 h 1 —1 h
Thus, I + a—] = w4 In other words, nta I = + (= cos (a7r)' Thus, In other words,
n2 n n2 n
s n2 1+ (=1)"*1 cosh(an) n (1 + (=1t cosh(aw)) .
— . = . Hence
n2 4+ a? n n2 4+ a2
2 2n (1 + (-1t cosh(our))
Bp = -1 =

m(n2 + a?)

3
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Thus, the Fourier S

1
4. First, Ag = 7/
™ J0

An

Thus, the cosine series is given:

5. (a) First note that Ag =

Next, for any n > 0,

Hence, A,

(b) For any n > 0,

Hence, Bp,

Thus, the Fourier sine ser

1 ™
6. First note that Ag = 7/ g
™ JO

Next, for any n >

Solutions to §84

oo 2 2 n (14 (=1)"*!cosh(ar)
ine series is: Z By, sin(nz) = — Z ( > > ) sin(nx).
n=1 g— n< + «
kL 1 122 |o=n 1 72
f(z) dz = 7/ zdr = —— ‘ = —— = —. Next,
T JO 7w 2 lz=0 T 2
2 rw 2 [ 2 z=m s
7/ f(x)cos(nx) dez = 7/ zcos(nx) de = — (ac sin(nx) ‘ - / sin(nx) dac)
T™J0 ™ Jo nm =0 0
2 1 r=m 2 2
— (7r sin(nm) — 0sin(0) + — cos(nz) | ) = —(0-0) + — (CDS(TLTI’) — CDS(O))
nm n z=0 nm n2m
2 n —2 2 if n odd
- n2m ((_1) - 1) T n2x { 0 if n even
™ 4 sl 1
f(x = - - = — cos(nz).
(@) y T r X esne)
n odd
1 T 1 /2 17 1
— / g(z) de = — lde = —— = -—.
™ JO 7™ JOo T 2 2
2 kg 2 /2 2 c=m/2
Ap = 7/ g(z) cos(nz) dez = 7/ cos(nz) dz =  — sin(nz) a=r/
T JO ™ JO nm x=0
= 2 (gn("T) sin(0) _ 2 [ (- if nis odd and n = 2k + 1
nm 2 nm 0 if n is even
2 (~DF i - . 1 2 & (-nk
= ™ 2k+1 ifnis odd and n =2k +1; Thus, the Fourier cosine series of g(z) is: | = + — Z (b cos ((Qk + l)x)
0 if n is even. 2 T opo 2k+1
2 [ 2 [w/2 -2 x=m/2
B, = —/ g(x)sin(nz) de = —/ sin(nz) de =  — cos(nx) v=r/
T™J0 ™ JO nm x=0
= 2 (s (PN _ cos(0) _ T2 (k-1 if n is even and n = 2k
T o 2 T oar -1 if n is odd
=2 if 7 is odd
= 0 ifn =0 (mod 4)
2 ifn=2 (mod 4)
X X 2 sin [(4k + 1)x] 2sin [(4k + 2)x] sin [(4k + 3)x]
ies of g(x) is: | — Z .
L w— 4k +1 4k 4 2 4k 4+ 3
1 /2 1 ™ 37 17
(z) do = 3*/ 1dz+7/ 1de = —_+ —— = 2.
m Jo T Jr/2 T 2 T 2
0,
2 (7 2 [m/2 2w
Ap = ,/ g(z) cos(nzx) de = 37/ cos(nx) de + */ cos(nz) dx
T Jo T Jo ™ Jr/2
6 r=7/2 2 =
= - sin(nz) |a.-:0 + o sin(nx) ‘x:ﬂ_/z
6 nmw 2 nm
= — (sin (—) — sin(O)) + — (sin(nw) — sin (—))
nm 2 nmw 2
- A (T _ A [ (- if nis odd and n = 2k + 1
nm nm 0 if n is even
a Db if n is odd and n = 2k + 1; 4 & =Dk
™ 2k+1 inis odd and m = + 15 Thus, the Fourier cosine series of g(z)is: |2 4+ — Z cos ((2k + 1)1)
0 if n is even. — 2k +1

z sin(nz) dx




Solutions to I3

™
Next, / z sin(nx)
/2

™
Finally, / 7 sin(nz) dz
/2

Putting it all together, we have:

/ﬂ- f(z)sin(nz) da
0
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/77
/2

nmw

2

cos(nx) dz:|

) - Lo,

|:z cos(nx) |ﬂ'/2
™

{Tr cos (nm) — gcos (

T (’ILTF) (-1)"nw 1 (nw)
— cos | — - —sin | — ] .
2n 2 n n2 2
-7 7r - nn nm
- cos(nx) ‘7\_/2 = — |:(7 )" — cos (—)]
(—1)ntix T (nw)
— 4+ —cos | — ] .
n n 2

/2 ™ s
/ / zsin(nz) de + / 7 sin(nz) de — / zsin(nz) dz
0 /2 /2

-7 nm 1 nm (=) tix T nm
= — cos | — —sin|{— )+ — 4+ —cos | —
2n 2 n?2 2 n n 2
(nw) (-1)"nm 1 (nw)
——cos [ — E— — sin [ —
2n 2 n n2 2
- 2 nm
= 2 sin ([ —
_ 2 [ (=1 if n is odd, and n = 2k + 1;
- n2 0 if n is even.
Thus,
4 k
2 T(fl) if n is odd, n = 2k + 1;
B, = 7/ f(z)sin(nz) dz nemw
™ JO
0 if n is even.
4 oo (71)7()
Thus, the Fourier sine series is f(z) = | — Z > sin(nx).
™
=1
nodd;
n=2k+1
2 /2
8. B, = = - z - sin(nz) dz

z /0" F(@) - sin(na) da

x=m/2
x cos(nx) ‘ /

2
™
nw =0
-2 /7 nm 1
= — | —cos (—) —0 — —sin(nz) ‘
nT \ 2 2 n
—1 nmw 2 nm
= —cos | — | + —— (sin| — | —
n 2 n2n 2
_ 1 (—1)F if n = 2k is even
- n 0 if n is odd
(71)k+1
—_ if n = 2k is even
n
N k
2:(-1) if n=2k+1liso
nem

Thus,the Fourier sine series is:

o0
Z B, sin(nz) =

n=1 k

Solutions to §I0.3l

4 ™ T 5
1. Bpm = 7/ / z“ - ysin(nz) sin(my) dz dy
™ JO 0

e {(—1)"“2:7r + # (G 1)] . {(_1)m+1%]

ax(—pntm . .
— if n is even
_1yntm —1ym
A (C1)7 16(=1) if n is odd
Tn3m

Thus, the Fourier Sine Series is:

oo

>

’)

dd

T Jo
/2
- / cos(nx) dac)
0
z=m/2
x=0

)

if n is even
on2x | (=DF  if n =2k + 1 is odd
(=pkHt 2 2- (=¥
BT sin(2kz) + Z Gh T2 sin ((2k + 1)1)

(2 o) (2 [ e )

dm(—1)ntm 8(—1)™

nm ™m3m

+ (1-(=D"). Thus, Bnm =

Bpm sin(nz) sin(my)
1

n,

-yt = (ym
— sin(nz) sin(my) + Z 5 sin(nz) sin(my).
1 m=1
" even
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Bom = %/O" /Oﬂ(x + y) sin(na) sin(my) do dy
- %/0” /07r o sin(na) sin(my) do dy + %/0” /Owysin(nz)sin(my) dw dy
- (% /O"xsin(mc) dac) - (% /07r sin(my) dy) + (; /07r sin(na) dac) - (% /)"ysin(my) dy)
(e (2R () e
—8 (=)™ if m is odd; (=™ if n is odd;
l— [({ 0 if m is even. ) + ({ 0 if n is even. )]

Thus, the Fourier Sine Series is:

_1)n oo _1)ym
( sin(nx) sin(my) + Z St
n,m=1
n odd

oo _8 oo
Z Bpm sin(nz) sin(my) = — Z
n,m=1 ” n,m=1

3 d

sin(nz) sin(my)

Bnm = % /()ﬂ- /07r cos(Nz) - cos(My) - sin(nz) - sin(my) dz dy
= (% /()ﬂ- cos(Nz) sin(nz) dz) . (% /07‘- cos(My) sin(my) dy)

0 if n + N is even 0 if m + M is even
) n if n+ N is odd. | m if m + M is odd
* _ if n is odd. _ if m is odd.
m(n2 — N2) m(m2 — M?2)
0 if either (n + N) or (m + M) is even;
16 -n-m
if (n + N) and (m + M) are both odd.
m2(n2

— N2)(m2 — M2)

where (*) is by Example BZX(b) on page Thus, the Fourier Sine Series is:

s 16 e n-m
Z Bpm sin(nz) sin(my) = — Z T YT T R sin(nz) sin(my).
nm=1 w2 =1 (07— N2)(m? — M?2)
both odd

4. Setting @ = N in Example B33 on page [[Z8l we obtain the one-dimensional Fourier sine series of sinh(Ny):

2sinh(N7) & n(—1)"t1

sin(ny).
™ ngl N2 +n2
Thus, the 2-dimensional Fourier Sine series of sin(Nz) - sinh(Ny) is
2sinh(Nw) & n(—1)"t1 2sinh(Nw) & n(—1)"t1
sin(Nz) - sin(ny) = sin(Nz) - sin(ny)
oy N2 4+ n?2 s oy N2 +n
Solutions to §TT.4l
1. Recall from the solution to problem #Elof &2l that:
1 2 X (—1F
The Fourier cosine series of g(x) is: — + — cos ((2k + 1)z
(@) 2 - go 2k +1 (¢ )=)
—2 sin [(4k + 1)z 2sin[(4k + 2)x sin [(4k + 3)x
The Fourier sine series of g(x) is: — Z ( I )] [ )zl + I ) ]> .
L — 4k 4+ 1 4k 4+ 2 4k 4+ 3

(a) u(=z,t) =
o i <exp (—(4k + 1)2¢) sin [(4k + 1)a] . 2exp (—(4k +2)2¢) sin [(4k + 2)a] Lo (—(ak + 3)2¢) sin [(4k +3)x]) -
4k +1 4k + 2 4k + 3




Solutions to IT.4

1 2 & )k 2
(b) u(z,t) = 3 + = kgo 31 exp (7(2k+1) t) - cos ((2k+1)z)4
(e) w(z,t)
>, [ sin ((4k + 1)t) sin [(4k + 1)z] 2sin ((4k + 2)t) sin [(4k + 2)x] sin ((4k + 3)t) sin [(4k + 3)x]
g (4k + 1)2 + (4k + 2)2 + (4k + 3)2 ’
2. (a) The sine series is

(b) First we compute the Fourier cosine coefficients:
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1 ™ -1 T=m —1 -1
Ay = = / sin(3z) de =  — cos(3x) = — (cos(37r) — cos(O)) = —(-1-1)
7 Jo 3T 3T 3m
B 27
T3
0 if 3 + n is even
PN 2
An = 7/ cos(nz) sin(3z) dz ﬁ — 2.3
™ JO U _ if 3 + n is odd.
(32 — n?2)
0 if n is odd
2
= - 6
™ _ if n is even.
m(9 — n2)
sl 27 12 el
where (x) is by Theorem[Z(c) on page[lId Thus, the cosine seriesis: Ag + Z Ay cos(nz) = ? + — Z
n=1 T n=1
n even
(c) i. From part (a) and Proposition [ on page [ we get: u(z;t) = | sin(3z) - e,
ii. From part (b) and Proposition [[I=3 on page [3A we get:
27 12 = 1 2,
u(z;t) = | — + — ——————cos(nz) e " .
' 3 7r ngl (9 —n?)
n even
1
(d) From part (a) and Proposition [[L8l on page [T we get: v(z;t) = 3 sin(3z) - sin(3t).
S 2 — 1 2
3. (a) u(z;t) = Z Ay, cos(nz) exp(—n“t) = Z o cos(nz) exp(—n-t).
n=0 n=0
(b) Heat Equation:
o R o )
Ot u(x;t) = Ot ZO on cos(nz) exp(—n~t) = Z o cos(nz) - Ot (exp(—n t))
n= =
1 1
= Z — cos(nx) - (—nz) . exp(—nzt) = Z — n2) - cos(nx) -exp(—th)
n=o0 2" =0 2"
X1 1
= Z on (2 (cos(nac)) . exp(—nzt) = (Z o cos(nx) - exp(—nzt))
n=0 —o0
= Awu(z;t), as desired.
Boundary Conditions:
o R o )
Oz u(z;t) = O <Z Q—ncos(nz) exp(—n t)) = Z o Oy (Cos(nz)) exp(—n“t)
n=0 n=0
— T . 2
= - Z — sin(nz) exp(—n-t)
2n
=0
Hence,
. n = n 2
91 u(05t) = =0y u(0;t) = Z o sin(n - 0) exp(—n t) Z o Oexp(—n~t)
n=0 n=0
= 0, as desired,
n 2 X n
and 9, wu(m;t) = Oz u(mt) = — Z — sin(n7m) exp(—n“t) = — — Oexp(—n t)
— 2n =2

= 0, as desired.
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Solutions to T4

Initial conditions:

oo g R o 1
u(z;0) = Z o cos(nz) exp(—n” - 0) = Z o cos(nz) - (1)
n=0 n=0
21
= Z o cos(nz) - (1) = f(z) as desired.
n=0 2
o0 o0 1
(c) u(z;t) = Z By, sin(nz) cos(nt) = Z = sin(nx) cos(nt).
n=1 n=1""
2 [m 2(—1)ntt
(a) For any n € N, Bp := — / z - sin(nz) de = | ——————. | To see this, note that
w Jo n
i -1 z=m ™
/ z -sin(nz) de = — (ac - cos(nz) ‘ —/ cos(nx) dac)
0 n z=0 0
—1 1 =
= — |7 cos(nw) —0-cos(0) — — sin(nx) ‘x N
n n =0
0
—1 1 n+17r
— J— (,1)"77 — L
n n
oo oo (—pyntt
thus, the Fourier sine series is Z By sin(nz) = |2 Z ———— sin(nz).
n=1 n=1 n

f is a continuous function on (0, 7), so the Fourier series converges pointwise on (0, w), by Theorem 10.1(b)

cannot converge uniformly to f, by Theorem 10.1(d).

oo oo
1
Alternately, notice that Z |Bn| = 2 Z — = oo. Thus, the sum of the absolute values of the Fourier coefficients is
n=1 n=1"
divergent; hence the Fourier series cannot converge uniformly, by Theorem 10.1(c).
1 ™ 1 = ks
(d) First note that Ag := 7/ zde = —a? |T -
™ Jo 27 x=0 2
2 [m =4 if n is odd
Also, for any n > 1, A, = — / z - cos(nz) de = n2 1 n TS © To see this, note that
7 Jo 0 if n is even
ks 1 . rz=m ™.
/ z - cos(nz) de = — (ac - sin(nx) ‘ —/ sin(nx) dac)
0 n z=0 0
1 1 r=m
= — | 7 sin(nw) —0 - sin(0) +— cos(nz) |
n N — —— N =0
0 0
1 =2 ifn i
_ b ((71)7,, o 1) _ o if n is odd
n2 0 if n is even
> T 4 cos(nz
thus, the Fourier cosine series is Z Apcos(nz) = | — — — Z (2 )
ne=0 2 g — n
n odd

oo (_1)n+1 2t
. L . RN - —n .
.1, 1)t D .
(e) [i] By Proposition 13.1, the unique solution is u(xz,t) :=| 2 e sin(nx)
n
n=
™ > -4 2
[ii] By Proposition 13.2, the unique solution is u(z,t) := | — — Z e " cos(nz).
2 n= 7rn2
n odd
(f) Initial Conditions: If ¢ = 0, then
oo (_q1yn+1 2 oo (_1yn+l
u(z;0) = 2 Z L e " 0sin(nac) = 2 Z Lsin(nx) = f(z).
1 n ~— ne1 n

n=
=1

f does not satisfy homogeneous Dirichlet boundary conditions (because f(w) = m # 0) so the Fourier sine series
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Boundary Conditions: Setting z = 0, we get

s 1)n+l 2,
w(0;t) = Z e " tsin(0) = 0,
ne=1 ——
for all ¢ > 0. Likewise, Setting z = 7, we get
1 n+41 P
u(m; t) :22( ) 7ntsin(n7'r):0,
n=1 ——
=0

for all ¢ > 0.
Heat Equation:

oo (_qyn+l 5 1yn+1 5

B u(z;t) = Ot (2 3 ¥e*" tsin(nz) | = 2 Z LSt i ) (ate*" t)sin(nx)
=1 n
1yt 5 ynt1 5
= 2 Z ( ) 771,2)57” tsm (nz) = 2 Z e 7t (83 sin(nz))
oo 1yt 5
= < Z ( ) e " tsin(nz) = Bi u(z;t).
< (—1)ntl
(g) By Propositon 13.7, the unique solution is u(xz,t) :=| 2 Z sin(nx) cos(nt).
n=1

Solutions to §TZ.A

4 sinh(5z) sin(5y)
sinh(57)
(b) First let’s check the Laplace equation:

1 (@) u(z,y) =

4
Au(z,y) = m - A'sinh(5z) sin(5y)
= _* . (82 sinh(52) sin(5y) + a2 sinh(5x) sin(5y))
sinh(5m) e v
- (25 sinh(5¢) sin(5y) — 25 sinh(5z) sin(Sy))
sinh(57)
4
= —FF— - (0 = 0.
sinh(5m) ( )
Now boundary conditions:
4 sinh(5z) sin(5 - 0) 4sinh(5z) - 0
u(xz,0) = _— = R = 0
sinh(57) sinh(57)
4 sinh(5z) sin(5 - m) 4sinh(5z) - 0
uw(z,7r) = —m— = —F = 0
sinh(57) sinh(57)
w(0,y) = 4 sinh(5 - 0) sin(5y) _ 4.0 -sin(5y) _ o
sinh(57) sinh(57)
4 sinh(57) sin(5y) .
, = 2 o 45sin(5 = .
u(m, y) Smh(5m) sin(5y) )
1
2. (a) u(z,y;t) = 5 sin(3z) sin(4y) sin(5t).
1 1
(b) u(z,y,0) = 5 sin(3x) sin(4y) sin(5 - 0) = 5 sin(3x)sin(4y) -0 = 0.
1 1
Ot u(z,y,t) =  —sin(3z)sin(4y) - 8¢ sin(5t) = 5 sin(3x) sin(4y) - 5 cos(5t)
sin(3z) sin(4y) cos(5t).
Hence, 8¢ u(z,y,0) sin(3z) sin(4y) cos(5 - 0) = sin(3z)sin(4y) - 1

fi(xz,y), as desired.



388

3. (a)

(b)

4. The 2-dimensional Fourier sine series of g(z, y) is sin(z) -

5. The 2-dimensional Fourier cosine series of f(z,y) is cos(5x)

(b)

(©)

()

7. (a)

Solutions to IZA

sinh(2z) sin(2
@) = s(inh)(QTr)( =
h(z,y) = sinh(47 — 4z) sin(4y) sin(3z) sinh(3y)
= sinh(47) sinh(37)

sin(3y) + 7sin(4z) - sin(2y). Thus,

sin(z) - sin(3y) 7 sin(4z) - sin(2y)
w(z,y) = + -
1+ 32 42 22

— sin(z) - sin(3y)

10

7 sin(4x)
20

- sin(2y)

- cos(y). Thus,

u(z,y;t) = cos(bx) - cos(y) - exp(—(52 + 1)t) = | cos(5zx) - cos(y) - exp(—26t)

For Neumann boundary conditions, we use the two-dimensional Fourier cosine series for f, which is just cos(2z) cos(3y).

—13¢ ‘

Thus, u(z,y;t) = | cos(2z)cos(3y) - e

For Dirichlet boundary conditions, we use the two-dimensional Fourier sine series for f. Setting N = 2 and M = 3 in the

solution to problem # Blon page [[EH of we obtain:

16 & n-m . .
flzy) = = Z m sin(nz) sin(my).
n,m=1
n odd
m even
Thus, the solution is:
16 ad) n-m
u(z,y;t) = — ———————— sin(nz) sin(my) cos (\/n2 4+ m?2 . t) .
72 n,%zl (n2 — 4)(m2 —9)
n odd
m even

For Neumann boundary conditions, we use the two-dimensional Fourier cosine series for f, which is just cos(2z) cos(3y).

— cos(2z) cos(3y) .

Thus, u(z,y;t) = 3

For Dirichlet boundary conditions, we use the two-dimensional Fourier sine series for f from problem #3 of LI We
obtain:

—16 ad) n-m
u(z,y) = —_— Z sin(nz) sin(my).
w2 ol (0% —4)(m? —9)(n? + m?2)
both odd

Let u(z,y) be the solution to the Poisson problem with homogeneous Dirichlet boundary conditions. We solved for u(z, y)
in problem (&), obtaining:
—16 i n - m - sin(nz) sin(my)
72 e (n2 —a)(m? —9)(n2 + m?)
both odd

u(z,y) =

Let h(xz,y) be the solution to the Laplace equation, with the specified inhomogeneous Dirichlet boundary conditions. We
sinh(2z) sin(2y)

solved for h(z,y) in problem (E&l), obtaining: h(z,y) =
sinh(27)

‘We obtain the complete solution by summing:

sinh(2z) sin(2y) 16 el n - m - sin(nz) sin(my)
, - h(a, ) _ | smh(z)s _ _
v(z,y) (z,y) + u(z,y) Sinh(27) = ;":1 (72 — (M2 — 9)(n2 + m?)
both odd

For Dirichlet boundary conditions, we use the two-dimensional Fourier sine series for f. Setting N = 3 in the solution to

2sinh(37) & n(—1)"*+!
problem #l of YL we get: sinh(3) E n(9 +) 5 sin(3z) - sin(ny).
n=1 "
2sinh(37) & n(—-1)"+!
Thus, u(z,y;t) = sinh(3) E n(=1) sin(3z) - sin(ny) exp(—(9 + n2)t).
™ ne1 9+ n?
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(b) The one-dimensional Fourier sine series of T'(x) is sin(3z). Thus, w(x,y) =

sin(3z) - sinh(3y)

sinh(37)

sin(3xz) - sinh(3y)
sinh(37) '
— sin(3z) - sinh(3y) —f(z,y)
glz,y) = h(z,y) —u(z,y) = =
(@) (9) (@ v) sinh(37) sinh(37)
Equation with initial conditions v(z, y;0) = g(z, y) has solution:

(¢) The equilibrium solution from part (b) is u(z,y) =

—2sinh(37) & n(—1)"*1

v(z,y;t) = sin(3z) - sin(ny) exp(7(9+n2)t)

7 sinh(3m) 9 + n2

n=1

n
2
T o= 9tmn

Putting it together, the solution is:

2 Z ﬂ sin(3z) - sin(ny) exp(—(9 + n2)t)

The initial conditions are h(z,y)

389

= 0. Define

, where f(x,y) is as in part (a). From part (a), the Heat

w(z,y;t) = w(z,y)+ vz, y;t)
sin(3z) - sinh(3y) 2 X n(-1)" 2
= _ 4+ - ——— sin(3xz) - sin(ny) e —(9 + n")t).
e S 3 G sin@n) sin(u) exp(—(0+ n))
Solutions to §14.9]
L A®y(r0) = 823,(r,0) + 18, ®n(r0) + 483 p(r,0)
s
= n(n—1)r""2cos(nd) + %'r"71 cos(nb) + 7%(*71?)7‘” cos(nb)
= n(n —1)r" =2 4 pr=2 4 (771,2)'r"72) cos(nb)
= (n?—n)+n— n2) r"~2.cos(n@) = (0)-cos(nf) = O.
2. AUR(r,0) = 07 Wn(r,0) + £0rUn(r,0) + 7505 Vn(r,0)
= n(n—1)r" " ?sin(nd) + %rn_l sin(nf) + 7%2(771,2)'r" sin(n)
= n(n —1)r" =2 4 nr=2 4 (7712)7“"72) sin(no)
= (n?—n)+n— n2) r"~2 .sin(n@) = (0)-sin(nf) = O.
3. Bén(r0) = 92 én(r0) + 10r¢n(r,0) + 507 én(r,0)
= nm+1)r " 2cos(nh) — "—;7‘_"_1 cos(nf) + %(771,2)7‘_" cos(nb)
P
= nn+1)r—"=2 — pr—n=2 4 (—n2)r_”_2) cos(nb)
= (n?+n)—n— nz) rnT2. cos(nf) = (0)-cos(nf) = 0.
4 Bgn(r0) = Fen(r0) + Ldrvn(r0) + L5 ¥n(r,0)
= nm+1)r " 2sin(nd) — 7—;'r7”71 sin(nf) + %(7712)7‘7n sin(n0)
=
= nn+1)r ""2 — prTn72 4 (—nz)T7"72) sin(n)
= (n?+n)—n— nz) r~""2.sin(n@) = (0)-sin(nf) = O.
5. Ddo(r,8) = 97¢o(r6) + F0rdo(r,0) + 507 do(r,6)
= 97 loglr| + 10y log|r| + 503 log|r|
— -1 1 1 _ -1 1 —
= Zztrrt0 = 5 +3 = 0
6. (a) By Proposition [[ZZ2 on page EZX the unique bounded solution is u(r, ) = 3. cos(30) + 275 - sin(50).
36 2sin(560
(b) By Proposition [[ZZB8l on page EZZ the unique bounded solution is u(r,0) = &3) + $
T T
30 2 sin(56
(c¢) By Proposition [Z8 on page BBl the solutions all have the form: u(r,0) = | C — % - %, where C is a
. .
constant.
7. (a) By Proposition [[ZZ2 on page EZX0 the unique bounded solution is u(r, ) = ‘ 2r cos(0) — 62 sin(20). ‘
(b) By Proposition [ZZ on page BZIl the solutions all have the form wu(r,0) = ‘ C + 2rcos(9) — 312 sin(20), ‘where C is
any constant.
8. (a) Proposition [[ZZ2 on page EZ the unigue bounded solution is u(r,0) = 5 cos(56)
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(b) First the boundary conditions:
w(1,0) = 4-(1)%cos(30) = 4cos(56),

as desired. Next the Laplacian:
2 1 1.2
Au(r,0) = 0pu(r,0) + —0ru(r,0) + —239 u(r, 0)
T T

5 4 5 4 5
= 4. 8? r° cos(50) + —0p1r° cos(50) + —285 7 cos(50)
r r

3 4.4 45
4-5-4-r"cos(50) + —5r" cos(50) + = (—25) cos(50)
T T

= 4.5.4.7° cos(50) + 4 - 5r3 cos(50) + 4- (—25)1"3 cos(50)

= (80 + 20 — 100) - r3 cos(50) = (0)- r3 cos(50) = O, as desired.
4sin(36)
9. (a) By Proposition[[ZSon pageBZAl the ‘decaying gradient’ solutions all have the form u(r,0) = | C + 5log]|r| vt
r
where C is any constant. Thus, the solution is not unique.
4 sin(30) 5 4sin(36)
(b) 8r u(r,0) = Opblog|r| — 8p —— = - + ——=.
3r3 r réd
5 4sin(30)
Thus, 9ru(1,0) = I + T = 5+ 4sin(30), as desired.
> An = Bn
10. (a) u(r,0) = Z — ™ cos(nf) + Z —r™sin(nd) + C
n=1 n=1 "
275 cos(56) r3 sin(36)
= + + c
5 3
where C is any constant. The solution is thus not unique.
> cos n9) > szn(nG’) cos(56) sin(30)
®) un6) = 3 An + 2 B = |1t Y=
L A%,y = 70, a(r0) + 13, ®,a(r0) + 5058, 5(r0)
= 8?2 (Jn(,\ ) .cos(ne)) + Lo, (Jn()\ ) Cos(ne)) + Lo3 (Jn()\ ) - cos(n@))
= cos(nb) - 83 TIn(X-r) + %cos(n@) cOr In(A-1) + 7.7”()\ r) - 89 cos(nb)
= cos(nf) - 02 Tn(A-7) + Lcos(nd) Or Tn(X-r) + 2 Tn (A1) - (=n?) cos(nb)
cosmO)  (12.92 7, (A1) 4+ 1-0rTn(A ) — n2-Tn(r- 1"))
= 7""1(;9) A2 gU ) 4 AT TR r) = 02 Ta(h 1)) )
where (C) is the Chain Rule. Now, recall that 7, is a solution of Bessel’s equation:
227" (@) + 2T (@) + @2-n?)-T@ = 0
Hence, substituting z = Ar, we get:
Ar2T"r) + Aar-T'Or) + )2 T —n? . T0r) = 0,
or, equivalently
2 1" ’ 2 2 2
ST+ Ar-TJ(Ar) — nf - J(Ar) = =Xr7 - J(r) (18.9)
Substituting [[B3) into (x) yields
cos(nd
2o = P32 g000) = om0 Tam) = A 0),
T

as desired.

12. Similar to #ALA

13. Similar to #ALA

14. Similar to /LA
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Solutions to §T6.8

1. Fix x € R. Then

re@en@ = [T peeene-na = [T 5w </7°; (Il —y) = 2] dz> ay
- /j; /j; FWe(Dhle — (v +2)] dzdy T /j:o /:’o F)g(w — y)h(z — w) dw dy
- (/j; FWsw -v) dy) he—wde = [T (frg)w) - h@—w) dw
= (fxg)xh(=z)
Here, (%) is the change of variables z := w — y; hence w = z + y and dw = dz.
2 Fixa R Then fx(o+m@ = [ f@)-(rg+m—y)dy

= [ @ (e =+ he =) dy
/f; F@) - ra(@ —y) + F() - hz — y) dy

= [Tt s@-wdy + [T fw) b - ) dy
rf % 9(2) + £ * ().

Foar0@ = [ foa@ ge-way = [* fa-d)g@-vdy

[O) /7o;f(z—d).g(z—dfz)dz = fxg(z—d.

Here, (*) is the change of variables z = y — d, so that dz = dy.

4. (a) Let H(x) be the Heaviside step function. As in Prop.45(c) (p.77), define:
0 if < -1 1 T I
Horn@ = me+n = {0 TF0) 2 Lo
0 if <1 T T
Ha@ = we-v = {7 0§ 2] e ¥
Then T = Har — H<](—1)-
Thus, wu(z;t) D I Gi(xz) = (”H<]1 — H<1(—1)) * Gt (x)

Loy t<ixGi(@) — Ho1) *Gi(@) @Eog, H*9t(@—1) — HxG(z+1)

|t () ()

2 2
x 1 x —z
Here, G¢(z) = exp T is the Gauss-Weierstrass Kernel, and ®(z) = 2— / exp <T) dzx is the sigmoid
™ J—o0

1
2Vt
function. (PIBEL) is by Corollary B on page BIE ([IEI3h,b) is by Prop. MEL3Ka) and Prop. MEL3Ab) (p. BIA);
([IET3k) is by Prop. IEI3c); (XMEID) is by Example [[EIA on page BT

Here is a sketch of the solution:

e osmg e
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. ) 1 if 0<uw
(b) Recall the Heaviside step function hg(z) = 0 if <0 - Observe that u(z) = hg(z) — hi(z), where hy(z) =
h(z —1).
Let ug(z;t) be the solution to the Heat equation with initial conditions ug(z;0) = ho(z). By Example 35 on p. 67 of the
. _ x . . . .
notes, we know that ug(z;t) = @ (—m), where ® is the sigmoid function.
Let uj (z;t) be the solution to the Heat equation with initial conditions u1(z;0) = hy(z) = hg(z —1). By simply translating
. _ x—1
Example 35, we have uj(z;t) = @ ( \/Z)
Let u(z;t) = wup(z;t) — uj(z;t). By linearity, u is also a solution to the Heat Equation, with initial conditions u(z;0)
ho(z) — h1(z) = Z(x). Thus, u is the solution to our initial value problem, and
(@) (@) = ua (w5 ) o(o=) -+ (%)
u(z = ug(z;t) —uy(x; = ) -
3 o\T; 3 on oT
(c) Observe that Z(x) = —h(_1) + 2ho(x) — hi(z), where h(_1)(x) = h(z + 1) and hy(z) = h(z — 1).
Let ug(x;t) be the solution to the Heat equation with initial conditions ug(z;0) = hg(xz). As in question 1(a), we have
. - _x
w@t) = @ (%)
Let uj(x;t) be the solution to the Heat equation with initial conditions wj(z;0) = hj(z). As in question 1(a), we have
. _ x—1
wiest) = @ (23
Let u(_)(x;t) be the solution to the Heat equation with initial conditions u(_1)(x;0) = h(_j)(2). By similar reasoning,
41
u_gy(zt) = @ (T/%)
Let u(a;t) = —u_1y t+ 2uq(z;t) — uyp(x; t). By linearity, u is also a solution to the Heat Equation, with initial conditions
u(z;0) = h(_l) + 2hg(xz) — h1(z) = f(x). Thus, u is the solution to our initial value problem, and
(m,t) + 2ug (3 t) (m5t) <I><z+1)+2<1><z> <I><171)
u(x = —u_ ug(z;t) — uq(z; = — ) -
' = o i Vat Vat Vat
5 (a) Applying the Chain Rule, we get: 0t v(z;t) = % f/(ac +t) — f’(ac - t)) .
Thus, 87v(zit) = % (f'(@+t)+f"(x— t)) .
Likewise, Ogv(xz;t) = % flx+t) + f(z - t)) .
Thus, Biv(z;t) = % f”(z+t)+f”(zft)) .
We conclude that 6? v(z;t) = % (f”(ac +t)+ [ (x — t)) = 83: v(z;t).
(b) v(z;0) = § (fle+0)+fe-0)) = § (fl@)+f(@) = 3f(z) =
’ 2 2 2
(¢) From part (a) we know: 9¢v(z;t) = % (f/(z +t) — fl(z — t)) Thus, 8¢ v(z;0) = % (f/(z +0) — f'(z — O)) =
F(f/@ - @) = 1o = [o]
z
6. (a) Let F(x) = / f1(y) dy be an antiderivative of fi. Then: v(x,t) = % (F(ac +t) — F(x — t))
0
1 1 , ,
Thus, 8; v(z, t) = - (3,, Fz+1t) — 8 F(ac—t)) = - (F (x+t)+F (ac—t))
2 )2
1
Fra 5 (hGE+n+AE-1). (18.10)
5 1
Thus, 97 v(w,t) = > (31, fi(xz+1t) + 0t fl(ﬁ—i))
1
3 (f{(x+t) —f{(m—t)) . (18.11)

(CR) is the Chain Rule, and (FTC) is the Fundamental Theorem of Calculus.

Likewise
1 . 1 , ,
ds v(z, t) - E(BIFert)fB F(zft)) 5 5(F(z+t)7F(zft))

1

oM GICE R ACEDIE

2 1
Thus, 87 v(z,t) = 2 (33r fi(z +t) — 9z f1(z — t))

1

Ol ( (z+1t)— fi(z — t)) (18.12)

(CR) is the Chain Rule, and (FTC) is the Fundamental Theorem of Calculus.
Comparing equations ([IB-L) and (IZIZ), we see that 8? v(z,t) = 8% v(z,t), so v satisfies the Wave Equation.
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(b) Also, setting t = 0 in equation (I, we get
o 0 = ! 0 0 = ! =
0(@0) = (hE+0+AE-0) = _(h@+h@) = A,

s0 v(@,) = f1(2)
(c) Setting t = 0 in the definition of v(x, t), we get:

1 x40 1 x
v(z,0) = 5/70 hwd = <~ [Thwa = o

(because an integral over a point is zero). Thus, v(z, t) has the desired initial position.

393

7. (a) We apply the d’Alembert Traveling Wave solution (Lemma [[E220 on page [EZIl). Define
- - 1 i —t<z<l-—t
wp(z,t) = fo(z+1t) = { 0 otherwise
1 if t<az<l4t
wr(z,t) = folz—t) = { 0 otherwise
0 if z < —t
1 if —t<az<t
1 if t<z<1-t (only possibleift< 1)
- ! - L i ] ible if ¢ —
and w(z,t) = (wp(et) + we 1) = 1 i t=a=1-t (only possiblei t—?)
0 if  1-t<z<t (only possibleift> 3)
I i 1-t<z<14t
0 if t<wz

This solution does not satisfy homogeneous Dirichlet BC on [0, 7).

(b) We apply the d’Alembert Traveling Wave solution (Lemma [[E220] on page BEZI)).

wr(z,t) = folz+t) = sin(8z+3t) = sin(3z)cos(3t) + cos(3z) sin(3t)
wgr(z,t) = folz—t) = sin(8z —3t) = sin(3x)cos(3t) — cos(3x) sin(3t)

1 1
and w(z,t) = 5 (wL(ac, t) + wgr(z, t)) = 5 (2 - sin(3x) cos(St)) = sin(3x) cos(3t).

This solution satisfies homogeneous Dirichlet BC on [0, =].

(c) We apply the d’Alembert Ripple Solution (Lemma [[E.23 on page BZ3). Let

(w5 t) [ hw a s [ sintsy) a L cosay) [V77 T
(@ - - = = sin = — cos
5 2 Sy 1y) ay 2 Jut y) ay 10 Yy y=o—t
-1 1
= o (Cos(Sz + 5t) — cos(bx — St)) = o (005(51 — 5t) — cos(bx + 5t))

= % [(cos(Bx) cos(5t) + sin(5x) sin(5t)) - (cos(Bx) cos(5t) — sin(5x) sin(5t))}

1
= s sin(5z) sin(5t). | This solution satisfies homogeneous Dirichlet BC on [0, 7].

(d) We apply the d’Alembert Traveling Wave solution (Lemma [[E221] on page BZI)).

wr (xz,t) = folz+t) = cos(2ex+2t) = cos(2x)cos(2t) — sin(2x) sin(2t)
wr(z,t) = folz—t) = cos(2z—2t) = cos(2z)cos(2t) + sin(2z) sin(2t)
and w(z,t) = ! (w (z,t) + wgr(z t)) = ! (2 - cos(2x) cos(2t)) = cos(2x) cos(2t)
» 2 L ) R\T, 2 .

This solution does not satisfy homogeneous Dirichlet BC on [0, 7).

(e) We apply the d’Alembert Ripple Solution (Lemma [[E223 on page BZ3). Let

z4+t 1 fz+t 1,
[TThwa = 5 [Teostay) ay = < sintay)
x—t x—t 8

y=z+t
y=x—t

v(x;t) 3

(sin(4x + 4t) — sin(4x — 4t))

[( sin(4x) cos(4t) + cos(4z) sin(4t)) — (sin(4z) cos(4t) — cos(4x) sin(4t))]

| = wl= N

1
= 1 cos(4x) sin(4t). This solution does not satisfy homogeneous Dirichlet BC on [0, 7].
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(f) We apply the d’Alembert Traveling Wave solution (Lemma [[E220 on page EZI).

wr, (xz,t) = folz+t) = Yo+t
wr(z,t) = folz—t) = Va—1
and w(z,t) = % (wL(ac,t) + wR(ac,t)) = % (\3/50 i+ Vo — t)

This solution does not satisfy homogeneous Dirichlet BC on [0, 7).

(g) We apply the d’Alembert Ripple Solution (Lemma [[622Z3 on page BZ3). Let

1 z+t 1 T+t g 3 4/3 |y=z+t
v(z;t) = 5/ . fily) dy = 5/ LY Pay = 5Y / ot
r—1 T — —r—=

= g((ac+t)4/3 - (x—t)4/3).

This solution does not satisfy homogeneous Dirichlet BC on [0, 7].

(h) We apply the d’Alembert Ripple Solution (Lemma [[E-23 on page BZ3).

1 z+t 1 z+t sinh(x) 1 y=x+t
w(@it)  Too E/z—t fi(z) de Ty E/Iit cosh(z) de = Elog(COSh(y)) ‘y:z—t

= % [log(cosh(ac+t)) —log(cosh(x—t))} .

8. (b) Fix s > 0, and let f(z;t) = Ggyi(x) for all t > 0 and all z € R. Then f(z;t) is a solution to the Heat Equation. Also,
f(x;t) has initial conditions: f(z;0) = Gs41o(z) = Gs(x). In other words, f(=x;t) is the solution to the Initial Value
Problem for the Heat Equation, with initial conditions Z(z) = Gs(z). Thus, by Corollary [[EI0 on page [EII] we know that,
for all t > 0, f(xz;t) = ZxGt = Gs * Gt. In other words, Go4y = Gs * Gt.

9. By Theorem [[G10] on page BIOl we know that uy = h * G is the solution to the 2-dimensional Heat Equation (8y u = A u),
with initial conditions given by ug(xz,y) = h(=z,y), for all (z,y) € R2.
But h is harmonic —ie. Ah = 0. Hence h is an equilibrium of the Heat Equation, so ut(z,y) = h(z,y) for all ¢ > 0.

10. [Omitted]
11. [Omitted]

12. (a) Define U : D — R by U(x) = 1 for all x € D. Then U is clearly harmonic (because it is constant), and satisfies the desired
boundary conditions. Thus, U is a solution to the Laplace equation with the required boundary conditions. However, we
know that the solution to this problem is unique; hence U is the solution to the problem. Hence, if u : D — R is any
solution, then we must have u = U —ie. u(x) = 1 for all x € D.

(b) Let u(x) be as in part (a). Then for any x € D,

_ _ 1 _ 1 1
1 D u(x) o) ;/Sb(s)P(x, s) ds D ;/Slp(x,s) ds = ;/SP(X, s) ds.

here, (1) is because u(x) = 1 for all x € D; (*) is by the Poisson Integral Formula for the disk; (f) is because b(s) = 1 for
all s € S,

(c) We know, from the Poisson Integral Formula for the disk (Propositionon page m, that, for any x € D,
1
wx) = — / b(s)P(x, s) ds
27 Js

However, for all s € S, we have m < b(s) < M. Thus,

1 1
m T ﬂ/m’F‘(x, s)ds = —/mP(x, s)ds < —/b(s)P(x, s) ds
() 27 Js 27 Js 27 Js
N— —
u(x)
1 M
< —/M”P(x,s) ds = —/mP(x,s) ds 75 M.
27 Js 27 Js -9

where () is by part (b).

13. [Omitted]
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Solutions to §T7.6l

1.

~ 1 B . 1 1 .
Fuw = — [T f@exp(—p-a-i)de = —/ exp(—p - @ - 1) do
27 J—oo 27 Jo
_ 1 ( _)m:l B 1 ( i ) _ 1 e mi
= exp ( —p-z-i = —— (e 1) = |—
—27mpi z=0 —27pi 27 pi
N 1—e H
a x) = x + 1), where x) is as in Example on page ‘We know that = —————; thus, it follows from
g s P pag I3 B EE s
i
L1 eTHE _ g(r—T)pui
Theorem MZIA on page B that G(p) = € * . —m0on = _
2mpi 2mpi
N 1—e ki
b x) = z /o), where x) is as in Example [[Zal on page ‘We know that = —————; thus, it follows from
g P pag I B A
i
1— e ont 1—eont
Theorem [[ZIAM on page BZAthat g(pn) = o - =
2mopi 27 pi
—~ 1 oo oo X
flp,v) = —2/ / f(ﬂc,y)~eXp(—(wc+Uy)-1) dx dy
4m —oo J—oo
1 X Y
= —/ / exp(—pxi) - exp(—vyi) dz dy
472 Jo 0
1 X Y
= — (/ exp(—pxi) dz) . (/ exp(fuyi)dy)
472 0 0
1 1 ( ‘)m:X -1 ( .)y:Y
= —— —ex — pxi - — ex —vyi
4n2? i P ) oo " 1 P Y1) y=o
—1 . .
_ —pXi _ . —vYi _
LS () ()
(1 _ ef,uﬁ) . (e—uYi _ 1)

472 py

Thus, the Fourier inversion formula says, that, if 0 < z < X and 0 < y < Y, then

i (1 — ef“Xi) . (eiVYi — 1)

R—oo Jp(R) 4n2pv

exp ((/,Lz +vy) - i) dp dv = 1

while, if (z,y) € [0, X] x [0, Y], then

. (1 _ ef;LXi) . (e—uYi _ 1)

R—oo Jp(R) 472 pv

exp ((um + vy) - i) dp dv = 0.

At points on the boundary of the box [0, X] X [0, Y], however, the Fourier inversion integral will converge to neither of these values.

For any p € R,

-~ 1 o ) 1 1 )
flw) = — f(z) - exp(—piz) do = — x - exp(—piz) do
27 J—oo 27 Jo
-1 . z=1 1 . . 1 . z=1
= - x - exp(—pixz) | — / exp(—piz) dx = - exp(—pi) + — exp(—pix) ‘
2pim =0 0 2puim pi =0
-1 ; eH 1 1 ; ; 1 ;
= e M — = e M 4 eTH -1 = i+1)e ™ —1).
2pim < pi 2u2 7w ((H) ) 272 ((H ) )

If f(z) = @ - exp (77”2), then f(z) = —g’(z), where g(z) = exp (7;"2 ) Thus, by Proposition [[ZI8Ka) (p BZ3I) fA(H) = —ipg(p).
However,

P 2
g(x) = %exp (%) = \/ﬂG(ac)

2

1 —x

where G(z) = Ners exp (T) is the Gaussian distribution with variance ¢ = 1. Applying Proposition [[ZIAb) (p. BZA), we
[

get:



396

10.

11.
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~ V2 7;1,2 1 7;1,2
thus, g = 27 - G = ex — = ex — .
g(n) % (1) o P, NVor i G
. 2
- —pi —p
Thus, = —iugl = ex — .
F(m) g (p) Var P ( p )
-~ «@ 1 «
Let h(z) = exp(—a|z|). Then from Example [[Z8 on page BI we know: h(u) = ———— = —g(—p).
T a? —+ ;1,2 T

The function g(x) is absolutely integrable. Thus, by the Strong Fourier Inversion Formula (Theorem [[ZZ8l on page B3d), we have, for
any real number y,

o~ . ”° a . — 2« foo .
exp(—alyl) = / h(p) exp(ipy) du = / —9(=n) -exp(ipy) du T —/ g(v) - exp(—ivy) dv
oo —oo T 27 J -
= 2a-3(y),
-~ 1 -~
(where (%) is just the substitution v = —p). In other words, g(y) = 2—exp(—a\y|)A Set y = p to conclude: g(u) =
a
~ exp(—alul)
— exp(—a .
plet "
1 —~ 1 .
Let f(z) = ﬁ Setting @ = y in Example [[Z9 on page BZIl we obtain: f(u) = 2—673’/ I#l Now observe that
Yy x Y
. ~ 1 .
Ky@) = Lo f@). Thus, Ry(w) = L. Fw) = Lol = | — vl
™ 27y 27
2z PS
If f(x) = ————, then f(x) = —g’(ac), where g(z) = . Thus, by Proposition [[ZI8K a) (pBZA), f(n) = —ipg(p).
1+ z2)2 1+ 2
~ —i
Setting o = 1 in Example [[Z3 on page BZIl we have: g(p) = %1 exp(—|u|). Thus, f(p) = 2” exp(—|ul).
Iy 1 hed . 1 5 . - . =5
For = [T r@ew-inn ar = — [ exp(-ine) dn = —— exp(~iuz)
27 J—oo 27 J—4 27ip z=—4
Gind _ —ips —3in ei“% B e—ig% i 9
= = . = sin <*)
27ip T 2i T
sin(z) , N o
Let g(z) = . Thus, f(z) = g'(x), so Theorem [[ZI0a) (pBZI) says that f(u) = (ip) - g(p). Now, let h(z) =
T
1 if —1<z<1 = _ osin(u) _ 1 ; ;
{ 0 otherwise . Then Example [[Z on page B33 says that h(u) = T = 2 9(pn). Thus, the Fourier Inversion
Formula (Theorem [[Z4 on page B38) says that, for any p € R,
oo o 1 oo
nw = [T R ey v =~ [T o) explinn) dv
—oo T J—oo
1= . 1o .
[ 7/ g(—z) exp(—ipx) (—dx) = */ g(—z) exp(—ipz) dz
7 Joo ™ J—oo
_ 2 . — o
® 2 g(zx) exp(—ipz) dz 7 29(n).
—_—0o0
(*) is the change of variables z = —v, so that do = —dv.  (}) is because g(z) = g(—=z). (1) is just the definition of the Fourier
transform.
We conclude that g(u) = %h(u). Thus,
Foo = Gweaw = Eaey = |{ % cl<u<
- 2 0 otherwise
[omitted]
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12.

13.

14.

15.

16.

17.

18.

~ 1 oo 1 oo [eS] )
R = o [T @) exp(-ine) de = [ s a@—w) dy| exp(-ine) de
27 J - 27 J—oo — o0
1 foo [foo
= [T i s w) e (wine) dy do
1 Pl
= —/ / F(y) - g(@ —y) - exp (—ipy) - exp ( —ip(z — y)) dz dy
27 J—oo J -~
1 0 )
= 7/ f(y) - exp (—iny) - / g(z — y)-exp(— ip(z — y)) dz| dy
27 J—oo o
_ 2m e . 1 [ .
© 7/ f(y) - exp (—ipy) - 7/ g(2) - exp (—ipz) dz| dy
27 J—oo 2w J—oo
2 oo 1 oo
= 27w ew i) g dy = 2w g - — [T 1) exp (—iny) dy
27 J—oo 27 J— oo
= 2m-g(p - ().
Here, (c) is the change of variables: z = z — y, so dz = dz.
[omitted]
[omitted]
[omitted]
[omitted]
Let &, () := exp(—ipx). Then E;L(ac) = —ipexp(—ipz) = —ip&,(x). Thus,
s = = fe dr — = fu(my [P7R L & (x)d
W = o [T r@e@ e oo gim f@e@ [0 - = [T r@e @
=0(t)
1 oo ) in oo R —~
= o [T r@cwa@a = 2 [T j@eu@de = e T
27w J -0 2w J—oo
as desired. Here (x) is integration by parts, and (1) is because li1£ f(z) =0.
From problem #IZJ] we know that
— ~ ~ 1 2 1 2 1 2 2
. . _ L kTt T —pTs _ = pSt—ps
GO Gy G Guw) = 2meo—e e -
T 20 N
= —e D = G ().
27

Hence,

o ) SN
Gt * Gs(®)  TEv) / . Gt * Gs(p) - exp(ipe) dp  JrTR) /700 Giys(p) -exp(ipe) du TRy, Gits(@)

here, (INV) is the Fourier Inversion Formula, and m} is by eqn.@m4

Solutions to §I8.6]

1.

~ 1—e M
We already know from Example [[Z3] on page B39 that f(u) = 27
™ pi
1 oo 1—e k0
(a) Proposition [ on page BBAl says that u(z,y) = Pt / # e MY Lexp ( — ,u,iz) dp.
™ —oo

(b) Proposition [[&] on page says that

co — 24 o 1 — e H 24
ety = [ Fexpluei) e an = — L exp(uai) et ap,
—oo —oco  2mpi

M 1 — e Hi

2
by which, of course, we really mean u(z,t) = lim ——  exp(uwi) - ekt du.

M—oo)_M  27pi

397

(18.13)
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2. In the solution to problem # Bl on page [B22 of L0l the Fourier transform of f(z,y) is given:

(1= X)) (emYion)

472 pv

flp,v) =
Thus, Proposition [l on page B30 says that the corresponding solution to the two-dimensional Heat equation is:

- 2 2
u(z,y,t) = /1&2 f(u,V)'eXP((uvaVy)'i)‘ef(“ Oy dv

_ /K2 (1 — e*uX;)é (eww - 1) - exp ((uw toy) i) ey de dv
T Py

3. Setting X =Y =1 in the solution to problem # Blon page BRZ of IOl we get the Fourier transform of fi(z,y):

(1—emm) . (emvi—1)

4n2py

filp,v) =
Thus, Proposition [[El on page B3 says that the corresponding solution to the two-dimensional wave equation is:
Fi(u,v) /
u(z,y,t) = —————~sin ( u2 +v2 . t) - exp (([,LI + vy) - i) dup dv
’ R2 /12 + 02

e ki) —vi _
= ﬁ/ﬂkz (1 :U"L\)/F% 1) sin (\/u2+u2 -t) - exp ((H:c-&-uy)-i) dp dv.

;2 (([,Li +1) e~ 1). Thus,
I

4. From the solution to problem # Bl on page B2l of L0l we know that f(u) = 5
T

SN _ 2 1 pi4+1 1 —u2
. t . t
u(z,y) = / fp) - exp(uai)e™ " du = o (7#02 e M — 72) -exp(pxi)e " " du.
_ Coo

: 2
—~ —pi —
5. From the solution to problem # [l on page B3l of IZ0l we know that f(u) = —ipg(p) = ; exp (T”) X
Va1

(a) Applying Proposition [[El on page [B28] we have

oo . —u2t —i e —u? . —pu2t
u(w,t) = / F(p) - exp(pai) - e dp = E/ pexp (| —— - exp(pzi) - e dp.
—oo —oo

2
(b) Applying Proposition [[E3 on page BRIl with f1(z) = 0 and fo(z) = = - exp (TT) , we get:

> (= filw) . —i oo —p2 )
u(z,t) = fo(u) cos(ut) + —— sin(ut) | - exp(puzi) dp = | —— p-exp | —— | cos(ut) - exp(pzi) dp.
—oo 12 V2 J - 2
6. From the solution to problem # B on page B2l of ILZ0l we know that f(u) = 72“‘ exp(—|p])-

(a) Applying Proposition [[El on page B3B3l we have:

oo 2 —i oo 2
e t) = / F(w) - exp(uai) - e * " dp = ?l pexp(—|ul) - exp(pai) - e H7" dp.
(b) By Proposition &3 on page BR3 with fo(xz) = 0 and f1(z) = 771, we get:
(1 +22)2
e = [T (ﬁ;(u) cos(ut) + # sin(ut)) - exp(uai) dp

—i oo pexp(—|ul) . —i [ ) .
= — —————— -sin(pt) - exp(pzi) dp = — exp(—|p|) - sin(pt) - exp(pxi) du.
2 /oo 2 /oo
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1.
— Ll
— e 27 -sin (%) Thus, Proposition [Edlon page [E28l

7. From the solution to problem # Blon page B2l of LAl we know that fA'(/,L) = Fon
says that
o a2y 1 oo e~in/2 9 -
u(z;t) = / F(u) - exp(ipz) e * “duy = — / — .sin (—) cexp(ipx) e P " dp
—oo T J—oco 1 2
1 oo 1 /9 . 1 5
= — —sin( — ) -explip|lax— =) —p t) du.
T J—oco p 2 2

12& if —1l<pu<l1
0  otherwise

8. By the solution to problem # [ on page B23l of L0l we know that f(u)

i1 e
= 5 / wexp(ipz) - e " du.
—1

[s SHESN 2
Thus, Proposition [[8] on page BaAl says that u(z;t) = / F(p) - exp(ipz) - e t dp
—0o0

9. (a) u(z,t) = /j; Fw) - explipe) - e # du = ,o; H‘lil exp(ipz) - et dp.
(b) u(z,t) = /:):C % cexp(ipz) - sin(pt) dp = j:o exp(lij)%(ut) dp.

© u@y) = [ F e exptiun) dp = | [T eV exp(ipa) dp.
— oo oo pd 1

(d) First the Laplace equation. Note that, for any fixed p € R,
A (eiym‘ <exp(i/,tz)) = 812, (eiym‘ <exp(i/,tz)) + 85 (eiy‘M »exp(i,u,z))
= iy (e UM exp(iua)) + —lul 0y (e UM exp(ine))

= Gw? (e expline) + |ul® - (e exp(ing))

= (w2 +u?) - (Y explipe)) = 0.
Thus,
oo
Au(z,y) = A / LT -exp(ipz) dp.
oo pd 1
oo oo
= " BWAN (efy‘“‘ -exp(iux)) dp = / ++1 < (0) dp. = 0,
oo

—oo pt+1
as desired. Now the boundary conditions. Setting y = 0, we get:

oo
_r e (O)ul cexp(ipz) du. =

u(z,0) = e ~

where (x) is by Fourier Inversion.

10. [omitted]



400 Bibliography



Bibliography

[BEH94]

[Boh79]

[Bro89)

[CBS7]

[Cha93]

[Con90]

[CW6S]

[AZ86]

[Eva9l]

[Fis99)]

[Fol84]

[Habg7]

[Hel81]

Jiri Blank, Pavel Exner, and Miloslav Havlicek. Hilbert Space Operators in Quantum
Physics. AIP series in computational and applied mathematical science. American
Institute of Physics, New York, 1994.

David Bohm. Quantum Theory. Dover, Mineola, NY, 1979.

Arne Broman. Introduction to partial differential equations. Dover Books on Ad-
vanced Mathematics. Dover Publications Inc., New York, second edition, 1989. From
Fourier series to boundary value problems.

Ruel V. Churchill and James Ward Brown. Fourier series and boundary value prob-
lems. McGraw-Hill Book Co., New York, fourth edition, 1987.

Isaac Chavel. Riemannian Geometry: A modern introduction. Cambridge UP, Cam-
bridge, MA, 1993.

John B. Conway. A Course in Functional Analysis. Springer-Verlag, New York,
second edition, 1990.

R. R. Coifman and G. Wiess. Representations of compact groups and spherical
harmonics. L’enseignment Math., 14:123-173, 1968.

Paul duChateau and David W. Zachmann. Partial Differential Equations. Schaum’s
Outlines. McGraw-Hill, New York, 1986.

Lawrence C. Evans. Partial Differential Equations, volume 19 of Graduate Studies
in Mathematics. American Mathematical Society, Providence, Rhode Island, 1991.

Stephen D. Fisher. Complex variables. Dover Publications Inc., Mineola, NY, 1999.
Corrected reprint of the second (1990) edition.

Gerald B. Folland. Real Analysis. John Wiley and Sons, New York, 1984.

Richard Haberman. Elementary applied partial differential equations. Prentice Hall
Inc., Englewood Cliffs, NJ, second edition, 1987. With Fourier series and boundary
value problems.

Sigurdur Helgason. Topics in Harmonic Analysis on Homogeneous Spaces.
Birkh&auser, Boston, Massachusetts, 1981.

401



402

[Kat76]

[KF75]

[Lan85)]

[McW72]

[Miil66]

[Mur93]

[Nee97]

[Pin9s]

[Pru81]

[Roy88|

[Rud87]

[Ste95]

[Str93]

[Sug75]

[Tak94]

[Tay86]

BIBLIOGRAPHY

Yitzhak Katznelson. An Introduction to Harmonic Analysis. Dover, New York,
second edition, 1976.

A. N. Kolmogorov and S. V. Fomin. Introductory real analysis. Dover Publications
Inc., New York, 1975. Translated from the second Russian edition and edited by
Richard A. Silverman, Corrected reprinting.

Serge Lang. Complexr Analysis. Springer-Verlag, New York, second edition, 1985.

Roy McWeeny. Quantum Mechanics: Principles and Formalism. Dover, Mineola,
NY, 1972.

C. Miiller. Spherical Harmonics. Number 17 in Lecture Notes in Mathematics.
Springer-Verlag, New York, 1966.

James D. Murray. Mathematical Biology, volume 19 of Biomathematics. Springer-
Verlag, New York, second edition, 1993.

Tristan Needham. Visual complex analysis. The Clarendon Press Oxford University
Press, New York, 1997.

Mark A. Pinsky. Partial Differential Equations and Boundary-Value Problems with
Applications. International Series in Pure and Applied Mathematics. McGraw-Hill,
Boston, third edition, 1998.

Eduard Prugovecki. Quantum Mechanicss in Hilbert Space. Academic Press, New
York, second edition, 1981.

H. L. Royden. Real analysis. Macmillan Publishing Company, New York, third
edition, 1988.

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third
edition, 1987.

Charles F. Stevens. The six core theories of modern physics. A Bradford Book. MIT
Press, Cambridge, MA, 1995.

Daniel W. Strook. Probability Theory: An analytic view. Cambridge University
Press, Cambridge, UK, revised edition, 1993.

M. Sugiura. Unitary Representations and Harmonic Analysis. Wiley, New York,
1975.

Masaru Takeuchi. Modern Spherical Functions, volume 135 of Translations of Math-
ematical Monographs. American Mathematical Society, Providence, Rhode Island,
1994.

Michael Eugene Taylor. Noncommutative Harmonic Analysis. American Mathemat-
ical Society, Providence, Rhode Island, 1986.



BIBLIOGRAPHY 403

[Ter85]  Audrey Terras. Harmonic Analysis on Symmetric Spaces and Applications, volume I.
Springer-Verlag, New York, 1985.

[War83] Frank M. Warner. Foundations of Differentiable Manifolds and Lie Groups. Springer-
Verlag, New York, 1983.

[WZ77] Richard L. Wheeden and Antoni Zygmund. Measure and integral. Marcel Dekker
Inc., New York, 1977. An introduction to real analysis, Pure and Applied Mathe-
matics, Vol. 43.



Index

d’Alembert
ripple solution (initial velocity),
solution to wave equation, B26], B29, BhY
travelling wave solution (initial position),
5211
Abel’s test (for uniform convergence of a func-
tion series), (32
Absolutely integrable function
on half-line R™ = [0, c0), BRIl
on the real line R, B34
on the two-dimensional plane R?,
on three-dimensional space R3,
Airy’s equation, Ko
Annulus,
Approximation of identity
definition (on R),
definition (on R?),
Gauss-Weierstrass Kernel
many-dimensional,
one-dimensional, BT
Poisson kernel (on disk),
Poisson kernel (on half-plane), BI7
use for smooth approximation,
Autocorrelation Function, B47

Baguette example,
Balmer, J.J,
BC, see Boundary conditions
Beam equation, B3,
Bernstein’s theorem, [T
Bessel functions
and eigenfunctions of Laplacian, 254l
definition,
roots, B4l
Bessel’s Equation,
Binary expansion,

Boundary
definition of,
examples (for various domains), 02
0X, see Boundary
Boundary Conditions
definition,
Homogeneous Dirichlet, see Dirichlet Bound-
ary Conditions, Homogeneous
Homogeneous Mixed, see Mixed Bound-
ary Conditions, Homogeneous
Homogeneous Neumann, see Neumann Bound-
ary Conditions, Homogeneous
Homogeneous Robin, see Mixed Bound-
ary Conditions, Homogeneous
Nonhomogeneous Dirichlet, see Dirichlet
Boundary Conditions, Nonhomogeneous
Nonhomogeneous Mixed, see Mixed Bound-
ary Conditions, Nonhomogeneous
Nonhomogeneous Neumann, see Neumann
Boundary Conditions, Nonhomogeneous
Nonhomogeneous Robin, see Mixed Bound-
ary Conditions, Nonhomogeneous
Periodic, see Periodic Boundary Condi-
tions
Boundary value problem,
Brownian Motion,
Burger’s equation, B3,
BVP, see Boundary value problem

clo, L),

Co, nl,

C! interval, 45,

Cauchy problem, see Initial value problem

Cauchy’s Criterion (for uniform convergence
of a function series), [31]

Cauchy-Euler Equation
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INDEX

polar eigenfunctions of A (2 dimensions),

zonal eigenfunctions of A (3 dimensions),
Chebyshev polynomial,
Codisk,
Coloumb potential,
Complex numbers

addition, [

conformal maps, B0,

conjugate,

exponential,

derivative of,

multiplication, [

norm,

polar coordinates, [
Componentwise addition,
Conformal isomorphism, B7]
Conformal map

complex analytic, BA,

definition,

Riemann Mapping Theorem,
Continuously differentiable, [[43]

Convergence
as “approximation”, [20
in L2, 21

of complex Fourier series,
of Fourier cosine series, [49, 14
of Fourier series; Bernstein’s Theorem, [[5T]
of Fourier sine series, [[43]
of function series,
of multidimensional Fourier series, [[87
of real Fourier series,
of two-dimensional Fourier (co)sine series,
1%
of two-dimensional mixed Fourier series,
pointwise,
pointwise = L2,
pointwise vs. L2,
uniform,
uniform = pointwise,
convolution
continuity of,

405

definition of (f * g),
differentiation of,
Fourier transform of,
is associative (f * (g*h) =
is commutative (f xg = g f), B0,
is distributive (f*(g+h) = (fxg)+(f *
h)),
use for smooth approximation,
Coordinates
cylindrical, [
polar,
rectangular,
spherical,
Cosine series, see Fourier series, cosine
Cylindrical coordinates, [[4

(f *g) x h),

A, see Laplacian
d’Alembert
ripple solution (initial velocity),
solution to wave equation, B206], B29,
travelling wave solution (initial position),
B211
Davisson, C.J.,
de Broglie, Louis
‘matter wave’ hypothesis,
de Broglie wavelength,
0X, see Boundary
01 u, see Outward normal derivative
Difference operator,
Differentiation as linear operator, [[9
Diffraction of ‘matter waves’,
Dirac delta function dq, BO3, BT
Dirac delta function dy,
Dirichlet Boundary Conditions
Homogeneous
2-dim. Fourier sine series, [34]
D-dim. Fourier sine series, [X1
definition,
Fourier sine series, [[40]
physical interpretation,
Nonhomogeneous
definition,
Dirichlet problem
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definition,
on annulus
Fourier solution, 247

on codisk
Fourier solution,
on cube
nonconstant, nonhomog. Dirichlet BC,
231
one constant nonhomog. Dirichlet BC,
200
on disk

definition,
Fourier solution,
Poisson (impulse-response) solution, 250,
B31
on half-plane
definition, BTHl
Fourier solution,
physical interpretation,
Poisson (impulse-response) solution, BT,
on interval [0, L],
on square
four constant nonhomog. Dirichlet BC,
nonconstant nonhomog. Dirichlet BC,
one constant nonhomog. Dirichlet BC,
Distance
L2,
L,
uniform,
Divergence (div V'), [0, [
Dot product,
Drumskin
round,
square, 22711,

e-tube,

Eigenfunction
definition,
of differentiation operator, &1,
of Laplacian, BTl

INDEX

polar-separated, 254
polar-separated; homog. Dirichlet BC,
2BY|
Eigenfunctions
of 02, 31
of self-adjoint operators, [37]
of the Laplacian,
Eigenvalue
definition,
of Hamiltonian as energy levels,
Eigenvector
definition,

of Hamiltonian as stationary quantum states,

Eikonal equation, B3]

Elliptic differential equation,
motivation: polynomial formalism,
two-dimensional,

Elliptic differential operator
definition, &1,
divergence form,
self-adjoint

eigenvalues of, [[400
if symmetric, [0
symmetric,

Error function ®,

Even extension, [[2,

Even function, [,

Even-odd decomposition, [2]

Evolution equation,

Extension
even, see Even extension
odd, see Odd extension
odd periodic, see Odd Periodic Extension

® (‘error function’ or ‘sigmoid function’),
Fokker-Plank equation, B4

is homogeneous linear,

is parabolic PDE,
Fourier (co)sine transform

definition,

inversion,
Fourier cosine series, see Fourier series, cosine
Fourier series



INDEX 407

convergence; Bernstein’s theorem, [[51] convergence,
failure to converge, [l definition,

Fourier series, (co)sine of f(x) =, IO
of derivative, of f(x) = 22, [Tl
of piecewise linear function, of derivative,
of polynomials, of piecewise linear function, [[T4]
of step function, of polynomials, 70
relation to real Fourier series, [70] of step function,

Fourier series, complex relation to complex Fourier series,
coefficients, [T1 relation to Fourier (co)sine series,
convergence, Fourier series, sine
definition, 77 coefficents
relation to real Fourier series, on [0, 7],

Fourier series, cosine on [0, L],
coefficents convergence, [[Z5],

on [0, 7], [49 definition
on [0, L], [54 on [0, 7],
convergence, [[49] (54 on [0, L],
definition is odd function, [Tl
on [0, 7], of f(z) = cos(mmx/L),
on [0, L], 24 of f(x) = cos(mz), [43
is even function, [70l of f(z) = sinh(arx/L),
of f(x) = cosh(azx), 20 of f(z) = sinh(ax), [EY
of f(z) = sin(mnx/L), of f(z) =z, 51
of f(x) = sin(max), L0 of f(z) = 2% 21
of f(z) =z, 051 of f(x) =23 50
of f(x) = 22, of f(z) =1, 020 053
of f(x) = 23, of tent function, [[G3]
of f(x)=1,050 Fourier series, two-dimensional
of half-interval, convergence,

Fourier series, multidimensional cosine
convergence, [[871] coefficients,
cosine definition,

coefficients, sine
series, coefficients, [[¥0
mixed definition, IR0
coefficients, of f(z,y) =z -y, X
series, of f(z,y) =1,
of derivative, 81 Fourier series, two-dimensional, mixed
sine coefficients,
coeflicients, convergence,
series, definition,
Fourier series, real Fourier sine series, see Fourier series, sine

coefficents, [[0Ul Fourier transform
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asymptotic decay, B4
convolution,
derivative of,
is continuous, Bl
one-dimensional
definition, B31
inversion,
of box function,
of Gaussian,
of Poisson kernel (on half-plane),
of symmetric exponential tail function,
B20
rescaling,
smoothness vs. asymptotic decay, B44]
three-dimensional
definition,
inversion,
of ball,
translation vs. phase shift,
two-dimensional
definition, B41
inversion, 48]
of box function,
of Gaussian,
Fourier’s Law of Heat Flow
many dimensions, 21
one-dimension,
Fourier-Bessel series,
Frequency spectrum,
Frobenius, method of, BGH,
Fuel rod example,
Functions as vectors,
Fundamental solution,
Heat equation (many-dimensional),
Heat equation (one-dimensional), BTT]

V2, see Laplacian
Gauge invariance,
Gauss-Weierstrass Kernel
convolution with, see Gaussian Convolu-
tion
many-dimensional
definition,
is approximation of identity,

INDEX

one-dimensional, BOS],
definition,
is approximation of identity, B0
two-dimensional,
Gaussian
one-dimensional
cumulative distribution function of,
Fourier transform of,
integral of),
stochastic process,
two-dimensional
Fourier transform of, B49
Gaussian Convolution, B0, BTH,
General Boundary Conditions, (1]
Generation equation,
equilibrium of,
Generation-diffusion equation,
Germer, L.H,
Gibbs phenomenon, [47, [53]
Gradient Vu
many-dimensional, [T
two-dimensional, [0
Green’s function,

Haar basis,
Harmonic function
‘saddle’ shape,
analyticity,
convolution against Gauss-Weierstrass, B34]
definition,
Maximum modulus principle,
Mean value theorem, B3|, B4, B34
separated (Cartesian),
smoothness properties,
two-dimensional
separated (Cartesian), 23
two-dimensional, separated (polar coordi-
nates),
Harp string,
HDBC, see Dirichlet Boundary Conditions, Ho-
mMogeneous
Heat equation
definition,
derivation and physical interpretation



INDEX

many dimensions,
one-dimension,
equilibrium of,
fundamental solution of, B1T],
Initial conditions: Heaviside step function,
BT
is evolution equation.,
is homogeneous linear,
is parabolic PDE, BY],
on 2-dim. plane
Fourier transform solution,
on 3-dim. space
Fourier transform solution, Bl
on cube; Homog. Dirichlet BC
Fourier solution,
on cube; Homog. Neumann BC
Fourier solution,
on disk; Homog. Dirichlet BC
Fourier-Bessel solution,
on disk; Nonhomog. Dirichlet BC
Fourier-Bessel solution,
on interval; Homog. Dirichlet BC
Fourier solution, [Tl
on interval; Homog. Neumann BC
Fourier solution,
on real line
Fourier transform solution,
Gaussian Convolution solution, BI0,
on square; Homog. Dirichlet BC
Fourier solution,
on square; Homog. Neumann BC
Fourier solution, 2111
on square; Nonhomog. Dirichlet BC
Fourier solution, P14
on unbounded domain
Gaussian Convolution solution,
unique solution of, [T
Heaviside step function, BTl
Heisenberg Uncertainty Principle, see Uncer-
tainty Principle
Heisenberg, Werner,
Helmholtz equation, [RH,
is not evolution equation.,
Hessian derivative,

409

HNBC, see Neumann Boundary Conditions,
Homogeneous
Homogeneous Boundary Conditions
Dirichlet, see Dirichlet Boundary Condi-
tions, Homogeneous
Mixed, see Mixed Boundary Conditions,
Homogeneous
Neumann, see Neumann Boundary Con-
ditions, Homogeneous
Robin, see Mixed Boundary Conditions,
Homogeneous
Homogeneous linear differential equation
definition,
superposition principle,
Huygen’s Principle,
Hydrogen atom
Balmer lines, [7T]
Bohr radius, [71]
energy spectrum,
frequency spectrum,
ionization potential, [[1]
Schrédinger equation, B
Stationary Schrodinger equation,
Hyperbolic differential equation,
motivation: polynomial formalism,
one-dimensional,

Ice cube example,
Imperfect Conductor (Robin BC), [
Impermeable barrier (Homog. Neumann BC.,
Impulse function,
Impulse-response function
four properties,
interpretation,
Impulse-response solution
to Dirichlet problem on disk, Zh00, B3]
to half-plane Dirichlet problem, BT7
to heat equation,
to heat equation (one dimensional),
to wave equation (one dimensional),
Initial conditions, @1
Initial position problem, (95, Z2TI, 262 B2
Initial value problem, [@T]
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Initial velocity problem, [97, P23l B62,
Inner product

of functions, [T4],

of functions (complex-valued), 1

of vectors,
Integration as linear operator,
Integration by parts,
Interior of a domain,
IVP, see Initial value problem

Kernel
convolution, see Impulse-response function
Gauss-Weierstrass, see Gauss-Weierstrass
Kernel
Poisson
on disk, see Poisson Kernel (on disk)
on half-plane, see Poisson Kernel (on
half-plane)
Kernel of linear operator,

L?-convergence, see Convergence in L?
L?-distance,
L?-norm, [[Z11
L*°-convergence, see Convergence, uniform
L*°-distance,
L%-norm (| ]|,.), 23
L'(R),
LY(R"), Ba1
L!(R2),
LL(R),
L2 norm (|| f]|5), see Norm, L?
L2-space, B3, [[T4],
L2(X), G5, [T
L2, [, ), I3
L2 [—n, ], [TH
Laplace equation
definition,
is elliptic PDE, RY,
is homogeneous linear,
is not evolution equation.,
nonhomogeneous Dirichlet BC, see Dirich-
let Problem
on codisk

physical interpretation,

INDEX

on codisk; homog. Neumann BC
Fourier solution,
on disk; homog. Neumann BC
Fourier solution,
one-dimensional,
polynomial formalism,
quasiseparated solution,
separated solution (Cartesian),
separated solution of,
three-dimensional,
two-dimensional,
separated solution (Cartesian), 278
separated solution (polar coordinates),
unique solution of,
Laplace-Beltrami operator,
Laplacian,
eigenfunctions (polar-separated),
eigenfunctions (polar-separated) homog. Dirich-
let BC, 234
eigenfunctions of,
in polar coordinates,
is linear operator,
is self-adjoint,
spherical mean formula, B3]
Legendre Equation,
Legendre polynomial,
Legendre series,
Linear differential operator,
Linear function, see Linear operator
Linear operator
definition,
kernel of,
Linear transformation, see Linear operator
Liouville’s equation, B4

Maximum modulus principle,
Mean value theorem, B3], P74, B34
Mixed Boundary Conditions
Homogeneous
definition, [
Nonhomogeneous
as Dirichlet,
as Neumann,
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definition, 00 of differential equation,
Monge-Ampere equation, R4 of differential operator,
Multiplication operator Orthogonal
continuous, basis, see Orthogonal basis
discrete, eigenfunctions of self-adjoint operators, [37
functions,
V2, see Laplacian set of functions,
Negative definite matrix, BT trigonometric functions, [[T6l 017
Neumann Boundary Conditions vectors,
Homogeneous Orthogonal basis
2-dim. Fourier cosine series, [84 eigenfunctions of Laplacian,
D-dim. Fourier cosine series, [X7 for L2([0, X] x [0,Y]), I3
definition, @7 for L2([0, X1] x ... x [0, Xp]), (X0
Fourier cosine series, 00, 54 for L?(D), using Fourier-Bessel functions,
physical interpretation, [2asv|
Nonhomogeneous for L2[—m, 7
definition, using (co)sine functions,
physical interpretation, for L2[0, 7]
Neumann Problem using cosine functions,
definition, using sine functions, [0l
Newton’s law of cooling, for L2[0, L]
Nonhomogeneous Boundary Conditions using cosine functions, [54
Dirichlet, see Dirichlet Boundary Condi- using sine functions,
tions, Nonhomogeneous for even functions Leyen|—m, 7], [Z0)
Mixed, see Mixed Boundary Conditions, for odd functions Lqq[—, 7], [T0
Nonhomogeneous of functions,
Neumann, see Neumann Boundary Con- QOrthonormal basis
ditions, Nonhomogeneous for L?[—L, L]
Robin, see Mixed Boundary Conditions, using exp(inz) functions, [T8
Nonhomogeneous of functions,
Nonhomogeneous linear differential equation of vectors,
definition, Orthonormal set of functions,
subtraction principle, Outward normal derivative (9, u)
Norm examples (various domains),
L2 (||f]ly), B3 14, Outward normal derivative (0, u)
of a vector, definition,

uniform (|||, ), (23
Parabolic differential equation,

Ocean pollution, motivation: polynomial formalism,
0Odd extension, [, [T one-dimensional,

Odd function, 2 Parseval’s equality

0dd periodic extension, for functions,

One-parameter semigroup, B34, 24 for vectors,

Order 0X, see Boundary
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01 u, see Outward normal derivative one-dimensional,
Perfect Conductor (Homog. Dirichlet BC., unique solution of, 6
Perfect Insulator (Homog. Neumann BC., Poisson kernel (on disk)
Periodic Boundary Conditions definition, Zh0l
complex Fourier series, in polar coordinates, 20l B3]
definition is approximation of identity,
on cube, picture, B31]
on interval, Poisson kernel (on half-plane)
on square, definition, BT0]
interpretation Fourier transform of,
on interval, is approximation of identity, BI1
on square, picture,
real Fourier series, Poisson solution
® (‘error function’ or ‘sigmoid function’), to Dirichlet problem on disk, B2, B3]
Piecewise C!, [[43, to half-plane Dirichlet problem, BIT,
Piecewise continuously differentiable, [[45], to three-dimensional Wave equation,
Piecewise linear function, [[63], Poisson’s equation
Piecewise smooth boundary, is not evolution equation.,
Plucked string problem, Polar coordinates,
Pointwise convergence, see Convergence, point- Pollution, oceanic, BTG
wise Polynomial formalism
Poisson equation definition,
definition, elliptic, parabolic & hyperbolic,
electric potential fields, Laplace equation,
is elliptic PDE, telegraph equation, 294,
is nonhomogeneous, Polynomial symbol,
on cube; Homog. Dirichlet BC Positive definite matrix, 81
Fourier solution, Potential fields and Poisson’s equation,
on cube; Homog. Neumann BC Power spectrum, BZ7
Fourier solution, Punctured plane,
on disk; Homog. Dirichlet BC Pythagorean formula,
Fourier-Bessel solution,
on disk; nonhomog. Dirichlet BC Quantization of energy
Fourier-Bessel solution, hydrogen atom, [[1]
on interval; Homog. Dirichlet BC in finite potential well,
Fourier solution, in infinite potential well,
on interval; Homog. Neumann BC Quantum indeterminacy,
Fourier solution, Quantum mechanics vs. relativity,
on square; Homog. Dirichlet BC Quantum numbers,
Fourier solution, BT7 Quantum spin,
on square; Homog. Neumann BC Quasiseparated solution,
Fourier solution, of Laplace equation,

on square; Nonhomog. Dirichlet BC
Fourier solution, 220 Reaction kinetic equation,
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Reaction-diffusion equation, B3, 85
is nonlinear,

Rectangular coordinates,

Riemann Mapping Theorem,

Riemann-Lebesgue Lemma, B4T]

Robin Boundary Conditions

Homogeneous, see Mixed Boundary Con-

ditions, Homogeneous
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Laplacian,

Sturm-Liouville operator,
separation constant, 279,
Separation of variables, BTl

boundary conditions,

bounded solutions,

description

many dimensions,

Nonhomogeneous, see Mixed Boundary Con- two dimensions, 278

ditions, Nonhomogeneous
Rodrigues Formula,
Rydberg, J.R,

Scalar conservation law, 85
Schrodinger Equation
abstract,
is evolution equation,
is linear,
momentum representation,
positional,
Schrédinger Equation, Stationary,
Schrédinger Equation
abstract,
is evolution equation.,
of electron in constant field
solution,
of electron in Coulomb field, B
of free electron, B1
solution,
of hydrogen atom, b7
pseudo-Gaussian solution,
Schrédinger Equation, Stationary,
hydrogen atom,
of free electron,
potential well (one-dimensional)
finite voltage,
infinite voltage,
potential well (three-dimensional),
Self-adjoint
o2,
multiplication operators, [34]
Self-adjoint operator
definition,
eigenfunctions are orthogonal, [31

Laplace equation
many-dimensional,
two-dimensional, P78
telegraph equation, 294,
Sigmoid function @,
Simply connected,
Sine series, see Fourier series, sine
Smooth approximation (of function),
Smooth boundary,
Smooth graph, 04
Smooth hypersurface, [04
Soap bubble example,
Solution kernel,
Spectral signature,
Spherical coordinates,
Spherical mean
definition, Bl
formula for Laplacian, B3],
solution to 3-dim. wave equation,
Stable family of probability distributions, B34,
Badl
Standing wave
one-dimensional, BTl
two-dimensional,
Step function, [0,
Struck string problem, 97
Sturm-Liouville operator
is self-adjoint,
Subtraction principle for nonhomogeneous lin-
ear PDE,
Summation operator,
Superposition principle for homogeneous lin-
ear PDE, B3

Telegraph equation
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definition, Bl
is evolution equation.,
polynomial formalism, P94,
separated solution, 2941
Tent function, 63, 67
Thompson, G.P,
Torus,
Transport equation, B4
Travelling wave
one-dimensional, BT
two-dimensional,
Trigonometric orthogonality, 16, [T7

Uncertainty Principle
Examples
electron with known velocity,
Normal (Gaussian) distribution, [73,
statement of,
Uniform convergence, see Convergence, uni-
form
Uniform distance,
Uniform norm (|| f||,.), 28
Unique solution
of Heat equation, 7
of Laplace equation,
of Poisson equation,
of Wave equation,

Vector addition,
Vibrating string
initial position,
initial velocity, 97

Wave equation
definition,
derivation and physical interpretation
one dimension, 1
two dimensions,
is evolution equation.,
is homogeneous linear,
is hyperbolic PDE, B8 B9
on 2-dim. plane
Fourier transform solution,
on 3-dim. space
Fourier transform solution,

INDEX

Huygen’s principle,
Poisson’s (spherical mean) solution,
on disk
Fourier-Bessel solution,
on interval
d’Alembert solution,
on interval; Initial position
Fourier solution,
on interval; Initial velocity
Fourier solution, 37
on real line
d’Alembert solution, B26],
Fourier transform solution,
on real line; initial position
d’Alembert (travelling wave) solution,
B21
on real line; initial velocity
d’Alembert (ripple) solution,
on square; Initial position
Fourier solution, PZT]
on square; Initial velocity
Fourier solution,
unique solution of,
Wave vector
many dimensions,
two dimensions,
Wavefunction
‘collapse’,
decoherence,
phase,
probabilistic interpretation,
Wavelet basis,
convergence in L, [Z1]
pointwise convergence,
Weierstrass M-test (for uniform convergence
of a function series), [31]

0X, see Boundary
Xylophone,
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Notation

Sets:
B2 (0;1): The 2-dimensional unit disk; the set of all (z,y) € R? so that 2 + y? < 1.

B (x; R): The D-dimensional ball; of radius R around the point x; the set of all y € R” so
that |x —y| < R.

C: The set of complex numbers of the form z + yi, where z,y € R, and i is the square root
of —1.

N: The natural numbers {0,1,2,3,...}.

NP: The set of all n = (ny,no,... ,mp), where ny,...,np are natural numbers.

R: The set of real numbers (eg. 2, —3, /7 + , etc.)

R2: The 2-dimensional infinite plane —the set of all ordered pairs (x,y), where z,y € R.

RP: D-dimensional space —the set of all D-tuples (x1,23,...,2p), where z1,22,...,2p € R.
Sometimes we will treat these D-tuples as points (representing locations in physical
space); normally points will be indicated in bold face, eg: x = (z1,...,zp). Sometimes
we will treat the D-tuples as vectors (pointing in a particular direction); then they will
be indicated with arrows, eg: ¥ = (v1,v2,...,vp).

RP x R: The set of all pairs (x;t), where x € R” is a vector, and ¢t € R is a number. (Of
course, mathematically, this is the same as RP+1, but sometimes it is useful to distinguish
the extra dimension as “time” or whatever.)

R x [0,00): The half-space of all points (x,y) € R?, where y > 0.
S'(0;1): The 2-dimensional unit circle; the set of all (z,y) € R? so that 22 + y? = 1.

SP~1(x; R): The D-dimensional sphere; of radius R around the point x; the set of all y € R”
so that |x —y| =R

T!: The 1-dimensional torus; the interval [0,1] with the points 0 and 1 “glued together”.
Looks like the circle S'.

T?: The 2-dimensional torus; the square [0, 1] x [0, 1] with the top edge “glued” to the bottom
edge, and the right edge glued to the left. Looks like a donut.

TP: The D-dimensional torus; the cube [0, 1]D with opposite faces “glued together” in every
dimension.

Z: The integers {...,—2,—1,0, 1, 2, 3,...}.
ZP: The set of all n = (n1,na,...,np), where nq,...,np are integers.

[1..D] ={1,2,3,....D}.
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[0,1]: The (closed) unit interval; the set of all real numbers x where 0 < x < 1.
0,1]%: The (closed) unit square; the set of all points (z,y) € R? where 0 < z,y < 1.

[0, 1]D: The D-dimensional unit cube; the set of all points (z1,...,zp) € RY where 0 < 4 <
1 for all d € [1...D].

[—L,L]: The interval of all real numbers z with —L < X < L.

[—L, L]”: The D-dimensional cube of all points (z1,...,2p) € RP where —L < 24 < L for
all d € [1...D).

[0,00): The set of all real numbers x > 0.

Spaces of Functions:

C>: A vector space of (infinitely) differentiable functions. Some examples:

R?; R]: The space of differentiable scalar fields on the plane.
RP; R]: The space of differentiable scalar fields on D-dimensional space.
R?; R?]: The space of differentiable vector fields on the plane.

)

e C®[RP; RP]: The space of differentiable vector fields on D-dimensional space.

)

Ce°[0,1]7: The space of differentiable scalar fields on the cube [0,1]” satisfying Dirichlet
boundary conditions: f(x) =0 for all x € 9]0,1]".

ceelo, 1]: The space of differentiable scalar fields on the cube [0,1]” satisfying Neumann
boundary conditions: 9, f(x) = 0 for all x € 9[0,1]".

clo, 1)P: The space of differentiable scalar fields on the cube [0, 1] satisfying mixed bound-
ary conditions: al—ff(x) = h(x) for all x € 8[0,1]".

C>e [=m,7]: The space of differentiable scalar fields on the interval [, 7] satisfying periodic
boundary conditions.

L'(R) : The set of all functions f : R — R such that [*_|f(z)| dz < oc.
L'(R?) : The set of all functions f : R* — R such that [*_ [% |f(z,y)| dz dy < oc.
L!'(R3) : The set of all functions f : R® — R such that [p, |f(x)] dx < oo.

1/2

L%(X) : The set of all functions f : X — R so that || f|l, = ([ [f(x)* dx) " < cc.

L?(X;C) : The set of all functions f : X — C so that || f[l, = ([ [f(x)|? dx)l/2 < 00.
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Derivatives and Boundaries:

nf =2

T dxy
Vf =(0if, Oof,...,0pf), the gradient of scalar field f.
divf =01f1 + 02fs + ... + Opfp, the divergence of vector field f.

0, [ is the derivative of f normal to the boundary of some region. Sometimes this is written

of . of . .
as g Or 5, oras Vf-n.

ANf =0if+93f + ...+ 0%f. Sometimes this is written as V2f.

Lsy(p) =s-0%¢+ 5 -0+ q-¢. Here, s,q:[0,L] — R are predetermined functions, and
¢ : [0, L] — R is the function we are operating on by the Sturm-Liouville operator
Ssq

8/

Lsq(0) = 2. P + —-0¢ + g, ¢. Here, s,q : [0, L] — R are predetermined functions,
p p p

p:]0,L] — [0,00) is some weight function. and ¢ : [0, L] — R is the function we are
operating on by the p-weighted Sturm-Liouville operator S, .

0X: If X ¢ RP is some region in space, then 9X is the boundary of that region. For example:

01[0,1] = {0, 1}.

OB?(0;1) = S%(0;1).

OBP (x;R) = SP(x; R).

0 (R x[0,00)) = R x{0}.

Norms and Inner products:

[x|: If x € RP is a vector, then ||x|| = \/x% + 22 + ...+ 2% is the norm (or length) of x.

| flls: Let X € R” be a bounded domain, with volume M = [, 1dx. If f: X — R is an

1 1/2
integrable function, then || f||, = i </ |f(x)] dx> is the L?-norm of f.
X

(f,9): If f,g : X — R are integrable functions, then their inner product is given by:
1
(19) = 57 [ £69)-g(0) ax.

(f, g>p: If p: X — [0,00) is some weight function, and f,g : X — R are two other
integrable functions, then their p-weighted inner product is given by: (f,g) o =

/ £(x) - g(x) - plx) dx.
X

[ £ly: Let X C RP be any domain. If f : X — R is an integrable function, then ||f||, =
/ |f(x)| dx is the L'-norm of f.
X
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[ fllo: Let X € RP be any domain. If f : X — R is a bounded function, then | f| . =

sup | f(x)| is the L>*-norm of f.
xeX

Other Operations:

fxg: If f,g:RP — R, then their convolution is the function f * g : RP? — R defined by
(o) = [ 6 -gbxc—y) dy.

1

- 47TR2 S(R)
x € R? is a point in space, R > 0, and S(R) = {s € R?; ||s| = R}.

f(x + s) ds is the spherical average of f at x, of radius R. Here,

u(x)
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Trig Functions:
Pythagorean Identities:

sin?(0) + cos2(6) = 1 1+tan2(0) = sec?(6) 1+4cot?(0) = csc?(0)

Two-angle Formulae:
sin(z +y) = sin(x)cos(y) + cos(x)sin(y) sin(zx —y) = sin(x)cos(y) — cos(x) sin(y)
cos(z + y) cos(z) cos(y) — sin(x) sin(y) cos(z — y) = cos(z) cos(y) + sin(x) sin(y)

2 cos(z) cos(y) cos(z + y) + cos(z — y) 2 sin(z) sin(y) cos(z — y) — cos(z + y)
2 sin(x) cos(y) sin(z + y) + sin(z — y)

sin(z) +sin(y) = 2sin (”Tﬂ’) cos (*;y sin(z) — sin(y) = 2cos (%) sin (Lgy)
cos(z) + cos(y) = 2cos (L;ry) cos (% cos(z) —cos(y) = 2sin (%) sin (%)
Double-angle Formulae:
sin(2z) =  2sin(z) cos(x) cos(2z) = cos?(z) —sin?(z) = 2cos?(z)—1 = 1—2sin?(x)
Multiples of 7:
sin(nm) = 0 cos(nm) = (=1)"
. nx (—1)*  ifn =2k +1is odd nx _ (—1)F  if n = 2k is even
st ( 2 ) { 0 if n is even ©os ( 2 ) - 0 if nis odd
Odd vs. Even:
sin(—z) = —sin(z) cos(—z) = cos(x) tan(—z) =  —tan(x)
Phase shifting:
sin(z + §) = —cos(z) cos(z+ §) = sin(x) tan(z + §) = —cot(x)
(anti)Derivatives:
sin/(z) = cos(z) cos’(z) = —sin(x) tan’(z) = sec?(z)
csc/(z) = cot(x)csc(x) sec/(z) = —tan(z)sec(z) cot’(z) = csc?(z)
7 _ 1 ’ _ — tan’ _ 1
arcsin’ (z) — arccos’ (z) m arctan’(z) 1322
arc csc’ (x = @ —— arcsec’(z) = —A arc cot’ (x = —= L
) o221 ¢ zy/z2—1 ) Lt
[sec(z) dz = log |sec(z) [esc(z) dz = —log |Csc(z)
+tan(z)| +c +cot(z)‘ +c
Hyperbolic Trig Functions:
Pythagorean Identities:
cosh?(0) — sinh?(9) = 1 1 —tanh?(§) = sech?(6) coth?(@) —1 = csch?(6)

Two-angle Formulae:
sinh(z +vy) =  sinh(x)cosh(y) + cosh(z) sinh(y) sinh(z — y)
cosh(z + y) cosh(z) cosh(y) + sinh(z) sinh(y) cosh(z — y)
2 cosh(x) cosh(y) cosh(z + y) + cosh(z — y) 2sinh(a) sinh(y)
2 sinh(x) cosh(y)

sinh(z) cosh(y) — cosh(x) sinh(y)
cosh(z) cosh(y) — sinh(x) sinh(y)
cosh(z + y) — cosh(z — y)
sinh(z + y) + sinh(z — y)

sinh(z) + sinh(y) = 2sinh (1'27“') cosh (Lgy) sinh(z) — sinh(y) = 2cosh (L;ry) sinh (%
cosh(z) 4+ cosh(y) = 2cosh (%) cosh (Lgy) cosh(z) — cosh(y) = 2sinh (ITH) sinh (%)
Double-angle Formulae:
sinh(2z) = 2sinh(z) cosh(z) cosh(2z) = cosh?(z) + sinh?(z)
Odd vs. Even:
sinh(—z) = — sinh(z) cosh(—z) = cosh(z) tanh(—z) = — tanh(z)
(anti)Derivatives:
sinh/(z) = cosh(z) cosh/(z) = sinh(z) tanh’(z) = sechz(x)
csch/(z) = — coth(z)csch(x) sech’(z) =  —tanh(x)sech(x) coth’(z) = —csch?(z)
1 —1 1

arcsinh’(z) = arccosh’(z) = arctanh’(z) = >

Va241 22 _1 11—

Exponential Functions (Euler’s & de Moivre’s Formulae):

exp(z +yi) = e” (cos(y) + isin(y)) sin(z) = % cos(z) = T fe
[cos(z) +isin(y)]” = cos(ny) + isin(ny) sinh(z) = % cosh(z) = %
Coordinate systems:
Polar Coordinates:
x = r-cos(f) y = r-sin(f)
r = Va2 + y2 0 = arctan(y/z) A = BZ + %87. + %63
P
Cylindrical Coordinates:
x = r-cos(f) y = r-sin(9) z = =z
r = Va2 4y?2 6 = arctan(y/x) z = =z
2 2
A = 02+ 97+ O + 5O
Spherical Coordinates:
x = r-sin(p)cos(d) y = r-sin(y)sin(0) z = r-cos(p)
r = Va2 4y2 422 6 = arctan(y/x) ¢ = arctan | ——&——
22 4y2
_ 2 2 1 2 cot (o) 1 2
e L sin(¢) 9 + —3 0 + 2 sin(¢)2 %-

Fourier Transforms:
fw = RIS @ew-e) de Gw) = ghmew(SE) TraGo = eefweaeo GG = Gw-

£ (=) 122, Fw) exp(ipa) dp Go(n) = e n’t o = Frdw o f@)(p) = i



Fourier Series:

Ap = %x/o" f(z) cos(nz) dx Apm = 1/7;/4 /07r /07r f(z,y) cos(nzx) cos(my) dr dy
f(x) = Z Ap cos(nz). f(z,y) = Z Apm cos(nz) cos(my).
n=0 n,m=0
B, = %oo/oﬂ f(z)sin(nz) dz Bnpm = %oo/()ﬂ- /Oﬂ f(z,y) sin(nz) sin(my) dz dy
f@ = 3 Bnsin(na) Fay) = S B sin(na) sin(my).
=1 n,m=1

Important Ordinary Differential Equations:

mth order Bessel Equation: r2R’”(r)+r-R/(r) + A2r2 —=m?3)-R(r) = 0
Legendre Equation: (1 -z (z) —2zL (z) + ulL(z) = O
Cauchy-Euler Equation: r2R"(r)+2r R(r)—p-R(r) = 0

Special Functions:

- AR (-1)* 2k
Im(@) = (2) ,;02% o (m + B
Pu(z) = 5wl [(xz - 1)] :
Green’s Functions and Solution Kernels:

mth order Bessel Function:

Legendre Polynomial:

1 —z?
One-dimensional Gauss-Weierstrass kernel: G(z;t = ———exp | —
( ) 2Vt 4t
D-dimensional Gauss-Weierstrass kernel: G(x;t) = ! exp — HXH2
’ (amt)D/2 4t
Half-plane Poisson Kernel: Ky(z) = S A
wgzz + y2
. . _ Rl
Disk Poisson Kernel: P(x,s) = T
[I — sl
RZ _ 22 _ 42
Disk Poisson Kernel (polar form): Po(z,y) =

(x — Rcos(0))2 + (y — Rsin(o))?

Formulae

forallz € Rand t > 0

for all x € RP and t > 0

for all x € R and y > 0.
for all x € D and s € 9D.

for all (z,y) € D and o € [—7, 7).
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